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Tlie first volume of the NeV Series of the 
Mathematical Repository being now compleated, it 
may be proper to state briefly its plan. The volume 
consists of three distinct parts. The first contains 
one hundred and twenty Questions, in almost every 
branch of the Mathematics. These are, with a few 
exceptions, entirely new, and each Questic n has at 
least one, but in general two or more answers, fur- 
nished by different ingenious Mathematicians. 
• The utility of this part of the work will be readily 
admitted when it is considered, that almost all the im- 
provements which the Mathematics have received, have 
originated in the exertions made to resolve particular 
problems, such as that of the trisect ion of an angle, 
the duplication of the cube^ &c among the ancients ; 
also the various isoperimetrical problems^ and above 
all, the problem of the three bodies among the moderns* 
We believe also, that most Matherhaticians will con- 
fess how much their talents have been cultivated 
and their knowledge improved, by resolving prob- 
lems, such as are proposed in this volume. 

The segond part consists of Original Essays on 
Mathematical Subjects. This department affords 
an opportunity to Mathematicians to publish such 
papers as may be judged worthy of preservation, but 
which are not of such magnitude as to form a 
distinct work. 

The third and last part is composed of Mathema- 
tical Memoirs, extracted from Works of Eminence j 
which are chiefly selected from the Transactions 
of learned Societies, and such other works as are 
least likely to fall into the hands of general readers. 

The first number of the second volume is now 
published ; the remaining three numbers shall follow, 
one every six months, so that a second volume 
will be compleated in the course of eighteen months 
from this date. 
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I. MATHEMATICAL QUESTIONS 

To be Anfwtrtd in Number II. 




I. QUESTION I, by Tyro Philomathcticus. HuU. 

f . * s=«;s* + dy 

. Given •s^ + fj' == y^ '{' ^t 

\, z^ :=r: y^ + xy + iy + z^ + 16 

To find X the year, y the month, and z the day of the month 
in which I was bom. 



II. QUESTION 2, ly Mr. 1. H. Heardlng, Adderbury. 

To find the length of that arc whofe cofine is to its verfed 
fine as the (ecant to the tangent, the radius being unity. 

III. QUESTION 8, by Mr. I. H. Hcarding. 

A gentleman having in his garden a circular piece of uround^ 
its diameter is yards, wifhes his gardener to divide it into ten 
Vol. I. A 
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equal little circular portions, in fuch a manner that each of 
them may touch the edge of the faid piece of ground and one 
another, and in the middle to dig the greateft circular well for the 
convenience of watering, that the ground will poffibly admit of, 
whofe depth is to be thus afcertained ; when he (hall ftand at the 
edge of the ground, his eye being then ^-y feet above the level 
and the well filled with water, he may bejuft able to fee the 
further edge of the bottom of it. Query the diameter of the 
circles and the depth of the well. 



IV. QUESTION 4, hy Mr. William Francis, Teacher of the 
Mathematics ' and Land Surveyor ^ Maidenhead. 

What portion ol the earth's furface might a perfon behold, 
if elevared fo high above it as to lofe -J- of his weight, by 
the decieafe of gravity, confidering the earth a fphere of 3979 
miles radius. 



V. QUESTION 5, by Mr, John Lowe, Attercliffe. 

To, find three numbers in arithmetical progreflion fuch that 
the fum of every two of them diminiflied by the third fliall be 
a fcjuare number. 



VI. QUESTION 6, by Mr. T. Milner, Sheffield. 

If two rings or ciiles of equal radii touch each other on their 
circumferences at P and one of them be made to revolve round the 
periphery of the other fo that the area defcribed by the point P 
may be equal to 2*68 fquare inches. Query the diameter of a 
circle equal to that of either ring ? 



VII. QUESTION 7, by Mr. John Whitley, Attercliffe. 

Let FE, the diameter of a circle defcribed about any plane 
triangle ACB, bifeft the bafe AB perpendicularly in H, and 
let EP, FS be drawn perpendicular to AC: with the radii 
CH, CS and centre C dcfcribe the circles COG and CSD 
meeting AC in G and S ; and let S be the nearelt point to C, 
tfaenfirom P and G draw the tangents PQ, GD and the rectangle 
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PG, GD will be equal to the area of the triangle ACB. Re- 
quired the demonftration. 



VIII. QUESTION 8. iy MrX T. M'Doneld. 

If on any gTven right line AB, there be taken any variable 
di fiance AL, and from L, in the fame direflion, any given in- 
variable dillance LM ; and if with the centres L, B and radii 
LA, BM arcs be defcribed, it is required to determine the nature 
of the curve, which is the locus of P the point of their in-> 
tcrfcction ? 



IX. QUESTION 9, by Mr. John Wright, Norlcy. 

Frqpi two given points in the diameter of a given femi-circle, 
it is required, geometrically, to draw two right lines to meet 
each other at fome point in the periphery fo that the fum or 
difference of the fefpective rectangles under thefe two lines 
and two given ones (M and N) may be equal to a given mag- 
nitude. 



X. QUESTION 10, by Mr. William Smith, Liverpool. 

To determine the locus of the vertex of a triangle, the 
difierence of whofe fides and the radius of whofe ilfifcribed circle 
arc given. 



XL QUESTION it, by Mr. John Wright. Norhy. 

Given the bafe and vertical angle of a plane triangle to con- 
tiruEt it, when the (olid of the line bire6lingthe vertical angle into 
the fquare of the difference of the fegments of the bale made by 
the perpendicular is a maximum. 



XIL QUESTION 12, by Mr. James Cunliffe, Bolion. 

It is required to determine, the locus of a point, from whence 
if perpendiculars be drawn to three ilraight lines given by pofitio 
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the fum of the fqiiai^ei p^f tht said perpendiculars may be equal to 
^ a given magnitude. 

XIII. QUESTION 13. by Scoticus. 

Let ^ and 4. be two arches fuch that fin. ^-+- cos. >;,= a, 
and fin. ^ -h cos. ^ zzz h : Required fin ^ and cos, ^, alfo fin. 
>^ and COS. ,;. ? 

XIV. QUESTION 14, hy Hypatia. 

Required the value of (i H — J when « is indefinitely 
great, 

XV. QUESTION 15, ^;/ Analyticus. # 

Required a general expreflion for the area of a curve whofe 
equation is 



a 



y V[% — 8*') = r— r.- 



XVI. QUESTION j6, ^j/ Amicus. 

It is required to find the furface of an oblique cone the 
radius of the bafe being unity, the- perpendicular from the 
vertex -J- and the diftance of that perpendicular from the centre 
of the bafe i\/3. 



XVII. QUESTION XT, by Geometricus. 

A triangle being given by pofition, and two points being alfo 
given, it is required to draw lines through thefe points to 
jnterfeft each other in one of the fides of the triangle and meet 
the other fides fo as to cut oflF fegments adjacent to given points 
in them> having to eiich other a given ratio. 
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XVm. OUESTION sB, ^ Gcotnetricus. 

Let A, B» be two given points in AB a ftiaiaht line given 
by pofition, and let C» D be two given {unnu wimoot that line, 
let CV» DV, be drawn meeting AB in F and G fo that AF 
may have to BG a given ratio; It is required to determine the 
Locus of the point V. 



XIX. QUESTION 19^ by Mr. William Wallace, of the Royal 
Military College^ Great Marlow^ Bucks. 

Let AB be the diameter of a circle, and FG a ftraight line 

{)erpen4icular to the diameter, meeting it in C, draw any two lines 
ines CHO, CK£ meeting the circle in H, D, Mo in K, £ ; 
join DK, £H^ meeting tne line perpendicuiai* to the diameter 
in F and G, then FC is equal to CG : Required the demon-^ 
ftration? 



XX. QUESTION 20, by Mr. William Smith, Liverpool. 

Given the foci of an ellipCs to defcribe it fo as to touch a cir- 
cle given in polition and magnitude^ 



XXI. QUESTION 21, by Mr. John Lowry. 

Having given any number of points A, B, C, D, &c. in 
the periphery of a given circle it is required to find another 

I joint P fuch that joining PA, PB/ PC, &c. the fum of the 
ines PA, PB, PC, &c. may be equal to a given line. 



XXII. QUESTION 22, by Amicus. 

It is well known that if a denote an arch of a circle, radius 
being unity, the tangent of that arch is expreffed by the feriet 

3*5 ' 

a + ^ + -^ -f- &c. but it is not fo generally known what 

o V 

is the fcale of relation of the numeral' coefficiootfr of the terms ; 
It is therefore required to determine that fcale. 
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XXIII. QUESTIOjr 83, iy Mr. James Cunliffe, £o/tan. 

To find the Icaft biquadratc nuiapber, that can be divided into 
four integral parts, fucb, that the fum of every two of them may 
be. a fquare number. 

XXIV. QUESTION 24. iy Jack Chance. 

A in ^ + b relations, tells i lies ; stnA B in c+d relations 
tells dof them faffe : What is tlie probability of the truth of a 
Jlory in which they both agree ? 

XXV. QUESTION 25, l^y Quinbus Fleilrin. 

Given the bafe, the difiFerencc of tlie adjacent angles, and a line 
from the vertical angle to the middle of the bafe to conftrufi the 
plane triangle. 

XX VI. QUESTION 26, $ iWr. James Cunliffe. 

In a plane triangle there is given the perimeter, one of the 
angles, and the rectangle of the fides including that angle, to 
conftru£l it. 



XXVII. QUESTION 27, iy Mr. Thomas B^zltf, Boltm. 

In any plane triangle whereof C is the vertex, O the centre 
of the infcribed circle, Q the centre of the , circle touching the 
bafe and fides produced, D the point where the line bifefting 
the vertical angle cuts the bafe, and S the point where the faid 
line cuts the circumfcribing circle below the bafe. Then the 
points being joined it is QD : CD : : SD ; OD ; required the 
deiponftr^tipn. 



XXVIII. QUESTION 28, by Mr. Bazley. 

Given the vertical angle, the radius of the infcribed circle, 
and the sum, difference, or ratio of iht rectangle of the two 
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fides including the vertical angle and the rectangle of the two 
lines drawn from the extremes ol the'baGt to the centre of the in- 
fcribed circle ; to conflru3 the plane triangle. 



XXIX. QUESTION 29. by Mr. Bazley. 

There is an hemifpherical .bowl whofe diameter at the brim 
is 20 inches, placed with its axis perpendicular to the horizon ; 
an uniformly heavy thin inflexible rod or right line, whofe 
length is 24 inches and weight 8 ounces, is fuilained in 
equilibrio by refting on the edge of the brim at fome dis- 
tance from the upper extremity whilA the lower end refts 
againft the concave furface of the bowl. It is required to 
determine by a general inveftigation, the pofition of the rod 
and the refpe£live preflures at the two points of fupport. 



XXX. PRIZE QUESTION 30. by Philalethes Canta- 

brigienfis. 

Given— 2 = r ■;. := v, in which 

x^ — ;c* +2Jt* + 5jr» — 6;c + 6 ■^' 

equation x and y begin together to find the value of y when x 
becomes = lo. 



The Solutions to thefe Queftions muft come to hand by the 
firft day of February^ 1804. 
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n. MATHEMATICAL QUESTIONS 

* 

To be Anfwcred inNumief^llU 



1. QUESTION di* h ^^* '^- ^^^^^ SAeJieid. 

Being out with a quadrant, fome of my pupils were defirous 
of knowing the height of the parifli church fpire, which rifet 
to a coniiderable height in the middle of the town of Sheffield ; 
to gratify their curiofity I found two ftations in Church Street, 
diflant from each other 70 yards, exa31y on a level with the 
bottom of the fpire, fuch that the altitude of the top of the 
fpire at each ftation was equal to 35^ degrees ; and again, in th^ 
middle of thi^ ftation line, the altitude of the fpire's top wai 
found to be 367 degrees. From hence it is required to find 
geometrically the height of the faid fpire, and its diftance from 
die laft Ibtion, fuppofiog the quadram to be held ^ feet from the 
Iprouud at each ftation. 

11. QUESTION sa, iy Tyro Philomatheticus. Hull. 

A tentlemtud huft puV ^ -t joo/. At ^ per cent.ffer annum com* 
pound intereft, and by; agreement the intereft is ,t^ be payable 
Vol, I. * B 
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half yearly. Query what fum rauft he take out of the ftock at 
the end of the firft half year» fo that by continuing half yearly the 
like fum for 25 years, he fhall then have received the whole prin- 
cipal and intereft. 



III. QUESTION 33, by Mr. I. H. Heardbg, Adderbury. 

_. ' yx-A V — H 1 + — + &c.adinfin.=:QOv 

Given< 1-3 2-3 2-5 3-5 3-7 

\\+ y +2/-*-V°>' +5;^* + &c.adinfin.=z^,jr 
to find X and y. 



IV. QUESTION 34, by Mr. William Francis, Maidenhead. > 

A circular piece of ground containing 220 acres is to be 
divided between three perfons A» B, C, whose fliares are to 
be as 5, 6, 7. Query xht Oiares, by conftruftion, fo that the 
boundaries may be equal ? 



V. QUESTION 85, by Merlin. 

To cut j equal and fimilar parts from 5 equal fquares, fo that 
the 10 pieces when joined together ihall form a fquare* 



VL QUESTION 36, by Mr. I. T. M'Doneld. 

Given the fum of the bafe and one of the fides, and the 
excefs of the bafe above the other fide, to conftruCl the 
plane triangle when its area is either a given fpace or a 
maximum. 



VII. QUESTION 37. tf. Mr. James Whalley, Bolion^le. 

Moorsw 

' Having a circle and a triangle ABC, both given in magnitude 
and pofition ; it is required to draw a tangent to the circle, cut- 
ting BC in P and AB in Q, sp that dra^t^'^jtig PR parallel to AB, 
the fum. difference, or ratio of the Vo triaiigles PQB and 
PRC may be given. 
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VIII. QUESTION 38, by Mr. William Smith, Liverpool. 

Let AB be the axis of a conic fection from B draw BD tQ 
meet the curve in D, demit DC perpendicular to AB, and 
produce it from C till CP is in a given ratio to BD ; the 
locus of the point P will be a conic fe£lion. Required the 

demonftration* 

« 

IX. QUESTION 39, by Mr. Thomas Bazley. Bolton. . 

From the given point P in the periphery of a given femicircle 
1 APR, it is required to draw the right line PB meeting the di- 
ameter AR in B fo that BC being drawn perpendicular to 
AR meeting the periphery in C; BC* — BP' Cball be of a 
given magnitude. 

X. QUESTION 40, by Geometricus. 

V Let two circles have the fame centre, and let A, B be two 

gfven points in the circumference of one of them. It is re- 
quired to infle£l AC, BC to the circumference of the other 
circle fo that the refbngle AC X ^^ ^^7 ^^ ^ given mag- 
nitude. 



XI. QUESTION ^uby Hypatia. 

Three points being given by pofition, it is required to conftruft 
a triangle, the fides of which may be given in magnitude, and 
pafs through the given points. 



XII. QUESTION 42, by Geometricus. 

A triangle being given by pofition, and two points being alfo 
given, it^s required to draw lines through thefe points to inter- 
left each other in one of the fides of the triangle and meet th« 
other fides fo as to cut off Segments adjacent to given- points \m 
them fuch that the rectangle contained by thefe fegments may 
be equal to a given fpace. 

Bft 
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• XIII. QUESTION 43, by Si<Ii«phel. 

If a triangle given in fpecics have two of i^ angles upon 
ilraight lines given by pofition and the fide adjacent to thefe an« 
gles paffing through a griven point, required the Locus of the 
aqglc opppfite to that fide. 

XIV. QUESTION 44, by Mr. John Wright. NorUy. 

To find three fquare numbers in harmonical proportion 
fuch, that, if from each of them its refpe£live root be taken^ 
the remainders thenpe arifing fhall be rational fquarp numbers* 



XV. QUESTION 45, by X. Y. 

r 

It is required to inveftigate a rule for finding the area of anjr 
polygon whatovfur by picans pf k« 6<ks aud singhesv 



XVI. QUESTION 46. by^mxcn^. 

Soppofe a great circle t<^ pafs through a given point of the 
equator and make with it a given angle, it is required to fijid ita 
projeflion op Mercators Chart, 



XVII. QUESTION 47, /^y Geometricus, 

Let A. B, be two given points in AB a ftraight line given 
by pofition, and let C, D be two given points without that line ; 
let CV, DV be drawn, meeting AB in F and G, fo that the 
reQangle AF x BG is given ; It is required to determine the 
Locus of the pQint V* 



XVm. QUESTION 48. by Mr/ William Smith. Liverpooh 

Given the perimeter, the area, and the difference of tb« 
angles at the baijp oj^a plane triangle loconjflruil it by tbp conic^ 
feaions. 



XI3i. QUESTION 49, *;f Analyticus. 

■ * . ' • 

Required the area of a curve whofe equation i$ ' 



XX. QUESTION 50, by Amicus. 

If a reprefent any arch of a circle, that arch is equal to the 
infinite product 

8in*a X s^.i-ax tec.ia x sec. r^ X sec^^^V ^ ^ ^« 
As this very curious expreffion for a circnkr arch does not 
feem generally known, it is required to find iis dsnMoiifaration. 



XXI. QUESTIC»J 51,, ijf Curiofus, 

In a work entitled *' JHUmAkarium. DiffeSMmx*' Audwre 
Ricardo Albio^ ^to. Rom. 164S, it is faid that the conirex fur*, 
{ace of a fcalene cone is equal to a circle wbofc radius isul, « 
A v^(A* -+-V*) + ^S -(- -y 5 : where h is the cone's perpcndicu*^ 
^ar height, r the radius of the bafe, S and s the^eater and lefs 
flant heights^ How is this; rule derived ?^ G\ 

. XX.II QUESTION 5a, by Aliquis. 

Having given the bafe ^i a triangular pyramid, and the three 
plane angles at the vertex ; to find the other dmrienfions ? 



XXIII. QUESTION 53. by Mr. Wm. Wallace, of the 
Royal Military College^ Great Marlozo^ Bucks. 

Let AB^ AC be. two ftnught Kne& given by pofuion, and let 
P£ be a line of a given length terminated by them at D and £, 
let DV, EV^be perpendiculars to the lines AB, AC, meeting in 
V^ It is required to determine the Locus of the point V. 
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XXIV. QUESTION 54, iy Urfa Minor. 

" • . « 

Three straight lines* being given by poAtion, and three points 
being alfo given, it is required to dcfcribe a re6lilineal ngui'e, 
whofe fides may paft through the given points, and whofc angles 
may be upon the lines given by pofition. 



XXV. QUESTION 55. iyQuinbus Fleftrin. 

Given the bafe and the length of a line from the vertical angle 
to a given point therein, to construct the triangle when the ver- 
tical angle is a maximum. 



XXVL QUESTION 56, hy Mr. James Cunliffe, 

Divide the fum of three fquare numbers in' arithmetical jpro* 
portion into three other fquare numbers in arithmetical propor- 
•tion, and give an example in whole numbers as (mall as 
may be. 



XXVII. QUESTION 57, by Mr. Cunliffe. 

Let a slender heavy inflexible rod AB, loaded with a weight 
be placed with its upper end B leaning against an inclined plane 
DE, and its lower end A upon the curve DA, situated in a 
vertical plane at right angles to the inclined plane. It is re- 
quired to investigate the nature of thfe curve AD, fo that the rod 
may refl in equilibrio when placed in any inclination. 



XXVIII. - QUESTION 58, ly Mr. Bazlcy. 

AC, CB are two rods or right lines connefted at C bv a move- 
able joint, and whilft the end C of the rod BC revolves round 



I >5 ; 

I 

the fixed point B let the point A of the rod AC be carried along 
the right line AB paifing through B ; it is required to determine 
the equation and area of the curve defcribed hj P, a given point 
in AC. 



XXIX. QUESTION 59, by Sir Titus Triplicate. 



Suppofe a given cylindrical tube or pipe 
ABC, whereof AB is perpendicular, and 
BC parallel to the horizon to revolve 
round AB as an axis with a given angular 
velocity ; the lower end A (landing in wa- 
ter, whofe furface is at A, and the whole 
tube being previoufly filled ; it is required 
10 determine the velocity with which the 
water will iffue from the extremity C. 



ii 



XXX- PRIZE QUESTION 60, by James Ivory, E/q. 



. Theorem. Let n be any integer number, and let m be ano« 
ther integer number lefs than n : then 



o=:n — «•(«— 1) +n" •(«— 2) — «• 



•('^-3r+ 



2 ' as 

&c» the coefficients being the fame with the coefficients of the hi- 

nomial quantity (a— ^) , and the progreffion, «^, (w — 1) 



jn 



m 



{n — - 2) to be continued till we arrive at 1 • Required the 
mveftigation. 



The Solutions to thefe Queftions muft come to hand by the 
ill of June, 1804. 
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IIL MATHEMATICAL QUESTIONS 
To be Anfwtrtd in Number IV. 



1. QUESTION 61, ly Mr. Thou AS Sqvihz, BalJocL 

A tree growing upon tlie fide of a hill which rifes due North 
at an angle of 30®, had the upper part blown off 12 feet from 
the ground by a ftrong W* S* W. wind. It is required to find 
the height of the treefuppofing it to (land perpendicular to. the 
horizon, ^nd the top (before the other part left the tree] tQ 
ftrike the ground 40 feet from its bottom. 



II. QUESTION 62, by Mr. JoHJi Cavill, Bei^hidn. 

In any plane triangle it will be as the bafe is to the difference 
between the fum of the fides and bafe, fo is the reSlangIc 
under half the perimeter and that part of the diameter of the 
circumfcribing circle which is perpendicular to the bafe, and 
falls below it, tothe area of the triangle. Required a demon-' 
ftration. 



III. QUESTION 63, by Hypatia. 

A circular ring revolves on the infide of another taadly 
double its fize ; required the locus of a given point in its cir« 
cumfereoce* 

Vol. I. C IV. 
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IV. QUESTION 64, by Mr. Thomas Hopper, Manchejler. 

• 

Admitting the latitude of Manphefter to be 53** 25' N. It is 
required to find the fituation of two other places on the furfacc 
of the globe, fuch, that when it is noon at Manchefter on the 
third day of March, 1805, the fun's altitude may- be equal at 
all the three places ; and the firft place from Manchefter may 
bear Eaft-South-Eaft, and the fecond place from the firll Weft- 
North-Weft. 



V. QUESTION 65, 3yARiTHMETicus. 



Theorem. Let N be any number whatever, and let a rr 
the difference of N, and the next greater fquare number, and 
h zz the difference of N, and the next lefs fquare number. Then 
N — a X ^ will be always a fquare number^ 



VI. QUESTION 66, ly Mr. S. Wade. 



At what time in latitude 50** 31' (the fun being in the equi- 
ox) will the (hadow of the ftile on the plane' oF a direft 
welt vertical fun-dial be a minimum. 



VII. QUESTION 67, ^yiWr. Benjamin Bevan- 



In a plane triangle, let w he the centre of a circle pafling 
through A", jy, and z ; then will Czv zr Cr, and be in the fame 
right line ; and a';if z=: wy := wz zz 2R, or 'the diameter ot the 
circumfcribing circle ; where x, _y, 2, &c. reprefent the fame 
points and lines as they denote in the Synopfis of Data for the 
Conftru£lion of Triangles. 



VIII. QUESTION 68, ty Alcor. 



Let A and B be two given points^ CD, CE two ftraigfat 
lines given by pofition, let AF, BF te inSefiad to F any 

point 
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point in one of the given lines, and let BF meet CD in G, 
draw GH parallel to AB meeting AF in H, then H will 
be in a ilraight line given by pofition. Required the demon- 
firation. 



IX. QUESTION 69, by Geometricus. 



Four ftraight lines are given by pofition, it is required to de- 
fcribe a triangle whofe angles may be upon three of the lines* 
and whofe fides may xnake given angles with the remaining 
line* 



X. QUESTION 70, by the Rev. L. Evans, Royal Academy^ 

Woolwich, 



It is required to bife£l; an arch of a circle by the defi^^ription 
of circles only. 



XL QUESTION 71, iry Whacum. 

Let AB be a given ftraight line, and P a given point without 
it, let CPD be drawn meeting AB in C, and let CP be to PD 
as AC to CB. Required the locus ol the point D. 



XIL QUESTION 72, by Bombelli, 

To divide \ into 5 parts fuch, that either part added to the 
cube of I ihall be a fquare. 



XIIL QUESTION 73, *;^Hypati A. 

When the bafe of a triangle is given, and one of the angles 
at the bafe is double the other; what is the locus of the 
vertex. 

C a XIVc 
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XIV. QUESTION 74, by Mr. Georce Sanderson, 

London, 



Determine the value of — =^, when ^ ; = «, a given 

col. \f/ fin.\J/ ^ 

number, and f -4- %!/:=: a, a given arch. 



5lV. question 75, ^;^Nauticus. 

Required thfe reftification of the line which is the projeftion 
of a great circle pafling through a given point of the equator 
and making with it a given angle in Mercator's Chart. 



XVI. QUESTION 76, by Theodosius. 

Having given the bafe of a fpherical triangle upon the 
furface of the Iphere and its area; required the locus of its 
vertex. 



XVII. QUESTION 77, hy Mr. JohxM Wright, NorUy. 

Required the fluent of x \/T , — - T , 1, with the affis^ 
tance of the conic feflions. 



XVIII, QUESTION 78, by Ursa Minor. 



It is required to demonftrate, independently of fluxions, that 
when an arch of a circle is fmall, twice- the fine -f- the tangent 
*E= three times the arch nearly. 



XIX, QUESTION 79, ijKJMr. John Wright. 

Given the difference of the angles at the bafe, and the length 
of a line drawn from the verte;; to the middle of the bafe to 

con(tru£k 
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conftruQ the triangle when the folid of the perimeter, the dif- 
ference between the fum of the fides and the bafe, and the per- 
pendicular let fall from the vertical angle upon the bafe is a 
maximum. 



XX. QUESTION 80, by Dr. MiCHAit Stuart O'Ri- 
ORDAN, Profe/for of Mathematics^ &c, in the College of 
CarloWy Ireland. , 



Suppofe a quantity of fteel filings to be difpofed uniformly 
in a curve- like figure, on an horizontal plane, and a magnetic 
globe indefinitely fmall be placed in its axis at the diftance a^ 
It is required to find the nature of the curve formed by the 
ftratum, fo that the globule {hail reach it in the leaft time* 



XXL QUESTION 81, By Mr. Thomas Bazley, Bolton. 



It is required to determine the figure of an orifice to be cut 
in the vertical fide of a veflel or dam, whofe water is ailways 
of the fame conftant height ; of fuch a nature, that the quan- 
tity of water iffuing betow the Ihuttle fliall be always as the 
height oi the opening, and that when the whole orifice is 
open q cubic feet flialT ifTue per fecond ; the top of the orifice 
being «, and the bottom m feet, below the furface. 



XXII. QUESTION 82, by Mr. W. Wallace* 



XXIII. QUESTION 83, ^>Mr. J. Ivory, R.M. College. 

Let A and B be two points without a circle of which O is 
the centre, and let BO x OC r= fquare of radius, and AO x 
OD zn fquare of radius; and let BD and AC meet in £• 
Then, if the chord FG be drawn through E, and AF, FB, BG, 
AG be joined, AF X FB : AG ?< GB :; FE : EG. Required 
the demonftratipn. 

XXIV. 
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XXIV. QUESTION 84, *y Mr. Bekjamin Bevan, 

Leighton Buzzard, 



Let ABCD (fig. 50, pi. 2.) be the vertical, feftion of a wall 
of Mafonn', terminating at the top in the fmooth curved plane 
AB, alio let AE be a ftraight plane conneQed to the curve by 
a moveable joint or hinge at A, let GH be the furface of water 
in a refervoir, and FI a cylinder of lefs fpccific gravity than 
water -connefted by the tod IE and moveable joint E to the 
ftraight plane, the cylinder being confined to a perpendicular 
motion, or to move freely up and dowji in the fluid in which 
it floats ; let K and L be two heavy rollers of the fame 
weights and diameters, and fuppofe them conneQed by the 
inflexible rod KL, confidered as without weight. It is re-^ 
quired to determine the nature of the curve AB, fuch that the- 
rollers may be fuftained in cquilibrio in any pofition of the, 
rod KL. 



XXV. QUESTION 85, by Dr. O'Riordan. 



Admit a whipping top, formed by the rotation of a femi- 
curve about its axis whofe equation is ax^ z=j^^ ; to determine 
at what diftance from the vertex (or fpinning point) a boy may 
;(lnke it with a fingle lafli, in a direftion parallel to the horizon, 
that It may acquire the fwifteft motion poflSble. 



XXVI. QUESTION 86, ^j^ScoTicus. 



If four ftraight lines interfeft each other and farm four tri- 
angles, circles defcribed about each of thefe triangles will 
pafs through one and the fame point. Required the demon- 
flration. 



XXVII. QUESTION 87. by Mr. James North. 

From the three angular points of a given plane triangle to 
draw three right lines meeting in the circumference of a given 

circle 



/ 
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Circle fo as to have a given ratio to one another, the plane of the 
circle being perpendicular to the plane of the triangle. 



XXVIII. QUESTION 88, by Mr. James Ivory. 

Let there be an ellipfe of which AB is the greater and ED 
the lefs axis and centre C. Take CH in either axis equal to 
the fuin or difference of the two femi-axes CB and CD, and 
upon CH let a circle be defcribed ; through B, the extremity 
of the axis, draw a ftraight line to cut the circle in F and G, 
and through F and G draw two diameters of the ellipfe PC and 
QC. Then, the line FG will be equal to the fum of the femi- 
diameters CQ and CP in the one cafe and, to their difference in 
the other; and if any line LK, equal to FG, be interpofed 
between the diameters CP and CQ, and in LK (or in LK 
produced beyond the point K when CH is equal to the dif- 
ference of the two axes) LM be taken equal to CP, the point 
M will be in the periphery of the ellipfe. Required a de- 
monftration, 



XXIX. QUESTION 89, by Philomathes Oxoniensis. 



Required the fluent of . — ^ . , generated while x in- 

creafes from o to 2 ; and alfo the fluent of — , generated 

while X increafes from -^ to 2. 



XXX. PRIZE QUESTION 90, ^;f Edinburgensij. 



Suppofe a horfe to move with a given velocity in the cir- 
cumference of a given circle. Required the angle which the 
body of the horfe will make with the horizon by leaning towards 
the centre* 



The Solutions to thefe Quefiions muft come to hand by th« 
Firft of January 9 i8oj. 
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I. QUESTION 91, ByCapt.Gzo, Gorry. 

Faffing along a ftraightand level road, near a very lofty tower, 
and on the fame horizontal plane with its bafe, I wifhed to afcer- 
tain its height ; but being prevented by fences from quitting the 
road, and having no inftrument but one for taking vertical angles, 
I proceeded thus : at a convenient point on the road, I found the 
angle of elevation of the top of the tower, 30° 48' ; then mea- 
Curing 60 yards along the road, I found a fecond angle of eleva- 
tion 40° 33' ; at the end of another 60 yards in the fame direc- 
tion, 1 intended taking a third angle of elevation, but the two 
were hidden by a high wall ; I therefore meafured on to 72 yards 
from the fecond ilation, and there found the angle of elevation 
of the top of the tower, 50° 23'. From thefe data, the height 
of the tower, and its neareft diilance from each of the three ua** 
lions, are required ? 



11. QUESTION 92, By Negotiator. 

A fells goods to B, on condition to allow 10 per cent, dif* 
count, if he be paid in fix months. — Whatdifcount ought A to 
allow, if payment be made him in two month's; — intereft of 
money being 5 per cent, per annum, fimple intereft ? 

Voj-, I. D III. 
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IIL QUESTION 93, by Mr. Wm. Simpson, Bolton. 

If a circle be defcriBcd through the two foci of an ellipfe, 
and any point in the conjugate axis produced ; then a right line 
being drawn from that point, to one of thq f)oints where the 
circle cuts the ellipfe, will be a tangent at that point. Required 
the demonftration ? 



IV. QUESTION 94, by Centrobaricos. 

Suppofe a cone, wbofe axis is 10, and diameter 8 inches, be 
made to vibrate, its vertex being the point of fufpenfion ; it is re- 
quired to afcertain at what difiance from its vertex, on the Jlant 
fide, it muft flrike an immoveable obftadle, fo that all its angular 
motions fliall be deftroyed, or that its point of fufpenfion fliall not 
be affefled by the ftroke ? 



V. QUESTION 95, by Diophantus. 

It is required to find three rational numbers, x, y^ and z, fucb 
that the formula 

x^ J^f + 22, ;c* + 2* -+- 2/ and / 4. 2^ + 2a*, 
may be all Iquares ? 



' VI. QUESTION 96, by Mr. JoKJff Dawes, Birmingham. 

In Mr. Watt*s Steam engine, the reciprocating motion of the en. 
gine is convertedinto a circular motion, by a peculiar contrivance* 
confifting of two equal wheels, that work into one another : it is 
required to demonflrate that the central-wheel will turn round 
twice for every revolution of ^the Planet-wheel about it, or for 
every complete ftroke of the engine ; and alfo, to define what wilj 
be the motion of the central-wheel when it is not equal to 
the Planet-wheel, but ia any given proportion to it ? 



VII. QUESTION 97, irom Geamcirie Defcriptive, ly Monce. 

If four unequal fpheres be any how fituated in fpace, and 
every two of them be circumfcribed by a cone, fo that its vertex 
may be on the fame fide of the centres of the fpheres ; the vertices 
of the fix cones thus conftituted (hall be at the interfeftions of 
four Ilraight lines fituated in a plane : and if every two of the 

^herc* 



( •/ ) 

fpheres be circumfcribed by another cone, having its vertex be- 
tween the centres of the fpheres; the vertices of thefe cones« taken 
three by three, (Hall be in the fame plane as three of the former. 
Required the demonftration ? 

The next Ten Qiteflions, taken from the Cambridge Univerfity 
Calendar^ are feUBed from /Ae Senate House Problems, 
propo/ed t^ Candidates for theDegree oj B.A, in January^ 1804. 



VIII. QUESTION 98. /rm /ii^ Camb. Un. Cal. 

Three known reftilincar objects, placed contiguous, and in ehe 
fame right line, appeared to the eye of a fpcSator of the 
fame length ; find his pofition ? . 

IX. QUESTION ^s^from the Camb, Un. Cal. 

Shew how the circumference of aii elHpfe may be computed, 
of which the excentricity is -99, the fcmi-axis major being i ? 



X. QUESTION 100, from the Camb. Un. Cal. 

Shew that the reSifi cation of the hyperbola may be deduced 
from that of the ellipfe. 



XI. QUESTION 101, from the Camb.Un. Cal. 

In the lemnifcata, whofe equation is {x^ +^*)*= J?* — j'*,) it 
is required to aflign two arcs equal to one another ? 



XII. QUESTION 102, from the Camb. Un. Cal. 

On a given ftraight line, perpendicular to the horizon, defcribe 
a circle, and draw a tangent at its higher extremity ; if any point 
be aiTumed in this tangent, and a ftraight line be drs^yrn from it 
parallel to tlic diameter, cutting the circle in two points, and 
chords be drawn from thofe points perpendicular to the diameter, 
<che times of defcribing the parts of this line, together with the 
times of defcribing the correfponding chords with the velocities 
acquired at tbdr extremities fhall be equal ? 

D s XIIL 
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XIII. QUESTION 10^, from the Camb. Un. Cal. 

Let the compreflive force be fuppofed, proportional to the 
fquare ot the denfity, and the force of gravity inverfely propor- 
tional to the fquare of the diftance from the earth's centre ; it is 
required to find the law of denfity in the atmofphere ? 

XIV, QUESTION loj^, from the Camb. Un. Cal. 

A body revolving in a given circle, afted on by a force, which 
is inverfely proportional to the fquare of the diftance from 
the centre, in confequence of an impulfe in the direftion of its 

motion, begins to defcribe an orbit of a given excentricity; find 
the velocity communicated to it by the impulfe ? ' 



XV. QUESTION lo^, from the C^uh.\J^. Cal. 

• Two bodies, whofe weights are known, lying on a fmooth hori- 
zontal plane, are connefled by a flexible line pafling through a 
fraall ring fixed at a given point between them ; in this pofition a 
given velocity is communicated to one of them in a direftion 
perpendicular to the line that joins their centres, and the other is 
made to move direftly towards the ring: inveftigate the motion of 
the projefted body, and find the angle defcribed when the other 
body arrives at the ring ? 



XVI. QUESTION iQ6,from the Camb. Un. Cal. 

If a body, fufpended by a ftring, ofciliatcs through a quadrant 
(the extremity ot the quadrant being the lowefl point), the force 
ftretching the ftring at the loweft point is three times that which is 
due to the weight of the body. Required proof? 



XVII. QUESTION 107, from the Camb. Un. Cal. 

Let two weights faftened to two equal ftrings (/,/,), move in a 
vertical pl^e, the one ofcilfetfng, tlie other revolving, and at the 
loweft points let the velocities due to the heights h^h\ be fuch, that 

h a 

—f ==-7' = ^*, then the time of the revolution of one weight is to 

the time of ofcillation of the other as ?» to it Required proof? 

XVIII. 
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XVIII. QUESTION io8, ijy Mr. James Cunliffe. 

It is required to find two fquare numbers, a', i% and a certain 
number w, which being either added to, or fubtrafted from either 
ol the fquares a^ ^ ^*, the fums and differences thence arifmg fliall 
be rational fquares ? 



XIX. QUESTION 109, hy Marloviensis. 

In Counsellor Cooper's Letters on the Slave Trade, we meet 
with the following qiieftion, and an algebraic yi?m2//^ annexed, 
exhibiting a general folution thereto. 

" It is required to Ihew the average annual import of Negro 
Slaves (and the whole number imported),* having given the 
annual decrement, or proportion of deaths to the whole uock, and 
the number of exiiHng flock at the end of a given term? 

** General Solution. 
ha 



{^,-l)X(«''-(«-l)") 



the average annual import. 



ct 



Where w denotes the given interval in years. 

3, the flock exiflingat the end of that term. 

a, the reciprocal ot the annual decrement. 
*• Example. The firfl export of Negro Slaves from Africa was 
in the year 1503 : and in 1770, being an interval of 276 years, 
it was found, from a pretty exaft eflimate, that the number ot Ne- 
gro Slaves then exifling in the European, &:c. powers, was five 
millions: the proportion of deaths among them was alfo deter- 
mined from a feries of observations to be about 1 in 20. Thefe 
numbers fubflituted in the above formula, give 

the average annual import 263, 158 

the total imported (in 276 years) . . . .70, 263, 186 !" 

And, we may add, if eftimated to the prefent time, we behold 
near 80 millions of the human fpecies the innocent viHims of 
avarice, cruelty, and wretchedneis, by this diabolical traffic ! 
An Invefligation of the above Formula is required ? 



XX. QUESTION 110, by Mr. W,m. Smith, Liverpool. 

If a given plane triangle be placed, fo that two of its angular 
points may always be on two flraight lines given by poCtion ; it is 
required to determine the locus ot the remaining angl e? 

XXI. 
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XXI. QUESTION in, byPoRUi. 

Required to infcribe, geometrically, the maximum ellipfis in a 
given trapezium ? 

XXII. QUESTION 112, /^;^PoRus. 

If one end of a ftring be fixed to the extremity of a body, 
placed on a perie6lly poliOied plane, and the other to a point in 
that plane, and any fo^ be imprefled upon that body, it is re<» 
quired to determine its motion ? ^ 



XXIII. QUESTION 113, by ScoTiCus. 

Let EF, a ftraight line given in magnitude, be interpofdd be- 
tween AC, BC, two ftraight lines given in pofition ; let G be a 
given point in that line, then it is known that the locus of G is 
a given ellipfe. Draw ED, FD, perpendicular to the lines given 
by pofition meeting in D, and join DG, then DG (hall be pet- 
pendicular to a tangent to the ellipfe at G, Required the demon- 
itration ? 

XXIV. QUESTION 114, iy Mr. Ivory, R. M. College. 

Let AB, CD, be two ftraight lines, cutting one another in G, 
and terminating in an ellipfe, of which F is one tocus, and 
draw AF, FB ; FC, FD : then will 

AFxBG-+-BFx AG:DG xFC + FD x GC :: AB : CD. 

Required the deraonftration ? 



XXV. QUESTION 115, /^ Mr. Wai^lace; R. M. ColUge. 

Required the locus of the angles of a parallelogram, formed 
by drawing tangents at the vertices of any two conjugate diame- 
ters of a given ellipfe ? 



XXVI. QUESTION 116, hj Marloviensis, 

Suppofe the river Thames, oppofite Canvey Ifland, fituated 
due eaft and weft, to be two miles broad at bigh-water, and one 

at 
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at low, and that the tide ebbs, at certain times, fix hours, the 
breadth decreafmg from each fide equal fpaces in equal times. Snp- 
pofe alfo the velocity of the water in the middle of the ftream, to 
increafe as the time for the firft three hours, when it then moves 
fix knots per hour ; and that the velocity in the middle is to tha( 
in any other part, as the femi-breadth of the water, to the near^ 
eft diftance 'of that part to the adjacent fides. Thefe granted^ 
what courfe, and how many knots per hour, muft a boat fail from 
the Kentifh fliore direftly oppofite Bowley^ on the Effex lide, at 
high water, to make Scar Houfe^ on Canvey Ifland, after a three 
hours trip, which is exa6lly three miles to the eaftward of the 
place failed from ? 



XXVII. QUESTION 117, by Hypatia. 

Three circles being given by pofition, it is required to draw 
a tangent to each of them, fo as to inter fe£l in the fame point, 
and have the fegments between that point and the points of con- 
ta3 in a given ratio to each other ? 



XXVIIL QUESTION 118, by\.'&. 

Let C be a body of a given weight, (fuppofe 875 grains)^ 
placed on a fmooth and polifhed horizontal plane ; let a thread or 
ftring perie£lly unelaftic and inexteniible be attached to the body 
C, and after pafling through two fmall rings, A and B, (so as 
to a6l on<he body in a dire^lion parallel to the horizontal plane,) 
fall down in a vertical dire£lion : to the extremities of the thread, 
let two equal weights, P and Q (fuppofe each = 3500 grains^, 
be fattened ; then, it is required to define the motion of the body 
C, and to afceriain its place at the end of any given time, 
fuppofing it to begin to move from a given place, equally diftant 
from the two rings, ab ft ratting from the weight of the ftring, 
fri£lion, and the refiftance of the air ? 



XXIX. QUESTION iig, by Philomathes Oxoniensis. 

It is required to find the fluent of x \/(i 4 ), generated, 

while X increafes from — to lo, and to give the work at large, 
bringing out the refult true to four places of decimals, at leaft ? 

XXX. 
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XXX. PRIZE QUESTION 120, ^j/Edinburcensis. 

A polygon being given in magnitude and pofition, it is re- 
quired todefcribe a polygon of an equal number of fides, having 
its feveral angles on the feveral fides of the given polygon, and 
fuch that the perimeter (hall be the leaft poflible ? 



Solutions to thefe Queftions muft come to hand (poft paid,) by 
the firft of Augutt, 1805. 
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ARTICLE I. 

Solutions to Que^ons propofed in Number I. 

I 

1- QUESTION I, ty TVro Philomatheticus, HulL 

Given 4x+iy := y' + ^^ 

[^ z^ =: y^ + xy + iy -^ z^ + |6; 

To find X the year, y the month, arid z the day of the month 
in which I was born. 



SOLUTION. 

Quellions of this nature, being confined to whole numbers, 
are^eneraHy moft easily refolved by trial ; accordingly here, 
y cannot be greater than 12, and by the fecond and third equa- 
tions it muft be 3 or fonie multiple thereof: hence the leaft value 
of y,'that gives z a whole number, is 12 ; then z = 29 and x = 
1778'. Therefore the Propofer was born on the 29th day of 
December, 1778. 

Thus ike Qucftion zvas anfwered hy Mejfrs, CaviU, Codling, 
Collins, Cornthwaiie, Hopper, Mabbott, Marrat, Merones 
Minor, Morley, Pickering, Scoticus, and Sctirr. 
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IL QUESTION 2, by Mr. I. H. Hearding, Adderbury. 

To find the length of that arc whofe cofine is to its verfed 
fine as the fecant to the tangent, the radius being unity. 



First Solution, iJy Mr. John D aw es^ Birmingham. 

Fig. 1. PI. I. Draw the perpendiculars FG, DE; then will 
all the triangles be similar, and AF : FG : : AC : CB ; but by 
the queftion AF : FB : : AC : CB, therefore, FG =:FB = 
DE, confequently the triangles DFG, GDE are equal in all 
refpefts ; therefore, CD = DF ; or the arc is that of which 
the secant minus radius (l) is equal to the sine, that is, 57^ 4 
nearly. 

Second Solution, By tk^ Rev. Thomas Scvkk^ Hexham. 

Let V r=: verfed sine, then will y^{2v — »'} exprefs the sine, 

1 — t; the cosine, ^ : the tangent, and — I — the fe- 

I —V ^ t — V 

cant. Now, by the queftion, cosine : verfed sine : : fecant : tan- 

1 • I 1/(21/ — r;*) , . , . 

gent, that is, i — v : v : : : ^^ ' ; multiplying 

means and extremes we have v = (1 — v) \/{2v — t;*), and 
from this equ^ion t; is easily found r=: '45633 the verfed fine of 
gj^ 4 nearly, the length of which is *gg6. 



Third Solution, By Mr. P. Thompson, Friejon. 

Let (p be the arch required, then putting radius = 1 j 
cof. (p : I — cof. 9 : : fee. (p : tan. (p ; : 1 : fin. (p 
therefore, cof. (p fin. <p =: 1 — cof* 9 

and fin. (p r=: — p- — i =:? fee. $ — 1 . 

cof, (p ^ 

Hence we have only to fearch the tables till we find an arch 
fuch that the number exprefling the fine, is the fame as the deci- 
inal part of the number expressing the fecant ; thus we find 
4> = 57^ 4' nearly. 

Fourth 
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Fourth Solution, hy Mr. George Pickering, at 
the Rev. James Lindsay's Academy^ Ncwington-green* 

i 

By the queftion cof. : verfed f. : : fee. : tan, 

that is, cof. : i — cof. : : fee. : -^ 

cof. 

or fin. = (i — cof.) xfec. =:fec. -^ fee. X cof. =:fec. — i. 
Hence, as above, the arch is found = 57® 4' nearly. 

Solutions to this Qutjiion were alfo received from Meffrs. Cavill, 
Codling, Collins, Hearding, Hopper, Mabbott, Marrat, Mer 
rones Minor, Morley, Myejrs, and Scoticps. 



HI. QUESTION 8, ^jJlfr.I.H. Hearding. 

A gentleman having in his garden a circular piece of ground,^ , 
Its diameter 12 yards, wiflies his gardener to divide it into ten 
equal little circular portions, in fuch a manner that each of 
them may touch the edge of the faid piece of ground and one 
another, and in the middle to dig the greateft cjrfiular well for the 
convenience of watering, that the ground will poiy>Iy admit of, 
whofe depth is to be thu$ afcertained ; when he ihall ftand at the 
edge of the ground, his eye being then ^\ feet above the level 
and the well filled with water, he may bi^juft ab]e to f^e the 
further edge of the bottom of it. Query the diameter of the 
circles and the depthof the well, 



First Solution, ^^ Mr. Thomas Bo^le, London, 

Construction. Fig. 2. PI. 1. Divide the given cir^ 
cumference into ten equal parts, by drawing the radii, OA, OB, 
OC, &c. join A, B, and produce OB to L, making BL '::^^ 
|AB ; draw AL, and parallel to it, through B, draw Ba to meet 
Oa in a ; with dijlances each equal to Aa, as radii defcribe the 
ten little circles, aAm, bUn^ &c. and laflly, from the centre O, 
with the radius Owi, equal to OA — Aw, defcribe the circle 
Omnpqrstvwx^ and the thing is done. 

Demonstration, Join ab^ bc^ fi, &c. then, fince by 
.conftr. Afl, B^, C^, &c. are all equal, Ofl, O^, Oc, &c; mull 
likewife be all equal, and therefore ah parallel to AB, and becaufe 
AJ^is^fo parallel to aB, the triangles ABL, i^^B, are similar; 

(A 2 J ther^for^t 
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therefore, AB being equal to 2BL, ab muft alfo be =: siB, and 
confequently the two little circles aAm, ^Bn, touch one another. 
Again, the angles aOb^ bOc^ cOd, &c. as likewife the sides aO, 
^O, cO, &c. being all equal, and ab being (as has been aVeady 
proved) r= 2aA, be muft be equal e^B, cd z= 2cC, &c. and hence 
the circles a, b^ c, &c. manifeftly all touch one another, ancj 
each pafles through a ^poinf in the periphery of the given circle 
by conftruftion. 

Calculation. In the triangle abB are given the ratio of 
ab to i5B as 2 to I, and the included angle abB zz 108** ; to find 
theangle aBb =z 49** gfi* 50^' : alfo, m the triangle ^OB we have 
given all the angles and the side OB rr 6 yards ; hence, we find 
Oa r= 4*583597 yards, and A« = I'4i6403 yards. Then 6 — 
1*416403 X 2 =z 3*167194, and twice this =: 6^334-88 yards is 
the diameter of the inner circle, or of the well. Let msXZ 
(Fig. 3. PI. 1.) reprefent the well, Am zr 2*832806 yards, the 
diftance of the outer circle from the edge of the water, and AS 
rz 5I feet, the height of the eye; then Sm — \/{Am^ + AS*) 
is = 10 1229 feet, and by similar triangles, as Am : AS : : ms : 
sQ — 12*29846, and AS : &m :: sQ > mQ r: ^2-6357; alfo, 
as Sm : rad. : : Am : sin. z. i\S^ or ZmQ :r: 57° 5' 23", the 
angle of incidence, its natural fine is — '8395223, ai>d | of. this 
r=: "6296417 is the fine of the angle of refratlion^ anfwering to 
39° 1' ^f = ZZ^X ; then 57^ 5 13'' — 39-1' 25^' =3: 18^ 3^ 
58" = >/ X?nO, and hence, as sine Z.??iXQ (n ZmX^ : mQ : : 
sine /. XmQ ; QX n 11*14866 feet, and confequently, 
'^21*^9846 -+- 11*14866 !=: 23-44712 feet is the depth of the 



t 

Second SolutiossT, by the Rev. Thomas Scurr, 



Fig. 2. PI. 1. Let the centres of the feveral circles be 
joineci, and let O^ be drawn which will be perpendicular to ak \ 
alfo let the radius of the circular- garden be denoted by r, an^C the 
radius of e^ch of the required equal circles by x ; then will O^ 
:= r — X. Since, the joinit^g of the centres of the feveral cir- 
cles forms a decagon, in the ifofceles triangle kOa^ we have as 
sine Oka : Oa : : fine AOa : 2k^ •=: ka^ that is, in fpecie, as sin. h 
(72") \ T -^ X : : sin. ^ (36'') : 2X, or 'ihx z=l re -^ ex ; whence 

TC 

jf :3 ^ ^ =: 1*4164, and 2x — 2*8328 yards the diameter of 

each of the equal circles. Hence, by proceeding as in the fore- 
going folution, the diameter and depth of the well arc found equal 
to 6*3343, and 7*8157 yards refpeaively. 



ThirI) 
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Third SotUTiON, ^jv Mr. John Cavill, Beighton^ 

mar Sheffield* 

Fig. 3. PI. I- Having found hm afld ms^ the diameter - o€ 
6ne ot the equal circles, and the diameter of the well, let AS 
be made perpendicular to hms and equal to 5 ^ feet, the height 
of the eye ; produce smk to D, fo that inD may be to sm as 
4 to 3, let DC, 7»Z and jX be drawn parallel to AS and then 
through 7W,' S, let CSznQ be draWn meeting DC in C and ^X in 
Q ; now make 7«X — mC, meeting jX in X and XZ parallel to 
ms for the bottom of the well. Heace, by calculation, jX or 
mZjy the depth of the well is found = 7 -8 yards nearly. 

Ingenious Solutions were alfo received from Mejfrs, Codljng, 
Collins, Hearding, Hopper, Morley, Myers, Pickering, Squire, 
and Thqmpfon, ^ 



IV. QtJE.STION 4, by Mr. WiU-iam Francis, Teacher of 

Mathematics and Land Survey or ^ Maidenhead. 

What portion of the earth's furface might a perfon behold, 
if elevated fo high above it as to lofe -J- of his weight, by 
the decreafe of gravity, confidering tht earth a fphere of 3979 
miles radius. • 



First Solution, by Mr. Thomas Myers, at the Rev. G. 

Bath IE 'fi School, Hammerfmith. 

• 

When a perfon is elevated fo high above the earth's furface as 
to lofe -y of his weight, it is evident that his weight upon the 
furface will be ro his weight when elevated as 5 to 4, and the 
power of gravity being in verfely as the fquare of the diftancc 

from the centre, it will be as 4 : 5 : : 3979* : ^ ^ 3979 ^ ^j^^ 

4 
fquare root of which is S979^i\^5 thediftance from the centre, 
from which dedufting 3979- leaves 469*656 miles the height to 
which he muft afcend. Hence, by the rules of menfuration, 
10502188-84 fquare miles = 6721400857-6 acres, or part of 
the earth's furface fecn by fuppofing him raifed fo high above the 
earth's furface as to lofe j of bis weight. 

Seconp 
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Second Solution, ^;^ Mr, William Marrat, Bojion. 

Fig. 4. Ph t. Let ABC reprefent the earth, D its centre, 
DC the radius drawn perpendicular to the tangent EC, CFG a 
chord perpendicular to D£, and BE the height required ; ilfo 
fuppofe the perfon's weight at B to be := unity, the radius DB 
r= DC zz 3979 miles zr iz, and p ■=. 3' 141 59, &c. Then, the 
force of gravity above the furface being inverfely as the fquare 

of the diftance from the centre, it will be as ^ : 1 : ; a' : 



2 — zr the fquare of the diftance from the centre of the earth ; 
4 * 

therefore v/— =: ~ 1/5 zi DE, the diftance itfelf, and DE 

•^ DB n * y/5 — azz 469*656 = BE, the height above the 
furface. Now, by fimilar triangles, DE : DC : : DC : DF, 
f. c. — V5 :<»••«:-<» V5» and a <^ Vs = « K (i — 

- V'fi) is the height of the fegraent ; therefore, (by Prob. 10, 
5 

pa. 99, of Dn Hutton's Menfuration, Edit. 3,) 

^<^P Xax (t — ! /S) = 2A* ^ X .(1 - -? /5) . 

• — ' 10502188*84 fauare miles, is the portion of the furface that 
could be feen by a lpe6lator at £. ^ 

Third Solution, ^j^Merones Minor, 

The force of gravity being inverfely as the fquare of the dif, 
tance from the earth's centre, putting r = 3979,^ = 3*H^59» 
&c. and X zz the diftance required, we have 

-J : -J : : I, the force of gravity at the diftance r : - ; hence, 
f X ' 5 

X* : r* : : 5 : 4, or ^c : r : : y^ : 2, and x = — !L_i^ . 

Then, by Menfuration, the area of the vifible part of the furface 
is 10502188 84 fquare miles. 

Other ingenious Solutions were given by Mejfrs. Boole, Cavil!, 
Codling, Coiiins, Hearding, Hopper, Morley, and Thompfon. 

V. QUES. 
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V. QUESTION 5, by Mr. John Lowe, Jtterdiffe. 



To find three numbers in arithmetical progreflion fuch that 
the fum of every two of them diminlfhed by the third (hall be 
a fquare number. 



First Solution, by Mr. J, I. 

Let fl, ^, c be the three numbers required, then by the condi- 
tions ot the queflion * 

tf + c rr 2^ 
a ^ c — I =: X' 
a ^ b — czzz y' 
c -^ b -^ a =: z^ 

Let b be exterminated from the two iafl equations by means of 
the firft, and there will refult 






? a - ir = V» 
^ c — \a- z"- 

2 * 



whence a =r \[^y^ 4- 2*) and c zr J(3z* 4- >*). 

Combining the two firft equations it will eafily be found that 
hzzzx^ \ arid putting the values of a, i, and c that have beca 
found in the firft equation, we get 



or 



e-^)'+(^o"=''- 



And this laft equation is the only condition neceflary ; the 
numbers *, y^ and z being in every other refpeft arbitrary or 

indeterminate* We may^ therefore, aflume for , '^ 

and X, any three numbers that meafure the fides of a rational right- 
angled triangle, and hence innumerable folutions may be^ 
derived. 

The leaft numbers that form a right-angled triangle are 4, ^, 

and 5 : put ^-^ = 4. ^'-— = 3» ^^^ * = 5 5 then 
yz=z7 andz = t : whence 
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izr--* 



And thefe are the leaft numbers that fatisfy the queftiotl. 



Second Solution, ^j^ Mr. John Wkight, Nbrl/^y. 

Let X, y and z denote the numbers fought. Then, fince x+y 
— 2, j: 4- 2 — y\ and y ■\- z — ;c is each to be a fqiiare number, 
let them be equated with a?^ i*, and c* refpeftively, and we (hall 
thence obtain 

fl» -1-^2 fl» + c^ , • y + c* 
X ;ri: = — , y m , and z = — • 

2 -^ 2 2 

Now per queftion x '\- z ir. 2;/, that is, ^ "^^ zr fl*4-r*, 

ora» + c" = 2^^ : hence rauft ^z zr 2rj +r" - iVirrr^-hJ*, 

and mi:2rj + j* -r*, as is well known. Thefe expreffions 
for a, b^ and c being written inftead of them in the equations 
;r, y, and z above, they become 

*zi{r"+i')'*+2rj(r^-j*),^=:r^+j«and2=(r*+j«)»4-2rj(j»-r'), 

where r and j may be expounded by any two numbers taken at 
pleafure. 

Ex. Gr. Take r=: i, and j zir 2 ; thenx=r= 13, y = 25, 
and 2=37. 



Third Solution, ly Mr. Thomas Bazley, Bolton. 

Let x^ - j^, X* and jc* -|->' ^^ *^^ three numbers ; then x^^ 
X* - 2y, and ;e" + 21/ are to be fquares j the firft is evidently fo, 
and for the fecond auume 

x^-zy :=z x^''2{2rx'-2r^) ziz: x^'^j^rx+z^r'' z=z(x-2r)^ , a fquare. 

Now for the third jf* + 2^1 or a:'' + j^rx — 4r% affume it 

then 2*-;c* = j^rx -4r^, or (z + jc) x (2 - ;r) rs 4r f j? - r) ; 

therefore, by Mr. Leflie's Principfe ♦. 

[Z'^a:)Xfn{Z'-x)rzj^rm{x-r), or z-^Xzrz ^rm, and m{z — xhzzx — r 

x—r-^mx. Arm^-^r 
whence z zzz Arm — ,« = ; hence w zr 3 p— ; 



> t ' 



* See Mathematical Repository, Vol. I, Old Series. 

and 
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J r , ^ 8r* »i« -4- 2r» 
and, coniequently, y == ^rx — 2r* z= — ^— — £r*, 

which is eafily reduced to ^ — ^ : and, therefore, the 

^ 2OT+1 

three numbers are, 

^2;«-H 1 2W + 1 *^ ^ 2;w + i' 2?>» 4- i 2W + i 

or to have the refult in whole numbers, we fliall get, by taking ' 
away the denominators, 

Now, if r and m be taken each equal to unity, we have 13, 
25, and 37 lor the three leall whole numbers that anfwer the con- 
ditions ol the queftion. 

Fourth Solution, by Mr. MaVl^La-^, Bojidfi. 

Let x^ — y, x^y and x^ + y denote the progreffion ; then, by 
the queftion x^ — 2^, x^-+- 2^, and x^ are to be fquare numbers : 
the l^aft is a fqtiare. 

Now, fuppofe x^ — 2y zz {q — x)^, and x^ ^ zy =: [p — a?)* ; 
then, by the firft jyrz qx — |y*, arid fr'om the fecond^ 1= ip'^^pJ^^l 
therefore, qx — iq^ n ip^.^px, and x = (/>'+y*) 4- (2/?-+- 2y), 
where ^ and q may be taken at pleafure. lip — 2, and q zzz t^ 

then X = ^ and y ziz: ip^ — px =1 -, therefore, x* — v =: -^, 
6 -^ ^^ ^ _ 6 ^ 30 

x'^ =: ~ and X* -f-^'^ c* ^"^» therefore, rejefling the Com- 
mon denominators, the numbers are 13, 25, and 37, 



Fifth Solution, Z'jv Mr. Johj^ Cornthwaite. 

Put x"^ -f .jc, a:^ -t- 2x and ;if'^ -j- 3!^ for the three numbers; 
then the difiTerence between the fum of the firft and fecond and 
the third is equal to x^. Hence we have only to make a:* -f- 2x 
and X* -+• j^x fqOares; the difference of thefe is 2;c, which be- 
ing Tcfolved into the fafclors 2X 4pd 1, we may put [x -+- rj)*^, the 
fquare of half the fiim of the fa£iors equal to the greater of the 
expreflions to be made fquares; that is, we may put (jf-H 1}" ^ 

X* + ^x: this equation reduced gives -a; — — ; and the three 
Vol. I.. Part I. (Bj numbers 
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numbers are -^» — , and ^; or, leie^tlnLMhc denomina- 

144 144 144 

torsi3, 25, and37. 

Other Solutions were received ^ram hhjfrs. Boole, Cavill, Cod- 
ling, Colling, Lowe, Morley, Myers, Pickering, Scurr, and 
Thompfon. 



^VI. QUESTION 6, by Mr. T. Milner, Sheffield. 

If two rings or circles of equal radii touch each other on their 
circumferences at P, and one of them be made to revolve round the 
periphery of the other, fo that the area defcribed by the point P 
may be equal to 2*68 fquare inches^ Query the aiameter of a 
circle equal to that of either ring ? ^ 



First Solution, i^ Scoticus* 

Let A /Fig* 5, Pi. I.) be the centre of the fixed circle, in 
whic^h P is the point of contaft of the two circles at the be- 
ginning of the motion ; let B be the point of conta£l when the 
revolving circle BP'E has any otheir pofition, take the arch" BP 
in the revolving circle equal to the arch BP of the fixed circle, 
then P' will evidently be a point in the curve, which is the locus 
of the revolving point. Join PP' (which will be parallel to ABC 
a line joining the centres of the circles) and draw PD, P'D' 
perpendicular to AC. Put r for the radius of the equal cir- 
cles, and <p for the indefinite angle PAB or FPP' then BD =: 
BD' = r (1 — cof. ^) and PP' 1= DD' = 2r (1 — cof- (p), and 
fince the fluxion of the area defcribed by the line PP' revolving 
about P is equal to ^PP' multiplied into the fluxion of the cir* 
cular arch whofe radius is PP', that is to 

2r*^ (1 — cof.(p)* = r*(p(3 — 4 cof.(p+ cof. 2$); 

by taking the fluent, we have the area itfelf equal to 

r • (3<p — 4 fin. ?> -4- i fin. 2 J>) : 

which cxpreffion, by taking <p ;= 360* gives the whole area = 
3 X« X 3'l4t6 X r'; but, by the qucftion, the area =: 2-68 
Iquare inches: hence ar, the diameter of cither circle is eafily 
found =: 7541 the anfwer. 



SECOND 
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Second Solution, ^>r Mr. John Wkight, Norley. 

Let O (Fig. 6, PI. 1.) be the centre, and PF a diameter of th^ 
circle or ring PIF, about which the etjual circle AIH is fpp- 
pofed to roll ; with the centre F and radius Ft* defcribe a circle 
cutting PF produced in C, and the circle AIH in H : then, if the 
chord HA be » tangent to the circle PHC at H, the point A will 
be the fituation of P, when the circles are in contaa at I. For, 
draw th^ radius- 01, which produce till it meet the chord* AH in 
D, and join AI, FH, PI, and HI. Then, fince the circles touch 
each other at 1, it ismanifeft that AD n DH, and becaufe PO 
== FO, the lines PA, OD, FH are parallel : confequently, the 
points P, I, H, (PO, PF being refpe^ively equal to OI and FH) 
are in a ftraight line : hence PI z=z IH =z= AI, and the arch PI 
= AI, or A is a point in the curve PAC d^fcribed by the mo- 
tion of the point P. 

Moreover, demit HQ perpendicular to PF and parallel thereto 
draw the radius FN cutting HB paiallelto PF in B. Since FH 
is parallel to PA, it is well known that the fluxion of the curvi- 
linear fegment PAP is 

_ PA^'PH _ PQ°'PQ _ (PF + jFQVQF'QF 
— 2FH . 2HQ HQ 

+ ^^^HQ^ = - PFHQ + iFQHQ + iPF-HN 

= — FN-HQ + iHB'BN + iPF-HN ; the fluent or quadra- 

ture PAP is, therefore, FN-HQ + | feg. HBN f feclor FHN, 
which being correfted by fubtrafting therefrom its value at the 
initial point of the curve, we fliall have — FN'HQ If | feg. 

HBN + fcaor FHN + 3 quadrant PpN, for the true qua- 

Mm 

dralure PAP ; and this, when H coincides with C, becomes 
- of the femi-circle PNC. Hence the 9rea of the whole curve 

2 

PACP, defcribed by a complete revolution of P, is equal to 3 
of the femi-cirples PNC, and, confequijntly, the femi-circle 

PNC = i of the given quadrature ; that is zz ,and its radius 

3 
or the required diameter of ^hc ring yp = 7541 , 

Other Solutions were riven by Mfffr$^ Boole, Cavil! , Codling. 
Collins, Milner, miotlcy^ Myersi Pickering, Scurr, and 
Thompfoi^ 

(BaJ VII, QUESt 
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Vn. QUESTION/, 6y Mr. JohuWhitlzy, Jlterclijc. 

LfCt.FE, the diameter of a circle 4efcribed about any plane 
triangle ACB, bifcfl: the bafe AB perpendicularly in H, and 
Jet EP, FS be drawn perpendicular to AC; with the radii 
CH, CS and cerjtre C defcribe the circles COG and CSD 
jneeting AC in G and S ; and let S be the neareft point to C, 
then from P and G draw the tangents PQ, GD and the rectanerle 
PQ, GD will be equal to the area of the trianglje ACB. Re- 
quired the demonllration. 



First Solution, iy Mr. Thomas Bazley, Bolton. 

Fig. 7, PI. 1, being conftruftcd as per queftion, it is we|l 
known that CS =: AP zi half the difference, and CP or AS iz 
half the fum of the fides of the triangle. 

Now, by well known properties of triangles, we have 

CH'=CQ*=-J(AC« + CB«— iAB*},alfoCP»=:(^^±^)"; 

whence CP» -CQ^=?Q^= (^y^^^^Z^y. alfo 

OD'=:CG*— CG*=CH2— CS'^KAC^+BC^^-xAB-J- 
.AC^-CB^ .. . pp., .AC:4-.qB'^ 'a.b,« ... 

/_ ^ ; that is, GD* c=:( ' — ■ — ) — ( as will 

• , 2 2 8 

eafily appear by expanding the expreflions. Hence we obtain 
PQ X GD a mean proportional between thefe two quantities 

,AR,^ ,AC — CB., ,,ACh-CB,j ,AB^^ ,.,. 
(— ^* — ( )'and ( __)» -- (^)-; whichis 

fhewn to be equal to the area of the triangle at Cor. 2. Prop. 3. 
B. II. of Emerfon*s Geometry. 

Second Solution, iy Mr. Thos. Hofper, Manchejler. 

Fig. 8, PI. I. The figure being conftrufled as direfted by 
the queftion, join GE, and let OM be the radius pf the in- 
fcribed circle, and I'K the radius of a circle touching the bafe, 
and the continuation of the fides, then PK = PM = AH ; AP zz 
SC r=* half the difference of the fides, CP = half the fum of 
the fides, and CK = half the perimeter. From P through H draw 
|*L meeting CI' in L ; ' • . ' 

- ' ^ Then 
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J 

Then HC* — HE»-= PC*— PE* (Simp. Geo. 9. 2.) ; con- 
fequently, PC* — HC» = PE» — HE* : 

But PQ» = PC» - PH* ; alfo if CR. be drawn parallel to AB 
?nd PR joined, we Ihall have PE» £= REH = RHE-j- HE^j 
confequently, PE' -r HE» = RHE ; 

and, therefore, PQ» = RHE = ANB = IK X ON, a well- 
known properly. 

Alfo cAH* -+- 2CH* = AC* •+■ CB» (Simp. Geo. 11.2.) = 
ePC»-HaAP (aCS'i ; 

confequently, CH*-CS*=PC»-AH»: butGD»=CH*-CS*; 

therefore, GD» = PC - AH* = (PC -h AH) (PC — AH) = 
(PC ■+■ PK) (PC — PM) = CKCM. 

Now, lince PQ*= IK X ON and GD* = CK-CM, it will be 
as IK : PQ :: PQ : OM, and CM : GD :: GD : CK; 
therefore, IK x CM : PQ x GD :: PQ x GD : OM x CK : 

But it is well known that IK x CM - OM x CK = the 
area of the triangle ABC. Conlequeiitly, PQ x GD will alfo 
be equal to the area of the triangle ABC. 

Q.E.D. 



Third Solution, ^^ Mr. John Butterworth, Hag- 
gate, near Oldham. 

The figure being drawn as before, Then PC*-CQ* (CH*) 
r=:PGt*; but, by the theorem on page 39 of the Gentleman's 
Diary for 1803, PC*— CH*-EH-HR, theref. PQ*. EH'HR. 

Again CG»= (CH*)— CD* (CS*) =:GD', but CH*^CR* + 
PH* = FR-RE.4-RH*, 

and CS*=FR-EH; theref. GD*^: FRRE + RH*-FR-EH = 
IR-RH-hRH* = FHRH; and, confequently, 

PQ*-QD?=HE-fIR FHRH=AIi^ HK*,orPQ GD=AH-HK. 

fi. E. D. 



Fourth Solution, hy Mr. John Farey, No. 12, Crown 

Street^ Wejiminfler. 

Fig. 7, PI. 1. Having conftrufted the figiire as direfted ia 
the Qaeftion» and alfo 4rawn the radii CQ and CD to the 
points of conta£l of the tangents PQ and GD ; alfo joined CH, 
knd drawn the perpendicular CI upon the bafe AB of the triangle ; 
tlxen, .becaufe of the right*angled triangles FQC and GDC, we 

^ have 
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havePC^-CQ^z-PQ*, aod CG*— CD»c=GD'; and since by 
thequeftion PQxGb=|AB x CI,or PQ*xGD^:::iAB*xCr, 
therefore, (PC*-- CO*) X (CG* -CD') = iAB* x CI*. 
Now, fiy Leybourn'smatk. "Repojitoryy VoL I. p. 284, and Vol. 
II. p, 101. J PC is equal to half the fum of the fides AC am! 
AB of the triangle ACB, and CS or CD is equal to half the dif- 
ference af the fides of the fame triangle ; it being alfo evident 
from the conftrufiion that CQ and CG are each equal to the 
line from the vertex bifefting the bafe of the fame triangle, 
or CH. We may, therefore, infer from the quefiion, the fal- 
lowing 

Theorem. In any plane triangle, the difference between 
the fquare of half the fum of the fides and the fijuare of 
the line bifeqing the hafe^ multiplied into the difference be^ 
tween the fquare of the line bifeSing the lafe and the 
fquare of half the difference of the fides ^ is equal to the fquare 
of the area of the triangle. 

Before proceeding to demonftrate this Theorem, I beg per- 
HiifliQti to mention that it has lon^ appeared to me a deurable 
thing, to have the feveral properties of Triangles which the 
different geometrical and trigonometrical writers have demon- 
flrated, exprefled each by an equation, in the chara£lers or fym- 
bols iztdopted by Lawfon and Leybourn, for expreffing the parts 
of a triangle, in their Synopfis or Tables of the Data, from which 
triangles have been conftrufi^d ; and I have been from time to 
collefting materials, which I hope that leifure will permit 
iBc e'er long to arrange for publication, not only on the 
properties of triangles which can be thus exprefled in an equa- 
tion, but on the loci or known parts of a triajigle, when one, 
two or three things relating thereto are given. As a fpecimen 
of the facility with which certain known properties of a tri^ 
angle when thus exprefled. can be combined, to demonftrate the 
above, and moft other theorems, or to difcovpr new properr 
ties ; in the above Theorem I fubftitute (as is done in Xey-^ 
bourn's Synopfis of Data for the Con/iruHions of Triangles^ 
page iv.) B for the bafe, P for the perpendicular from the 
vertical angle (V) upon the bafe, S and s for the greater and 
lefs fides f fubtending V) refpeftively, m and n for the greater 
and lefs fegmcnis of the bafe by the perpendicular from V upo» 
B, and 1 for the line from the vertex tp the middle of the bafe, 

or. line bifeSing the bafe; aqd we have m )*— 1* j X 

h — i^^V) = tB* X P*. Or, hy rcdacing the fraaioai 

^ad arranging the terms, to t]|p ojrdef of their ii^mpoiieiit pm$ 

.8 
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B, P, S, s, m, n, and 1, as they fliould be for more perfeft 
arrangement in a general Synoptical Table of fuch equations or 
properties, we .have 4B* x P* = ({S + s)*-4l»; x (-(S-s)»-f4l») ; 
and by multiplying the terms of the laft part of this equation, 
we get 

4B* X P* =- S* + aS* X s»-s* + 8S* XP + 8s* x V-xSV = 
-{S'-s*)'*-4-8l*X (S«4-s*-2l'). Now, by Leybourn's Re^ 
pofifory. Vol, I. p. 17, cor. |B* - S* + s« — 2P ; therefore, 
4B*xP* r:-.(S»-s»)-+81'XiB% and 4BVxl*-4B'P* i:^ 
(S* — s«)% or 4B* X (1* ~P=) = (S* — s«)^ But fince 

HC* - CI« = HI* (fee the figure) and ^Lz2^ = HI = 

— ^, therefore, P-P* = (^^^-^J«, and we have, 4B* x 

^(m-n)" =: (S*-s^)" ; and, laftly, by extrafling the root, 
B X (m-n) ~ S'-s"", which is demonftrated to be true by 
Thomas Simp/on (set his Geometry Book ll.J?rop, 9, cor, 2. J 
and feveral other writers ; our theorem, therefore, and the pro* 
pofition in the queftion from whence it is derived are true. 

g. £. D. 



Demanfiratians were aljo reeeived from Heffrs. Codlii|g, 
Collins, Scoticus, and Whitley. 



VIII. QUESTION 8, byUr.X. T. M*Doneld. 



If on any given right line AB, there be taken any variable 
difiance AL, and from L, in the fame dire£lion, any given in^ 
variable diftance LM ; and if with the centres L, B and radii 
LA, BM arcs be defcribed, it is required to determine the nature 
of the curve, which is the locus of P the point of their in-- 
terfection? 



Solution by Mt. J- I. 

Fig. 9, PI. 1. Let AB =: tf ; LM iz 6 ; BM =: BP = ^; 
amd having drawn PO perpendicular to AB, put BO r= x. 
Then BL :=/> + 6; LO =/>-+- 6 -r;v; LP := AL rz a-fi -/?; 
Then, becaufe LP* - LO* :=: BP» - BO", we have in fymbols 
ftf-6-^)'- — (^ 4"^ ""*)*=/?*"*•*' » whence, a*-2(a-^) 
6 t: /)■ -j^ ft \fi''9t)^\ andaddii^-6"+6' + \a- xy to one 

fide 
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fide and its equal (j^— ;c)* to the other fide, there refuUs c^-h* 
+ (a — b — Jf )* =: (fl — A? + p)^ Take AC zr LM zr b, draw 
CD perpendicular to AB, and make AD rr AB zza\ t'hcrt 
DC^-fl* — A*; CO* 1= (^— ^ — o;)'^ and (OAH-BP)* -- 
(a — oc H-p)*; whence, we have DO zz AO + PB or BP ir 
D O— AO. 

From what is done it will be eafy to derive an al^ebraid 
equation for the reftangular co-ordinates of the curve; for we 
have only to put PO —7, to fubftitute ^{f'^ + >*> f<^r » ^nd 
to cle?r the equation of radicals. The equation thus found will 
ihew the curve io be of the fourth order ; but the fiiTure of the 
curve and its principal properties may be mv>re readily d.^duced 
from the property invelligated above, viz. PB :z: DO — AO, 
The curve will confift of two equal and fimilar pans lying on 
different fides of AB ; it will be a fort of oval iucloiing the 
point B on every fide. And if we take CH - CA and produce 
AB to K making 3BK zz BH, the curve will cut the line AB 
in H and K. 



Solutions were alfo given ly Meffrs* Bazleyawflf CaviH. 



IX. QUESTION 9, by Mr. John Wright, Norky. 



From two given points in the diameter of a given femicircle, 
it is required, geometrically, to draw two right lines to meet 
each other at fome point in the periphery, fo that the fum or 
difference of the refpcctive rectangles under thefe two lines 
and two given ones (M and N) may be equal to a given mag- 
nitude. 



First Solution, by Mr. Wright, the Propofer. 

Construction. Let A and C (fig^ 10, pi. i.j be the 
two given points in the diameter DH of the given femicircle 
DBH, of which the centre is O. Produce OD to L till 
OL-OA = OD', and make AN perpendicular to LC and 
equal to a mean proportional between LA and AC ) alfo from 
A along ^C or AL, according as the fum or diiference is 
given, fet off, AE fuch, that AE* : AN^ :: M» : P x OC 
(P being a third proportional to AO and Nj ; then through the 
points N, E, C defcribe a circle, in which apply the chord 
NI, fuch, that NX X N may be equal to the given fum or dif- 
ference ; and having, on NI dropt the perpendicular CF, 

from 
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from C to the femifcircle t)BH apply CB = t'Ni then join AB 
and the thing is done. 

DEMONSTRAtiOM. Join OB, and parallel thereto draw 
CS rneetihg AB produced in S ; alfo through the, points L, A» 
B defcribe a circle cutting CB produced in G, and join AG, 
CI, NE. Then, fince the angles NEA, NIC are equal, the 
right-angled triangles NEA, FIC are fimilar, and IF* : f C* :: 
AE' : AN« :: M* : P X OC, by conftruaion, that is, IF^ 
t M* :: FC* : P X OC. Becaufe, by conftruaion, AL X AO 
=r OD* or 0B% OB is a tangent to the circle LABG at B, 
and, therefore, the angle AGB n ABO zi ASC; hence the 
points A, G, S, C are in a Circle, and ABvBS n GB-BC z=z 
GC-BC — BC*; but by the circle GC'BC = CL-CA = 
CN* ; wherefore, AB x BS zi: CN* — Cb*(FN») = FC*i 
Nnw AB* : AB-BS ^FC*) :: AB : BS :: (by parallels) AO : 
OC :: AO X P : OC x P, and by alternation^ AB' : AO X 
P =: N^ :: FC* : OC >^ P; hence AB* : N' :: IF* : M»', or 
AB : N :: FI (= IN + FN) : M; therefore, ABx M = IN 
X N :^ FN X N fzr BC X N), and confequently AB x M 
HhBC X Nz: IN X N. 

g. E. D. 



SECoiJD SoLUTiONi by SCOTICUS. 

t 

t 

Let A and B (fig. li, pi. i^) be the given points iri the dia-* 
meter, and C the centre of the given circle. Let lis Itlppofe 
the problem refoJved, Off that AD, DB are drawn to a point D 
in the circumference, fo that M x AD + N x DB rr M X 
Lr, a given fpace* Join CD; then, by a weU known propo- 
fition in Geometry, (see Maihi Repojitory, Vol. I. Pdgei% Old 
Series J • 

AD^ + 1^ BD* zr BA X AC + 1^ CD^ Now BA, AC, 

BC, CD are lines given in magnitude, therefore, 

CA 

AD* + r— BD' zr a given fpace. Let us for the fake of 

pcrfpicuity put AD zz x and ^ prr ■ X BD = v, alfo 

N X t/(CB X CA) p - ^. ... , ,. 
^ ^ P^ where P is evidently a given hne, 

then, to determine the magnitudes of x' and y^ we have 
Vol. I. Part I. ( C ) «)* 
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^* +y = Q* a given fpacc 

P 

a? + rj^ zr L a given line. 

And from thcfe equations it is obvious how the values of x 
and y may be readily determined by various methods ftriftly 
geometrical, but as thefe methods only ferve to determine the 
magnitudes of the lines AD and BD without any regard to their 
pofition, it feeiiis unnccefTary to point them out as they must be 
fufEciently obvious to the reader. 



Third Solittion, hy Mr. John Johnson, Birmingkami 



Let A, B, (fig. 12, pi. 1.) be the given points in the dia- 
meter I)E, and AC, feC the lines required to be drawn. 
To the centre O draw the radius CO and make M X Q = to 

N 
the given fpace, then AC + BC x w = Q» smd by Prop. 6. 

of Dr. Stewart's General Theorems, 

AC» + BC* X gg=BAxAO + BAxCO x |^ = t^ 

a given fpare. . • 

Hence the problem is reduced to this; to find two lines AC, 
BC fuch, that the fum or difference of AC and a line to which 
BC has a given ratio may be equat to a given line, and the 
fquare of AC together with the fpace to which the fquareof BC 
has a given ratio may be equal to a given fpace. To effe£): this> 
take (in fig. 13, pl- 1.) la r;: Q and (aR)" = to the given 
fpace make RVT perpendicular to IR, and fuch that RV : IR 
~ M : N and RT* : RV« = OA :. OB ; draw To parallel to 
the line joining IV aiid apply ao r: aR ; then if the perpendi- 
cular oc be demitted cutting IV produced at b ; ac, eb are the 
lines fequiredw 

For, by fimilar triangles Ic : cb :: IR : RV :: N : M, 

N V N 

hence, Ic = ^ x cb and ^c + v? X cB z= al = Q =: the 

given line. Again, by parallels RV* : RT* :: cb* :: co* :> 

OA 

pB : oA* therefpre, co n= qw x cb*; confequcntly ac* + 

OA 

^Y^ X cb* =: ao' r: AR* = the given fpacc. The letters to 

the 
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I 

the left of oc are applicable to the fum, and thofe on the right 
to the difference. 



Solutions were alfo received from Mejfrs. Butterworth and Smith. 



X. QUESTION lo, by Mr. William Smith. Liverpool. 

To determine the locus of the vertex of a triangle, the 
difference of whofe fides and the radius of whofe infcribed circle 
are given. 



Solution, 6y Mr. John Farey, No. 12, Crown Street^ 

Weftminfter. 



Let LK6 (fig. 14, pi. 1.) be the given infcribed circle, and 
the indefinite line AB a tangent thereto at G, let GE be a dia- 
meter of the circle, and therefore perpendicular to AB ; take 
GF — the given difference of the fides, then through the points 
F and E draw the indefinite line FEC, which is the required 
Ipcus of the vertex. 

Demonstration. From any point C in the line EC, 
draw tangents to the circle, cutting AB in A and B, and touch- 
iog the circJe in L and K ; then, fince by the property of tan- 
gents CL - CK, AL -z AG and BK = BG, the difference 
of AL and KB is the fame as the difference of the fides AC and 
CB, equal alfo to the difference of AG and BG, zr FG by 
conftrudion. Bifecl FG in M which will be the middle point 
of the bafe; then, becaufe GE = 2Gc, and FG = 2MG, Mc 
is parallel tp FC, and FG = AC — CB. 

g. E. D. 

CoROLJ-ARY^ Hence in any plane triangle, having a circle 
infcribed therein, and a diameter thereto drawn perpendicular 
to the bafe; if aright line be drawn from the vertex of the 
triangle through the top of the diameter of that circle it will cut 
off a fegment pi the bafe adjacent to the bottom o\ that diame^ 
ter, or point of contact with the pircle, equal to the difference 
of the fides of the tri^ngle^ 

Scholium.. The difcovery of the above locus prefents an 
eafy method of conftruding fever^l cafes of triangles, fome of 
Jirhiph have not yet, to my knowkdge^ been conftru£led. In 

( C 2 ) what 
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what follows I flaall use the notation aud arrangcm^pt of Ley-. 
iourn's Synopfis of Data for ConJlruBing Trimgks^ (fee P4ge 
iv. of that Work) and earneftly recommend to the correfpon- 
iieni% o{ iht Mathematical Rtpojiiory^ to adopt the fame nota- 
tion and arrangement of thfs Data in propafing future problcnis 
or theorerns relating to triangles. 

In all the following conftruftions the given infcribed circle, 
and a tangent thereto for' the bafe of the triangle is to be fir ft 
drawn as above, and a diameter EG perpendicular to the bafe ; 
alfo the given differehce-of the fides GF is to be fet off on the 
bafe' and bifefted in M for the middle of the bafe, and the inde- 
finite line FEC drawn for the locus of the vertex, then 

1. V. S — j.r. (See No, 51 in the Synopfis.) 

. Conftruft a right-angled triangle, whofe angle at the bafe 1^ 
equal to 5V and its perpendicular or oppofite fide rz r^{ox if V 
is given in degrees, take a fourth proportional to nat. fine |^V, 
i, and r) and with the hypothenufe or this line as radius and 
centre c (the centre 'of the given itifcribed circle) defcribe an 
arc cutting EC in C, draw CA and CB tangents to the in- 
fcribed circle putting AB in A and B, and ABC is the triangle 
required. 

2. B.S — s^r. 

From M the middle of B take MB and MA each eqtjal to 
half B, and from A and B draw tangents to the infcribed circle 
which will interfeftVi EC, in the point C (from what is done 
above) and form the required triangle ABC, 

3. — B + S -4" Jr S — ^. r* 

By the Student, page 34, cor. 2, half the firft datum is 
equal to the ferments of S and s next V,. by the infcribed cir- 
cle, zi CL orCK; therefore, find the hypothenufe of a righi? 
angled triangle, whofe legs are CK and %c^ and therewith pro- 
ceed, as in the firft cafe, 

4* P. S — J. r. 

Parallel to AB at the diflance of P, draw a Fine cutting EC in 
C, from whence draw tangents, as in the ;fl; cafe, and ABC is 
the required triangle. 

5. S — i. S. r. (No. 165 Synopsis.] 

Between the given lines GB and EC, draw a liiie--=S, to 
jtouch the giver? infcribed circle; le^ it interfeft GB in B and 
EG in C ; from C dra\^ a tangent to the infcribed circle, in- 
terfcfting GA in A, and ABC \% the required tri4ng4e. 

Note. If with S — s there be given S + j, 5 x i, S :s \ 
^ H^ 1*^ S* — J*, &c. by known problems or lintalfe3ims S 

and 



and s will be kwwp> ^nd tl^e ^a^ruEbion 9$ in thp laft 
cafe. 

6. S — f . A or fl. r. 

Conftruft a right-angled triangle, whofe angle at the bafe is 
equal to fA or \a^ and its perpendicular or oppolite fide :=. r, 
(or if A or a be given in degrees, take a fourth proportional 
'to nat, sine ^A, 1, and r) and with the hypothenufe or this line 
lis a radius im4 centre c deficribe an arc cutting GB in B, from 
B draw a tangent to the infcribed circle cutting EC in C, and 
from C draw another tangent to the fame circle, cutting AB in 
A, and ABC is the triangle required. 

7- S — s. A — q. r. fNO' ty^ Synopsis, J 

From c draw cC making with cE an angle equal -KA — «), 
and interfefting EC in C (See Repofupry, Vol. I. Page 284, 
Prop. 2, Old Series), then proceed as in cafe 1 ft to complete 
the triangle ABC. 

8. S — s. m or n. r. 

Suppofe the fegmppt AI given, then becaufe AF ir GB and 
FG given, 2GI -4- IB is given, or its half GZ, fuppofing IB 
bifefted in Z, Qraw ZQ perpendicular to AB ; then becaufe 
It bifefts IB u will alfo bifeft Bt in Q, and therefore the locu5 
of the point Q will be a ftraight line pa fling through the middle 
of FB and parallel to FC ; confequently the point Q is deter- 
mined, and the conftruftion obvious. 

9. S — ^, 771 — ». r. fNa, 177 Synopsis. J 

Take MI c=; , and ereS the perpendicular IC and 

complete the triangle as in the firft cafe. 

10. S — 4' VI — a, fegs. by L. r. 

Take MD=: ^ ^- , through c draw DcC, cutting EC ia 

l»d complete the triangle as in the ift cafe. 

ji. S — s.-rn X ny fegs. by L + L*. r. 

By Simpfon's Geometry III. 26, the fecond datura is equal t<| 
S X Sy whence by JJneal SeBions^ the problem is reduced tQ 
the 5th cafe. 

12. S — ^.n^Gsn^ fegi. by infciribed circle. r« 
Take GB rr n, and proceed as in the 6th cafe. 

13. S — ' s. 1. r. 

On M as a centre, with the radius 1 (the linp bifefiing B) de» 
(icnj^e an arc cutting EC in C, and proceed as in the ift cafe. 

14. 
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14* S — s. r. diflanceofV from certtre of the infcribed 
circle. 

This conftru£lion is the fame as the ift cafe. 

15. S — J. r. Neareft diftance of V from the infcribed circle. 

With radius r -^ the given diftance, and centre c defcribe an 
arc cutting EC in C, and proceed as in the ifi cafe. 

16. S — s. r. Diftance of V from oonta£l of B and infcribed 

circle. 

With the given diftance as radius and G as centre defcribe a|i 
arc cutting £C in C ^s before. 

17. S — s» r. Diftance of A or a from centre of infcribed 
circle. 

This is to be done as the 6th cafe. 

18. S — s. r. Neareft diftance of A or tf to infcribed circle. 
Proceed as in the 17th and 6th cafes. 

19. S — s. r. Diftance of centre of infcribed circle froui 
interfe£iion of B and L. 

With the given diftance as radius and centre r, defcribe an 
arc cutting AB in D, and proceed as in the loth cafe. 

20. S — J. r. Diftance of centre of infcribed circle from 
foot of P. 

With the given diftance as radius and centre c defcribe an arc 
cutting AB in I, ereft the perpendicular IC meeting the locu? 
in C, and proceed as in the ift cafe. 

2 1. S — J. r. Diftance of centres of infcribed and circum? 
fcribed circles. 

The diameter of the circumfcribing circle becomes known 
fronj Prop. V. Art. II. Vol. II. of the Old Series, and the con- 
iiruftion from thence obvious. 

The known lociy when the following pairs of data are given, 
viz. V and B, V and B + S + j, V and ^ B + S -+- J, V 
and infc. D on B, B and S : ^, B and S' -[-5*, B and S*— j% 
S : n and L, A — a and m — n, and others, prefent ejich 9 
JSmiiar feries of conftrnflions, obvious to the geometer almoft 
at firft fight ; many of which, from the limits of one of the 
data being Ihewn, offer a much greater number of cafes than 
are given above, I bpg leave to recommend to your ingenipus 
correfpondents, a fearch to difcover as many of thefe lo(n. as 
poflible, even though they happen to be conic fe£lions, or even 
puryes of higher prders ; thefe inveftigations appearing to offe^ 

pne 
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one of the moft pleafing, and certainly not the leaft ufeful ap- 
plications of Algebra to Geometry- 

The Solutions given by Mfjfrs, Bazley, Butterworth, Dawes, 
Smith, and Wright, were exaSly the fam as that given above 
by Mr. Farey. 



XI. QUESTION 11, by Mr. John Wright, NorUy. 

^ / 

Given the bafe and vertical angle of a plane triangle to con- 
ilruft it, when the foUd of the line bifefting the vertical angle into 
the fquare of the diflFerence ot the fegments of the baie made by 
the perpendicular is a maximum. 

First Solution, ^^ Afr. John Wright, thePropofcr. 

Construction. Through the extremities B, H, (fig. 15, 
pi. 1.) of the given bafedefcribe a circle BCHP fuch, that the 
fegment ACH may contain the given vertical angle ; bife£i BH 
in A with the diameter CP, in which determine the point S 
fuch that, R being the cehtre of the circle, and RI = CI, the 
reftahgle SP X SI may be equal to AP X RI: draw SQ parallel 
to BH meeting the circle in Q, then joining BQ, HQ, BQH 
will be the triangle required. 

Demonstration. Demit QD perpendicular to BH and 
DG to PQ ; to the circle at Q draw the tangent TN terminating 
in BH and PC produced, and let TP be bifeaed in O. Then 
becaufe TS : PS :: CS : RS, by compofition TP =: 2PO : FS 
:: CR = 2RI : RS. or PO : PO + OS ;: RI : RS, and by div. 
PO : OS :: RI : IS :: SP : AP by conftr. therefore, OS x 
PS zrPO X AP; hence by my folution of Queftion 298, 
No. XII. of the Old Series of the Repofitory, the right-angled 
triangle FQD is greater than any- other whofe hypothenufe 
paffe* through P, and having one leg parallel to TP, that can 
be' formed within the triangle ATN, and much more then 
muft it be greater than any other of a like conftruftion that 
can be formed within the fegment HQCB. The triangle 
FQD being thcq a maximum, FQ x GD, and confequently 
Fy X G^ ^ CP'muft be a maximum ; but GD x CP =r FQ 
X SQ by fimilar triangles; confequently FQ' x SQ or 
FQ» X (BD — DH) is a maximum, 

fi. £. D. 

SjtCOKD 
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Secokd Solution, iy Mr. William Switti, LiverpooL 

Construction. Lit AB rfig. i6, pL t,) be the ^Iven 
bafe, AGBF the given circumfcnbing circle, and GLMF its 
diameter, bife6>ing the bafe in M. On GM defcribe a femi- 
circlc, to which draw a tangent PQN the method of doing 
which is well kiiown) meeting FG produced in Q and the tan- 
gem at F in P, fo that QL may be equal to 4LF, draw LNC 
parallel to AB meeting the circle in C ; join AC, CB and ACB 
will be the triangle required. 

Demonstration. Join FC meeting AB iw E, and denik 
the perpendicular CD' Then, by fimilar triangles £C x CL*±: 
FC-CLED, but CLED - CD-GL -MLGL - LN*; 
therefore, EC-CL^ zz FC;LN' ; but, fince by conftruttion, 
QL zz 4LF, the produft FL'LN^ is a maximum, or the fame 
multiplied into the conftant quantity TG will be a maximum, 
that is FC'-LN* is a maximum, 01* FC*LN'^ is a maximum, 
that is, from what is done above, EC'CL* is a maximum. 

e- £. D. 

Ingenious Solutions were alfo received from Mejprs. Bazley, 

Cavill, fl^u^Marrat. 



XII. QUESTION 12, by Mr. James Cunliffe, Bolton. 

* It is required to determine the locus of a point, from Xvhence 
if perpendiculars be drawn to three ftraight fines given by pofitiori, 
the fum of the fquares of the faid perpendiculars may be equal to 
a given fpace. 



First SolCtion^ by Mr^ ]Au 

1. In the firft place we fliall confider the propofition in the 
cafe when the lines given by pofition meet in one point. 

r 

Analysis. Let AB, AC, AD (fig. 17, pL i.) be three 
lines given by pofition interfefting one another in the point A, 
and let EB, EC, ED be the perpendiculars drawn to them from 

the 



( is ) 

the pbint E. Join AE^ and upon it as a diameter defcribe a 
circle j which will pafs through D, C, B as is manifeft: Join 
DC, CB, DB ;^ then it is obvious that the feveral angles ot the 
triangle DCB are given (being equal to ihe angles that the given 
lines make with one another) and therefore the triangle is given 
in fpecies. Take any line pr (fig. 18, pi. 1.) and upon it con- 
ftruft a triangle pqr fimilar to DCB ; about the triangle pqr 
defcribe a circle of which m is the centre, and take n the cen- 
tre of gravity of the three points pqr and join pm, qtn, rra ; 
pn, qn, rn and draw the diameter umns; alfo let O be the cen- 
tre of the circle paffing through D, C, B , and G the centre 
of gravity of the fame points, and join DO, OB, OC ; DG^ 
BG, Gd and draw the radius OGF and the lines AF and EF; 
Then becaufe the triangle pqr is fimilar to the triangle DCB 
and that the points m and n are fimilarly fituated in refpeft 
of the one as O and G are in refpeft of the other, it may eaGly 
,be proved that the feveral triangles pmn, qmn, rmn arc fimilar 
to the triangle* DOG, BOG, COG;, therefore, the feveral 
angles at O are equal to the feveral angles at m each to each t 
but the angles DAF, CAF, BAF are the halves of the angles 
at O ; therefore, they arelikewife the halves of the angles at m ; 
confequently the angles that AF makes with the given lines AB^ 
AC, AD are given and the line AF is given by pofition. 

Draw GH at rig)it angles to OF and join OH, HF. Be- 
caufe G is the centre of gravity of the three points D, C^ B^ 
it is a property Very anciently known (Vide Cor. ift. Prop 5th* 
Lib. 2d. Loc. Plan, a R, Simfon reft.) that DE'-+-EC*4- 
EB» zz DG*+BG» + CG* -4- gGE'* : And in like manner, 
DC +B0» + OC», or 30H* = DG*+BG^+CG> + 3GO'; 
therefore, DG« + BG» +CG» =z= 3OH' — 3GO* = sGH* ^ 
confequently denoting by S the given fpace that is equal to 
DE* + EB* -4- EC% there tefults S 21: sGH^-h 3GE* n ^GW 

4-3GF' -f- 3FE* = 3HF»-h3FE': therefore, 5 = HFV+ 

FE*. Draw m at right angles to ms and join mt, ts : then it is 
obvious that the triangles mtn, mts are fimilar to HOG, HOF: 
therefore, . 2tm or su : ts :: 2OD or AE : AF, Therefore, 

? = ^ X AE« + EFS Make ts» : su^ :: 5. . aK% and 

a su 3 

su : ts :: AK : AL: then it will evidently follow^ thatj '. 

A ! » 

AK* = AE* + 1^2 X EF, 

a property of an ellipfe of which A is the centre, AK the femi- 
traniverfe axis, and AL the focal difiance. Therefoxe the 
Lectts required it a given ellipfe. 
Vol, I. Part L (D) Con^ 
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Construction, Affumeany line as pr; make the angle 
qpr z= .CAB and the angle qrp = CAD : about the trian^IfB pqr 
dercribe a circle of which m is the centre, and take n the ccn* 
tre of gravity of the points qpr, and draw ih^ fcveral lines as 
direfled in the Analyfis. Draw the line AF to make the angles 
DAF, CAF, BAF equal to the. halves of the angles tms, qnis, 
rms : and make 

s 

ts* : su' :: - : AK* 
3 
and su : ts :: AK : AL 

« 

•{hen the locus required will be an elHpfe of which A is the cen- 
<ire, AK the femi-tranfverfe axis, and AL the focal diftance. 

2. We proceed to the cafe when the given lines do not in- 
£erfe£l in one point. ^ 

Analysis. Let the given lines form the triangle ABC 
(fig« 19, pi. 1.) by their mutual interfe3ions ; aiTume a p6iflt 
P within the triangle, and draw PQ, PR, PS perpendicular 
and PL, PK, PM parallel to AC, AB, and BC ; then, if the 
perpendiculars drawn from the point E meet PL, PK; and 
PM in L, K, and M, it readily follows that, EH«4- EP+EG* 

= /eL*-1-EM^H-EK* \ ^ /pR* + PQ«-f.PS*\ + 

2|ek-pr-|-elpq^em-ps}. 

Again, twice the area of the triangle ABC is equal to 
/aCPR+ BC-PS + AB-PQ \ and it is alfo equal to 

/aC-EG + AB-EF— BCEh\ : therefore, taking equals 

from equals, /bC'EK + AB-EL — AC-Em} = o. Now, 

if we fuppofe the point P, which was aflumed ad libitum^ to 
betaken fuch, that PR, PQ, PS arc proportional to the given 
lines AC, BC, and AB, it is clear that, 

/PR-EK -+- EL-PQ — EM-PS } = o. 

Suppofing then th^t the point P is taken asabove, it will follow 
from what has already been (hewn, that EH* + EF* + EG* = 

{eM*+EL*+EK*} ^- {pR*+PQ* + PS*}. There. 

fore, denoting by S the given fpace that is equal to EH' + £F' 

+ 



( ^7 ) 
^ EG*, there refults EL« + EM* + EK' = S — {pR* -4- 

PQ'-f-PS* >• Therefore, fuppoilng the point to be deter- 
mined, this fecond is raanifeftly reduced to the firft cafe. 

It remains only to determine the point P. Draw the lines 
APN, CPO, and BP. Then, as was fuppofed, AB : AC :: 
PQ : PR; therefore, AB* : AC* ;: AB x PQ : AC X PR 
:: A APB : A APC. But it is eafily ftiewn that A APB : 
A APC :: AABN : A ACN :: BN : NC, Therefore, AB' 
: AC* :: BN : NC ; therefore, the point N in which BC is 
cut in a given ratio is given, and the line AN is given by po* 
fition. In like manner it is fhewn that BC* : CA* :: BO : 
AO, and that CO is given by pofition ; therefore the point P is 
determined. 

By the preceding AnalyGs, the fecond cafe is reduced to 
the firft. It follows too that the fum of the fquares of the 
perpendiculars drawn from the point is a minimum, oE^;is lefs 
than the fum of the fquares of perpendiculars drawn from any 
other point; and hence, in this fecond cafe, the locus is re- 
ftri3ed, it being requifite that the given fpace (hall not be 

greater than { PR» + PQ* + PS*} ^ 

Corollary. Although the cafe of three lines only haa 
been confidered, yet it is manifeft that the fame Analyfis and 
Conftru6lion will apply, mutatis mutandis^ whatever be the 
number of lines given by pofition. 



Second Solution, by Mr*. William Smith, Idverpo^L 

I^EMMA. Let Y, W, t, &c, (fig. 20, pi. 1.) be any 
number of given points in a right line given in pofitton* and 
let any line GP be drawn parallel to a line given in pofition and 
produced to P, fo that a fquare to which YG' has a given ratio, 
together with a fquare to which WG' has another given ratio^ 
together with a fquare to which tG* has another given ratio, to- 
gether with GP' maj^ be equal to a given fpace. Then I fay the 
locus of the point P is a given ellipfe. 

Demonstration. Take any point G and ereft the per* 
pendicular GE, fuch that the triangle tGE may be equal to a 
fduare to which tG* has a given rat;o, and produce tE to meet 
YC, parallel to GE, in C ; ' find the point L fo that the triangle 
YGL may be equal to the fquare to which YG' has the given 

( D 8 ) ratio ; 
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ratio; find alfo the point R fuch^ that the triangle WGR may 
be equal toafquare tc which WG* has the given ratio. Then, 
by hypothefis, the A tOE -h AYGL + A WGR + GP* 
ma given fpace. Produce YL to meet t£ in A, a giveri 
point, draw AD parallel to YC and join CD meeting GE in S ; 
alfo produce WR to meet CD in B, a given point, and demit 
the perpendicular BF. Then the A tGE + ^ YGL - AtAY 
+ A AEL, but YC and AD being parallel, it is evident that 
GS = EL, or the A AEL = the A DGS, alfo that the A 
DGS + A WGR =r A WBD 4- a SBR; draw WZ pa- 
rallel to FB and join ZF meeting DL in O, then the A FGL rr: 
/^ SBR; therefore, the given fum (zr: A tGE-+- A YGL -h 
/^ WGR -h GPM =: A YtA 4- A WBD H- A FGL -f^ 
GP^, but the triangjles YtA and WBD are given; therefore, 
the A FGL "f- GP' is given, that is, a fquare to which FG' 
has a given ratio, together with GP* is given, and F a given 
point ; therefore, by the well-known properties of the ellipfe, 
the locus of P is a given ellipfe whofe centre is F and ordinate 
GP, parallel to the conjugate of FG. 

Analysis. Fig, 21, PK 1. Let AB, BC, CD, DA, &c. 
be any number of lines given in pofition, and P a point fuch, 
that demitting the perpendiculars Pa, Pb, Pc, Pd, the fum of 
their fquares may be equal to a given fpace. Produce one of 
the perpendiculars as Pa to meet AD in K, CD in I, and AB 
in H; at Pereft an indefinite perpendicular Pirqpgfv, and take, 
therein Pi fuch, that HP'Pi n Pb', and produce Hi to meet 
stL [drawn at half a right angle to aP) in R, demit the perpenr 
dicular RE, alfo draw HL parallel to RE meeting AR in L, 
and join EL meeting Pi in f and demit the perpendicular EO 
uponAB. Then, fince HP-Pi zz Pb^ by parallels, HE-Ea 
(ER)z=EO*; therefore, the iocus of the point E is aright 
Kne BE given in pofition, which produce to meet DC in 
the given point X. Moreover, fince the A HPi = half 
the fquare on Pb, and the A aPv 3-s half the fquare on 
^P ; therefore, half the fum of the fquares of Pb, Pa, is equal 
to half the fum of the triangles HPi, aPv rz A HRa •+- ARiv, 
but fince HL is parallel to RE the A Riv — A EPf; there, 
fore, half the fquare on aP together with half the fquare onbP zz 
=: A HaR + A EPf. Again, find in Pi the point r, fuch 
that IP'Pr may be = to the fquare of the perpendicular Pc 
demitted on IDG and join Ir meeting Et« in S, demit the per- 
pendicular SF, and draw IM parallel thereto, meeting EL in 
M, and join FM meeting Pr in g, and demit on CD the per- 
pendicular Fv. Then fince IP*Pr:z=: Pc* ; thpreiore IF'fS = 
Fy* ; therefore the locus of the point F is a right line XF givers 
in pofition, which produce to meet AD in Y,* a given point; 
^Ifo, f^ace fhe rc6h IPr ^^ Pc* j therefore, half the fum of ih^ 

fquare^ 



fquares of Pa, Pb, Pcsia A HaR+ A EPf + i^ IPr -sA liaR 
-f A IES+. ASrf, but finceFS is parallel to IM,.ihe A Srfi=: 
A FPg ; therefore, half the Turn of the fquares of Pa, Pb, Pc 
= A HaR 4. A lES -H A FPg. Find ^ alfo, in Pr the point 
p, fuch, that KP'Pp niay be =: to Pd*, join Kp and prcKduce 
it to meet FM in T, demit the perpendicular TG aitd draw 
KN parallel thereto, meeting FM in N« smd join GN meeting 
Pp in q and demit the perpendicular Gz on AD. Then fincq 
KP-Pp zz Pd»; therefore, KG-GT = Gz»; therefore the locus 
of the point G is a right line YG, given in pofition. More- 
over, fince the A KPp=:half the fquare on Pd; therefore^ 
half the fura of the fquares of Pa, Pb, Pc, Pd= A HaR + 
A lES + A KET -f- A GPq. the fum of thefe triangles, is, 
therefore, equal to a given fpace, but A HaR is to BE* in a 
given ratio, that is half the re3angle Ha^aE js to BE' in a 
given ratio, (he A lES is to EX' in a given ratio, and the 
A KFT is to YG* in a riven ratio; alfo drawing Bt arid XW 
parallel to aG meeting i G in t and W; BE' is to Gt* in a given 
ratio, and EX* is to GW in a given ratio; therefore, (the 
-A HaR + A lES + ;A KFT + A GPq =2) a fquare to which 
Gt' has a given ratio, together with a fquar^ to which GW has 
a given ratio, together with a fquare to which YG* has a given 
ratio, together with a fquare to which GP* has a given ratio, is 
given by the queftion ; and therefore, by the Lemma, the locug 
of ^he point P is a given ellipfe. 



Xm, QUESTION 13, iy Scoticus. 

Let p and ^ be two arches fuch that iin* p+ cos. ^=<: a, 
and fin. ^ -V- cos. ^ = ^ : Required fin ^ and cos; p, alfo fin, 
^ and cos. ^? 

First Solution, iy the Propofir. 

Put s = 90'' — +, then cof. 4* = fin- ® and fin. -^ = cof. d, 
thus the propofed equations become 

fin, $ -f- fin. s =r tf 
cof. (p + cof. zz i. 
Now, from the common theorems for finding the fine and co«* 
fine of the fum and difiercnce of two arches, (fee Emerfon's 
Tfig^. Book L Prop. 6. Schol. 2.) we have 

fin. 



; fin. ^4- fm^ft'r: 8fin:|((p + «ycAf.4((p--*) 
cof. p 4- cof. « = 2 cof. |(^ + fi) cof. |((p — •) 
therefore, 

£ On. |((p + *) cof. i(p — •) = tf 
8 cof. |((p + •) cof. K^ — i) =: A. 

Taking now the fum of the fquares of both equations, and 
obferving that cof**|(^-f'ft) -f-fin,* |((p+8) = i we find 

4 cof.* x(<p — fl) = a* + i*. 
Hence we have immediately 

2 fin. |((p-0=\/(4 -«•-*')* 
and from the fame two equations 

But by the Prop, in Emerfon's Trigonometry already quoted, 

fin. p — fin. zz 2 cof. f((f) + •) fia. |(^ — ^ 
cof. ^ ~ cof. • = - 2 fin. |(ip -f- 0) fii|. 4(^ ~ *>• 

Therefore, 

fin. (p-fin. fl=: y^^, ^ ^a^ 

€uy/^(A — a^ — i*) 
cof. 4> - cof. , = . ^(^,^^,^ . 

Hence^ and from the given equations, we derive the following 
cxpreffions, in which « == y^^~ t^^^ rr /(-r^i — O- 

fin. (p = Ka -J-i«) 

cof. 9 =r: |(A — tf«) 
cof. =: fin.. ^=ziib + a«) 
fin. ^ =s cof. >|/ = iia — tn). 



Second Solution, by the Rev. Mr. Scurr. 

Let the fines of <p and + be a? and y refpeftively ; theft will 
the cofines be denoted by |/(i — «*) and y^(i — y*). 

By the queftion x -|- |/(i — y^) -— «, 
and y 4- ^^(i — a:*) = i : 

From the firft equation *s=r« — ^{t ^->')i 

an4 
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and from the fccond x =i. V { ^ — (^ + ?)* r • 

Hence, fl—/(i —/)=:/{ i — (*+>»)}: 

This equation by proper reduflion becomes, 

a* J* 

7* — ^ V =: -r » wherej*=:fl'+ i' : 

-^ -^ ^* 4 

Whence j; = -Ji — V' ^ ^ — ^ =:|i — ftfy^ O ^ti i — *)• 

Every thing required by the queftion may now be very eafily 

found* 



Third Solution, by Mr. Wm. Smith, LivtrpooL 



Lemma. Let ZN, NW, WZ (fig. 22, pi. i.) be three 
right lines given in pofition, and let O be a given point ; it is 
required to find tlie potntS, in WZ fuch that drawing SE, SC 
parallel to lines given in pofitiotiy and meeting ZN, NW in E 
and C, the lines drawn from O to the points £ and C may be, 
equal to each other, that is,'fo that OE may be equal OC 

Demit the perpendiculars OF, OD, and draw FP, DL parallel 
to S«, SCrtWn, fince'GE ir OC it is plain that DC^ - EP 
(= OF* — OD*) is given, but DC is to LS, and EF to PS in 
given ratios ; therefore, PL being a given line, the problem is 
r^ihiced to the finding the point S therein, fuch that a fquare to 
which SL* has a given ratio, minus a fquare to which SP* has 
another given ratio, may be equal to a given fpace, the method 
of doing which is v^ry fimple. Hence the following conftrup- 
tion of the problem propofed by Scoticus. 

Take (fig. 23, pi. 1.) OG, OM equal to a and b refpeftively, 

and bifbCF tnem in I and L, ereS the indefinite perpendicular 

OW, and take OH, OQ equal to OI, OL refpeftively ; draw 

QF, HT parallel to OM meeting IF and LT, drawn parallel to 

OW, in F and T. Take HW fo that HW may be to HT as 

MO to OG, alfo take QZ fuch that QZ may be to OF as GO . 

to OM; join WT, ZF and produce them to meet Om in K and 

N. Then, by the Lemma^ find the point S in GV, drawn at half 

a right angle to GO, fuch that drawing SC parallel to OM, 

meeting WK in C, and SE parallel to WO meeting ^N in E, 

the lines drawn from O to E and C may be equal ; join OE, OC 

and from the centre O with radius OE or OC delcribe a circle 

meeting OM in A,.fo fliall AC, AE bethe arches required. 

DfMOMSTRATxoN. Demit the perpendiculars ED, CB 

meeting QF, HT in R and P. Then, fince, by conftruftion, 

. . OGS 
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OGS is half a rjgbt angle, GD (= DS =) = CB, and, by con- 
ftruaion, BP (Cm) zrGI (OI, therefore, ID = PC :- but PC : 
BL (PT) (as HW : HT) : : MQ : OG, that is, ID : BL : : 
MO : OG; therefore, ID X 2OG = BL x 2MO, that is, 
GD« — DO' = MB* - OB» : but, by the circle OD» -h DE' 
=: 0B» + BC* (DG*), therefore, (BC*) GD» — DO* = DE* 
— OB«, and, therefore, MB' — BO» ~ DE' — BO% or MB 
= DE. But, by conftruftion, MB + BO (= DE 4- BO) 
=: *, and GD + DO =z CB + DO = a ; liierefore, AC [p) 
and AE (^) are two arches^ fuch that fin.:f + cof. 4' = a, and 
fin. + -h cof. (p zz b. Confequently AC, AE are the two arches 
required. 

Solutions were alfo rcceivedfrom Mtjfrs. Dawes and Marrat. 



XIV. QUESTION 14, hy Hypatia. 

Required the value of (1 «4 — )" when % is indefinitely 

nj 

great. 

First Solution, by Mr. Thomas Bazley, BoUon. 

Let the given expreflion (1 -^ — ) be afiually involved by 

n 

the Binomial Theorem, and we obtain 

1^^ «-i 1 , n-i «-2 1 _ «-i n-2 n-^ 1 



^ » * , 7»— 1 1 , W— 1 71—36 1 _ W— 1 7»— » '* .-I * 1 O,^ 

i+« — \rn .-„+«• — .—..— !-«•—• . — • — ^•-i 'T «c, 

n in* 2 3 «' * 3 4 ** 

but fince n is indefinitely j(reat,tbe factors », n — 1, « — a, &c» 
are equal to each other and to n, hence it becomes 

l+?+i!L+J?l+«J!!--^4.&c.==t + i+i+^+-l +&c; 
' n ' 2«* 8.311^ 2.3,4n* ' a 2.3 2.8«4 

which feries (it is well known) expreffes the number 2*718282, 
whofe hyp. log* is unity. 

Second Solution, by Scoticus. 



Let X = (1 +i)^, tbcn taking the byp. log. of both fides of 

the equation 

log« 
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log. X iz n X log. (i + 1) 

n ' 

butlog- (1 + -) = I— -1^ + JL - JL + &C. 

^ n n 2» 3«' 471* 

therefore, log. * = t 1 ; — — , + &cu 

^ 2w 3«* 4«' 

<(nd» when n is indefinitely great, log. x :=: i. Hence x zz the 
number whofe hyp. log. is i zz 27182818, thcanfwcn 



Third Solution, By Mr. W. Wallace, R. M. College. 



Let V = (14- -) 9 then taking the fluxions, 

V Zl X [1 + r) I 

^ TV 

let the latter equation be divided by the former, and we have 

V X 



V . X 

n 
which equation, when n is indefinitely great becomes 

V 

' ZZ X 

V 

Hence, taking the fluents, v =: e ^ where e = 2*7182818 ~ 
the number whofe hyp. log. is unity ^ and when xzri, then uzze^ 



XV. QUESTION 15, ^K Analyticus- 

Required a general expreflion for the area of a curve whofe 
equation is 

y V{t - 3**) = ^,. 

SoLOTiON, ly Ak ALYTicv s, the Prop«/ir. 
From the given equation we haye the fluxion of the arct 

3 — ** v/(i — 3*'/ 
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Affume V(i — 3**) = » — -, htnce, « = §? (m- 2») — 

3f ^(z* + 2z* — t) J fo that by taking the fluxion and fubfti- 

tuting, &c* the ffuxion of the area is transformed to 

\a(t -^z*)z, ^^ a 3z^ + t g 

(*+2»)(32*— ij 2/(3) • 32*-|-22»— iV(3^'+6^*-0 

And in this^expreffion the firft part of the fluxion is rational. 

To transform the fecond part, let us further aflume v^(32* + 
62* — 1) = rz, hence the fecond term becomes 

7-*-i . — , thus upon the whole the fluxion of the area 

21/(3) ^•--■4 ^ 

is transformed to 



|fl(l— 2*)z _ 



tf V 



an expreflion entirely without radicals, and therefore integrable 
by methods fuiEciently known. 



XVL QUESTION 16, ^;^ Amicus. 



It is required to find the furface of an oblique cone the 
radius of the bafe being unity, the perpendicular from the 
vertex \ and the diftance of that perpendicular from the centre 
of the bafe y v/3. 



First Solution, hy X. 

Let C (fig. 24, pi. 1.) be the centre of the bate, V the 
vertex, VA the perpendicular from the vertex, meeting the bafe 
in A : join CA meeting the circumference of the bafe in H, take 
B any point in the circumference, and draw the tangent BD, 
meeting CA produced in £, draw VD perpendicular to BE, and 
join CB. BA, DA, VE. 

The triangles VDE, VAE, VAD are right-angled at D and A, 
therefore, V> - EA* = VD* - DA% hence AE* — AD* = 
VE* - VD* - DE*, therefore, AD is perpendicular to EB, and 
confequenily paitaliel to Cfi. 

By hypothefis X]!B, the radius of the bafe, =: i. 

Pat 
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Put CA, the dift. of the perp. from the centre (= fv^3) =:«^, 
VA the perp. from the vertex (~ f ) n ^, 
HB, any variabk arch of the circumference — ^. 
The triangles ECB, EAD are fimilar, henc^ 
EC : CB : : £A : AD,, 

or fee. (pit:: fee. ip — d : AD rz ^^•;y'"^. zz t ^ d cof. 

Therefore, DV =: v^l/^' + (t — d cof. (f))*| ; now the 

fluxion of the furface, comprehended by the arch f , and lines 
drawn from the vertex to the extremities of that arch, is equal 

to J9 X VD, therefore, putting s for that furface, 

s =z i^ /{/»*+ {i— d coCip)*|, 

To prepare this fluxion for integration let us aflume another 
arch ^, fo related to 9 that 

r -. «» 4- cof. 4' i -^ y,i — m.^ ,, 
^''^- ^ = t+mco{.V °' '*°- ^ = ^^T^-rn' ^"- ^^^ 

where it appears that while 9 increafes from c to v (or iSo^X 4^ 

alfo increafes from to tt^ 

From the affumed equation we find 

1 li — OT*)4'fin. 4 jr ^ \/fi — m') fin. J/ 

9 = /: — :i • /- f ,,a * and fin. (p = ^ r i » 

^ fin. (p (1 -^ wi cof. 4)'* i+wicof. ^ 

and, therefore, © = v^(i — wi*) . — ; ^-^ ; 

^ ^ "" 1 + m cof. + 

we next fubftitute ^/ ^ V » for coC (p in the radical 

1 4- » cof, 4 ^ 

quantity v^j/^' + (i — rfcof. <p)*| which tbu$ becpmet 

V^g + g cof. ■» 4- y cof.^ 4) ^j^^^ 
1 4- w cof. "4/ 
a=z p^ + (l — ;«dO* 

jS = a |/^*m + (m — rfj (I — «rf) I , 

y = m^p^^{d^m)\ 
' AffumejS = o; then, by refolving a quadratic equation, we 

....-±s±ii-^{(i±^)%.}. 

where the leaft root is taken, in order that m inay be lefs than 
unity, and thus + a real quantity. . 
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The radical v^(a + /3 cof. 4^ + 7 cof.« %{/) may now be er- 
preffed thus /(« + y) x /(l ^ fin.* >}.) : now from 

the preceding equations we have 

«+7=(i+?»*)/^*-f-(i— »^^)* +(^^-w)» 
mp* = —(m—d)(i —md) 
hence, by exterminating />? we have more fimply 

flf + y = (j— 7»»)«-^. 

Again, from thefe equations 
«=/^+ it~mdf 
fn^p*z:;;=. id— mf (i — ot^» 
y = «l* ^* + (^ — ?») * 
by exterminating 7»*/»* and i — md\ft find 

(. (i-;«)« = y/%.and hence -^ :r 7:^~?P^^.^ 
let this value of -^ be denoted by ^*, and our original 

fluxionary equation s zz i(p y/ j^* -j- ^i — //cof. (p)^ 1^ 
is transformed to 

W (l + m col. \{/)' 

We are next to reduce this new fluxionary expreffion to 
others more fimple, whofe fluents are commonly known. For 
this purpofe we affume the algebraic exprefliion 

-^ — , ' ^ ^^r . , the fluxion of which is 

1 "T" ^ C01. V 

4^ cof. %{/ A _ g* 4/ fin,^ x{/ cof. x{ / m^fJn^yiyA 
i + m col. %}/ (H- m cof. %|/) A" (i + w cof.%J/)' 

where, for the fake of brevity, A is put for the radical 

i/(i— <?' fin.^4'); and here it is evident that this fluxionary expref^ 

liop, the fluent of whjchwe already know, involves in its terms the 

fluxion ^ . ^^^f ^^a whofe fluent we are inveftigating. That 

we may the more readily leparate this complex fluxion into its 
component terms, it will be convenient, for the prefent, to fub- 
:^tute X. and i — x^forcof.^^ and fin.» %J/ refpeaively, and 
then reduce the whole to 9 common denominator, it thus 

m 
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and this again by methods of ^TeduQion fufEciently obvious i« 
refolvable into 



{ 



w» * "^ Twd + mx) m (I'^mxY JA* 



now the laft term of this expreffion is evidently the very fluxion 
propofed, which, it thus appears, depends upon the fluxion of an 
algebraic quantity, and other fluxions, whofe fluents are to be far« 
ther the fubjeft of inveftigation, 

T . 1 — m cof. 4/ r I J A 

Let us now put — jr^-r for — r-* ?— r and rcftore 

cof. 4^, and fin.* >J/ for x and 1 — jc*, then putting Z for the 
whole expreffion, or for the fluxion of —£ — jr— r- we have by 

tranfpofition (1 — «') ^ ; , ■ ^ , , , equalto 

• • • 

^ m'^ cof. ^^ ■ -4^ _ <?*>}/ fin.* 4/ 

~ ** (1— m* cof.»x|/)A ""(i — ot'^ cdf.*v}/)A A 

The fluent of Z we already know ; the fecond term 

m\|/€of. >^ 



r „ . >v may be integrated by an arch of a circle: 

(1— f»» cof.*%|/)A -^ ' 

w* 
the twe remaining terms, by putting -— - — - =: n and fubftii. 

tuting I — fin," 4' for cof.'' 4, may be reduced to this form 

• • • 

r. 1 — n "vj/i+w 1 — «un.'4 \I/ 

2 A 2 1 -h «fin.* 4/ ii:i 

where 4A and . — are integrable by the arcs of conic 

fcftions : as to the fluxion — . ^ r"\ T • -- its fluent is in 

n nn.* %)/ i^ 



general a tranfcendant of a higher order than can be exprefled 
by arches of conic fe6lions ; there are cafes, however, in which 
it may be exprefled by an arch of a circle, and this happens m 
particular when « = «: Now, by the qucftion, d rz i\/(3\ 
^ = J, and, therefore, m =5^/(3), e^ f, and » = | = ^ 

hence 
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hence it appears, that the fimplification juft now mentioned, takes 
place in the cafe under confideration. 

Upon the whole it appears that, by fubftituting numbers for 
p^ dy m^ and f , \ 

where A = ^"(1 -— { fin.* n|/). 

Now the fluent of Z is *'"'^^, ■ . 

1 +m cof, %1/ 

fin \L 
Take 6 an arch of a circle fuch that tang, d = Iv^Cs) — ~9 

then, the fluent of a/^ — ?' . ^ is the arch d. 

• • 

The fluent of %}/A or >J/ y'Ci — } fin." 4') is evidently an 

arch of an ellipfe, having its semi-conjugate axis = i, and excen* 

tricity = « z= ^, the arch to be reckoned from the extremity of 

the conjugate axis to that of an ordinate to the tranfverfe, whofe 

diftance from the centre is fin. >}/ ; let this arch be denoted 

by E. 

Let € denote the excentricity of another ellipfe, fuch, that 

the femi-conjugate axis being alfo i,e = t , / — av — 

— ' , . 7, and €j an arch ot a circle, fuch that fin. w == 
t + 4/(3) 

{1 + /(i —<?')} fin- >^cof. 4/ 

77 —p — -— i , or fo that tan. (cu — J/) = 

y^(i — e' fin.'' vj') • \ ^J 

<^(i — tf«). tan. 4/, where it is to be obferved that while 4" in* 
creafes from o to t, a; increafes from o to 2w, let E' denote an 
arch of this ellipfe, intercepted between the conjugate axis, and 
an ordinate to the tranfverfe, the diftance of the ordinate from 
the centre being = fin. <w, then, putting c (z=z 4v^3) for the 

• 

femi-conjugate of the former ellipfe, the fluent of - or 



t/(i— «'fin." 4^) 



IS - i — E + - — - E' -I- ■'^ fin. cj > 

c {. • a ^^ a J 



* S^c Traite'du Calcut Djferentiel et duCalcid Integral pat 1aQi<ax^ Vol. II, 
pa^(2 181 ; tktfant moy bejcundfrom Landen's Mtnmr$* 

Finally, 
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Finally, let t be fuch an arch that ^ i — r--T or 

V ^' . =r fin. r, then the fluent of 
2+ fin.* 4^ ' 

1— ifin.»>l/ 4^ . 2 

and thefe fluents being fubftituted in the general expreflion will 
give the area required. 

The whole area, or the fluent generated, while f^from o becomes 
2iBr, will be found by confidering that %{/ and r alfo increafe from 
o to 2ir» d increafes from o to a certain limit, and then decreafes 
to o, and <a increafes from o to 4zr ; hence Z = o, ^ = o, r=:27r, 
the ellipfe whofe excentricity is t increafes from oto the whole 
circumference, and the ellipfe whofe excentricity is e increafes 
from o to two circumferences; hence, putting A for a quadrant of 
the former ellipfe, and B for a quadrant of the latter, the whole 
area is 

iT + (« + i) A-(i + i ) B= It +(2 + 7^)A-{l+^g)B 



Second Solution, By Mr. J. I. 



Let r denote the radius of the bafe of the cone, and A the per- 
pendicular drawn from the vertex to the plane of the bafe : Let 
z denote a variable arch of the circular bafe reckoned from a 
fixt origin, and let p denote the line drawn in the conical furface 
from the extremity of z, to the vertex : From the extremity of 
the indefinitely fmall arch z, draw a perpendicular to p ; then that 
perpendicular will be one-leg of a right-angled triangle, of which 

i is the hypothenufe, and p the other leg : it will, therefore, be 

equal to y/{z^ — p"). Therefore, the fluxion of the conical 
furface bounded by/?, or the area of the fmall triangle Handing on 
the bafe z, and bounded by lines drawn to the vertex of the cone, 

will be equal to ? ^{i^ — f>*). If now we put s for the coni- 
cal furface fought, we have 

2 

Draw a firaightline from the foot of the perpendicular through 
the centre of the bafe, and let a, demote the part of it intercepted 
between the perpendicular and the centre of the bafe : Let 9 be 

the 
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the tneafure of z on the circle having unity for radius, and fup^ 
pofe the origin of z to be firft in the extremity of the diaqieter 
drawn through the foot of the perpendicular : Then, we readily 
get f>» = A» + (fl — r cof. ^y + r« fin.* «> ss= A« -H a* + *^* 

— aar cof. ^ : hence p =: r^ X — ": But » =s r^ : 



therefore, by fubftitution 5 = — y^(^* -r^i^ fin* ' ^) =— x 



V /J 

-/(A* +(r — flcof.^)*.) And putting mz= j, n z=i -r vfc 
get 

i = - X ^ /(I +(;»_« cof. P)\) 
Put now^=z:»i — « cof. ^; then « fin. P = \/(n* — (»2 — >)*) 
And ^=: -77-3 ; r-. : therefore. 

It would far exceed our limits to treat the fluxional expreffion 
juft obtained in a general manner: we fliall, therefore, confine 
our attention to the particular cafe in the queftion. We have 

then m =z= 2, «•= 1/(3), and rA zn: — , therefore, having fub- 
flituted, the fluxion to be integrated becomes 

^' VUy —f — t' 

where j^=: 2 — l/(3)« cof. ^, and, therefore, it is contained 
in the limits 2 + y^-and 2 — ^^3. 

Let ^ denote the meafure of another arch, reckoned from the 
oppofite extremity oi the diameter that P is, and fo related to P 
that (2 -f- \/(3)« cof. p') X (2 — V(3)' cof* ^) = 1 : then 2 + 

i^(3)« cof. ^' = - : alfo, let s' denote the conical furface, in- 
filling on p', then we fliall obvioufly have 

gj' ^\/(i +y'') 

Put ^ -f. - = 2(tt-f. 1): thcn^ = a -f-i -f: y^(ii*4l2tt): 

alfo - = 1/ + 1 — \/(u' + liw) : and llii-.'— :^Ltl: 

theref^l^ 
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therefore, 

4i — '^ 4" ^^' ^ (^ + i)* 

whence -^^ U + n — -— L_ 3_..^--^ --. And 

-=•(•* — -^ /— -t;: 5^- ^n thele lormulae 

a = -^ = -^ ^ P, ' r— ; and, therefore, U is con-^ 

2y 4— .2 /[3I col. 9* 

tained in the limits 1 and o. The latter formula is eviclently 

integrable, and we get -z x (i— /):z -4- >}' — cof* >^; 

where fin» >J/ = w, and ir zz 3*1415 &c. ; from which we learn, 
that the difference of the two conical furfaces s and s is equal 
to a feSor of the bafe, together with a reftilineal fpace: 
and it will be a maximum when a == o, or when cof. <p =: 

arid cof. f ' zz — 



/[3'J ^ /[3J 

Let us now confider the fecond formula > * 

Affume a* 4- « = 22* : then « = |{ /[82^+ 1] — * } • 
And i r= . ,,\ : whence by fubftitution 



/[(i^2^;.(8z^H-iJJ V^[i— 2^J 
The fluent of the latter part is obviously nothing more than the 

arch of which 2 is the fine : Let cof* %J/ rr 2 ~ y^^ ]-=: 

1 — ^ V • 1 ^^ V* 

" V [- ^j» and while _y iiicreafes from 2 — y^s to 

2 + V3> 2 will decreafe from + i, to — i : then, integrating. 

The whole is now reduced to the integration .of one formula, 

which I (hall call H, and which is comprehended in the forms 
Vol. L PartL '(F)' that 
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that Mr. Landen has integrated by means of elliptic peripheriei. 

Aflume /[S^' + i] = * + v'Cs + *'] then *' ^^^^^^Z^fl] 



z -(i 



where the fluents of the two firft parts are obviously elliptic 
arches, and the third part is an algebraic quantity. Let x = 
"cof. ^^" 

H = /x^' i/[» — - fin- ' 4' 4- - A" V[» — * fin." ^^'' -»- 

fin \L'' 

— ^ where the two firft parts are arches of two eiiipfes of 

which the excentricities are and - the femi-tranfverfe of 

3 2 

each being i : the arches -4^' and y\f" afe reckoned from the ex- 
tremity ol the conjugate axis, and are defined by ordinates pa- 
rallel to the tranfverfe equal to fin. >p' and fin. %J/''refpe£lively. 

The preceding analyfi^ enables us to afiign a portion of the 

conic furface fianding on an indefinite arch of the bafe, as we 

have computed both the fum and difierence of the parts denoted 

' by s and s\ But we are required only to find the whole furiace 

of the cone which is now readily done, and is equal to 



4 ^ 3 ^ 



where E denotes the periphery of the ellipfe of which the ex- 
centricity is ^JlIIl ; £' that of the ellipfe of which the cxcen- 

tricity is ^ ; and x z: 3*i4i6. 

A^ote. Ii may be proper to remark that the arcU>}/" becomes 
a femicircle when 4*' becomes a quadrant* 

XVII. 
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XVIL QUESTION ;7,^;'Geometrk:us. 



A triangle being given by pofitiph, and two points being alfo 
^iven, it is required to draw lines through thefe points to 
mterfeS each other in one of the fides Qf the triangle and meet 
the other fides fo as to cut off fegments adjacent to given points 
intheQt> having to each other a given ratio. 



First Solution, hy Mr. W. Wallace, R. U^CplUge^ 



Analysis. Fig- 25, PL %. Let ABG be the triangle given 
by pofition, P, Q the given poin^s, from which lines are to be 
drawn to meet in BC, one of its fides, and F, G the given points 
inAB, AC th« remaining fides. Suppofethe problem refolved, 
^hat is, fuppofe a point ^ is found in BC, fucb, that DF, D.Q 
being drawn and produced to meet the given lines AB, AC in 
H and K refpe£lively, the ratio of FH to GK majr be given. 
Take GL to FB in the given ratio of GK to FH, thus L will be 
;a given point, and the ratio of HB to KL the fame with the given 
ratio of HF to KG. Draw PM parallel to AB meeting BDC 
in M ; the line PM will evidently be given by pofition, there- 
lore, M will be a given point, and a line drawn from Q to M 
will be given by pofition. Draw BR parallel to MQ, meeting 
DQ in N, then DA being drawn through a given poiiii paralld 
to a line given by pofition, will alfo be given by pofition. 

The triangles DMQ, DBN are fimilar, hence BN : MQ : : 
fit) : DM, but the triangles DMP, DBH, being alfo fimilar 
BD : DM : : BH : MP, th^efore, BN ; MQ : : BH : MP, 
and alternately, BN ; BH :: MQ : MP; now, MQ, MP are 
given lines, fofihe points M, P, Q are given, therefore, the 
ratio of BN to BH is given, but by hypothefis and from 
what has been already (hewn, the ratio of BH to LK 
is given. Thus it appears, that B and L are given points in 
BR, LA lines given by pofition,^ and that QKN is a line 
drawn from Q a given point without them, cutting off fer- 
ments BN, LK adjacent to the given points B, L, and having to 
each other a given ratio ; no,w this is a problem well known, 
^nd which has been conAni3ed in various ways by writers on 
peometry^ for example by Simpfon, in his Elements of Geome« 
try (Prob. 37, page 248, fecond edit.) but more efpecially by 
Dr. Halley, in his Tranflation of the ScSio Rationis of 
Apollonius^ 

CF^) The 
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The manner of conftruQion and demnnftiplioo fuUaiAr. laob. 
viously from the preceding analyfis, that, for the fake of brevity, 
we omit them^ 



First Solution, by Mr, W. Wallace, R. M. CoUege. 

Analysis. Divide AB at H (fig. 27, 2S, 29, 30, pi. 2.)fo 
that AH may have to HB the given ratio of AF to BG,\hen H 

* This Paper is printed in ^he Fjrft Part of the Mjithemaiical TraSs and 

Bclcclions. 

*^ ■'*•••" - .......... .... . 

will 



^ ! 



Second Solution, ^j^ Afr, John Butterworth, 



Let LMN (fig. 26, pi. 1,) be the given triangle, D and C the 
given points in the ficjes MN and LN, and A and B the other 
given points. Suppofe EH and EG to be drawn through the 
points A and B to meet the fides LN and MN in H and G fo that 
CH may have to DG the given ratio. From A draw AS 
parallel to LN meeting LM in S, join 3S, and draw BA to meet 
LN at I and C A to jneet LM at P, and join PB ; on BS take 
BT = IC, and draw TK parallel to AB to meet BP in K ; alfo 
KR parallel to SB to meet MN at R. Now, it is maniteft, Iron* ^ 
Prop. IV. of Professor Playfair's Paper on Prifms *, that if any 
two lines whatever, as AE, BE, be inflefted horn the points A ' 
^nd B to the line LM and meet KR in F and LC in H, KF will 
be equal to HC. Hence the problem is reduced to this, viz. 
Through the given point B to draw a right line GF to meet MN 
and KR at G and F, fo that DG and KF may have a given ratio ; 
the method of doing this is pointed put at page 2^, vol, IIL of the 
Old Series of the Repofitory. 



y 



\ 



XVm. QUESTION 18, by Geometricus.- N^ 

Let A, B, be two given points in AB a ftraigbt line ^iven 

by pofition, and let C, D be two given points wirhout that line; / 

let CV, DV, be drawn meeting AB in F and G, fo that AF / 

may have to BG a given ratio: It is required to determine the 3)3 
J^ocus of the point V, 



1 1 



:py 




^1 
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will be dL given point, and FH will have to HG the given ratio 
that AF has to BG, or that AH has to HG. Now there will be 
feveral cafes of the problem, depending upon the pofition of the 
given points C, D with refpect to the line AB and to the point 

H. 
Case I; Suppofe that the line which joins the points C, 

D is parallel to AB (fig. 27.); jo»** VH' meeting CD in 
K, then becaufe FH : HG : : CK : KD. the ratio of CK to 
KD is given ; therefore, the point K, and the line KH are given 
by pofition, fo that in this cafe the locus of V is a ftraight line 
given by pofition. 

Case H. Suppofe that the line which joins the points C 
and D paffes through H (fig. 28.); draw FK parallel to DG 
meeting HD in K, then^HF : FG : : HK : KD, thus the ratio 
of HK to KD is given, and, therefore, K is a given point. 
Again, CK : KD : : CF : FV, but CK and KD are given roag^ 
nitudes, therefore, the ratio of CF to FV is given, now C is a 
given point, and F is in a ftraight line AB given by pofition^ 
therefore, the locus of V in this cafe is alfo a ftraigKt line given 
by pofition, which will be parallel to the given line AB, 

Case HI. Next fuppofe that the line which joins the points 
C, D meets AB in E, (fig. 29.) fo that the given ratio of FH to 
HG is the fame as that of CE to DE, and fo that HF, HG lie 
in the fame, or in a contrary direftion, according as CE, DE 
lie in the fame, or in a contrary direftion. Draw CM parallel 
to HG meeting DV in N. The ratio of CN to HG is com- 
pounded of the ratios of CN to FG and of FG to HG ; but 
CN : FG : : VN : VG and by hypothefis FG : HG : : CD : 
DE : : ND : DG, therefore, the ratio of CN to HG is com- 
pounded of the ratios of VN to VG, and of ND to DG, hence 
CN : HG : : VN x ND : VG x DG, thus it appears, that the 
locus of V is a parabola which paffes through three given points 
H,C,Dj and has its axis parallel to HG a line given by pofition, 
therefore, the parabola itfelf is given by pofition. 

Case IV. In the laft place, let us fuppofe that the point H 
and the line which joins the given points C, D have any other 
pofitions ihan thofe already confidered. Join HK(fig, 30.) and 
draw FK parallel to DG meeting DH in K : then DH : HK 
: : GH : HF, that is in a given ratio, now D and H are given 
points, therefore, K is alfo a given point. Join CK, this line 
will be given by pofition, and will meet AB in a given point L^ 
for otherwife CK rauft be parallel to AB, and, therefore, produce 
ing DC to meet AB in E, CE : ED :: KH : HD :: FH : HG, 
which is contrary to the hypothefis. Draw HM, VQ parallel to 
CL, meeting FV, FE in N and Q, the line HM will evidently 
be given by pofition. 

The triangles QFV, LFC are fimilar, alfo the triangles QGV, 
LFK, hcnc« 

QF 
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>V : : FL : LC 
and Qy : ^G : : KL : LF 
therefore, ex ceq. QF : QG : : KL : LC 

Now KL, LC are given magnitudes, therefore, the ratio of 
QF : QG, and hence the ratio of QF to FG is given, but by 
hypothefis the ratio of GF to FH is given, theretore, the ratio 
of QF to FH, or that which is equal to it, the ratio of VF to 
FN is given, fo that the ratio of FV to NV is alfo given. We 
have now found that from the given point C there is drawn a line 
CV to meet two lines HM, HA given by polition, fo that FV, 
N V the diftances of V from the lines given by pofition have iq 
each other a given ratio, hence the locus of V is a given hy- 
perbola as is pretty generally known^ and as was perhaps 
firft fliewn by Dr, Barrow, in his Geometrical Leftures 
(Lea. VLJ 



Second Solutiox, ty Mr, J. 1. 



Divide AB in E (fig. 31, pL-2.) fo that AE : EB :: AF : 
AG. Join CE and make CE : EH :: AF : FG or AE : EB, 
Draw DLH and CK parallel to it. Then, becaufe 
AE : EB :: AF : GB ; therefore, AE : EB :: FE ; EG :: KE 
: EL ; confequently, KF : GL :: KE : EL, or as CK to HL- 
Draw CR parallel to AB and divide DR in N, fo that DN ; 
NR :: DL : LH ; draw NQSP parallel to AB meeting DV in 
Q, CV in P, and KC in S. Alfo divide KL in M, fo that 
KM : ML :: DL : LH. And draw VO. ,MT parallel to DH, 
Then, from what has been fliewn. 



HL : LG :: CK 


: KF :: CS : SP, 


but LD : LH :: DN 


: NR or CS ; 


therefore, LD ; LG :: DN 


: PS :: DN : NQ j 


therefore, PS = NQ. 




Again, PS : CS or NR : 


: PO : OV, 


and, DN : NQ or PS : 


:VO.OQ; 


therefore, DN : NR :: PO ; 


: OQ :: DL : LH :: PM : ML. 


But PS = NQ ; therefore. 


PQ =r NS = KL; therefore, 



PO = KM, OQ zz ML, and, OT = PS = NQ. 

Becaufe now OT ::: PS, arid OP =: TS ; therefore, VO : 
PC or ST :: CS : SP or OT, and VO X OT n CS x ST. 

Confequently the locus^ required is an hyperbola having 
TM and TN for its afymptotes and pafling through the 
ppint C. 

The constritftion is manifefl: from the Analyfis. It may b^ 

remarked 
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remarked that the locus is a flraigbt line when C and D are 
in a flraight line parallel to AB. The locus is alfo a ftraight 
line when the three points C, £, D are in a ftraight line. 
And when the line DH is parallel to AB the locus is no longer 
a hyperbola but a parabola. 



Third Solution, by Mr. William Suitu, UverpooL 



Construction. Divide the given line AB (fig. 32, 
pi. «.) in E, fo that AE may be to EB in the ratio, which, by 
the queftion AF is required to have to BG, and divide CD in e 
in the fame ratio ; join £e and draw CA', DB' parallel thereto, 
meeting AB in A' and B'. Join DE, which produce to L, fo 
that DE : DL :: DB' : A'C ; through L draw an indefinite 
line parallel to £e ; draw CZ parallel to *DL, meeting the pa* 
rallel to Ee, through L» in Z; from D, on the oppofite ude 
of D to L, fet off DM = LE, and join CM meeting LZ in H. 
Produce CZ to P', fo that the re£langle ZP'*ZL may be equal 
to the re£bngle DL.*LE ; take the point P fo that ZP : ZP' :: 
HL : LM and complete the parallelogram ZHUP; find the 
point g in CA' fuch that the reftangle Cg'CH may be to ZP-ZH 
:: CH : CZ, and from g draw gO parallel to CH meeting PU 
in O ; then with the centre O and afyroptotes gO, OP defcribe 
an hyperbola whofe power may be equal to the reftanglcgO'gC, 
and it will be the locus required. 

Demonstration. From D and C to any point V in the 
hyperbola draw CV (meeting AB in F, DL in f, HL in n, 
PU in i, and Ee in R) and D V (meeting AB in *G, Ee in r, 
and HL in S), join SR and LV meeting SR in I and from S 
draw SK parallel to C V meeting DL in K ; draw VQdW pa- 
rallel to DL (meeting PO in Q, HL in d, and CA in W) and 
Vbo parallel to CH meeting PO in b and C A' in o, and through n 
draw plqN (meeting CA' in p, PO in t,a line through V parallel 
to PO in q and. CM in N). Then, by conftruftion, bg'gO =z: 
Ob'bV, that is, hy parallels, &c. og : ob :: Cg : bV, hence, 
bg is parallel to CV, and, therefore, bi (=:Cg) a given line. 
By the fimilar triangles CHn, Vib, HnbV ( zz CH-ib) is given 
:= CH'bg; therefore, fincebV : tq :: CH : CZ, and alfo, by 
conftruaion, (CH-Cg) Hn-bV : HZ-ZP :: CH : CH, it foU 
lows that Hn-tqnHZ-ZP, that is, the figure Utqk=ZHUP,add 
to both HntV, andZn*nt r: Hn'dV(nq) ; but by conftruftion, 
nt (ZP) : ZP' :: Hn : nN, therefore, Zn-ZP - NndV, but 
by parallels Zn : nN :: ZL : Mf, therefore, ZL-ZP' zz Mf-dV, 
alfo by conftruftion, ZL-ZP' r: DL-LE, therefore, DL'LE- 
MfdV, but by panaicls, DL : LK :: VD : fK (Vc), there- 
fore, 
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fore, DK-dV = DL-fK. Whence, fince DD-LErrMf-dV and 
DL-fK = DK-DV, LE (MD) : fK :: Mf : DK, or, dividendo et 
invertendo, MD : Df :; fK : Df, therefore, MD (= EL) == 
fK ; but fince from the points S, R, two parallels interfeft 
Dm in f, K, and make the intercepted parts EL, fK equal to 
each other; therefore, the line joining the points S, R is 
parallel to Dm, therefore, ER = SL, whence, Er : ER (SL) 
:: DE : DL :: (by conftr.) DB' : CA', that is, DB' : Er :: 
A'C : ER, or B'G : GE :: A'F : FE, or B'G : A'F :: B'E : 
EA' :: BE : EA; that is, BG is to AF in the ratio required.' 

Q. E. D. 

w 

Mr, M^rrat /ent an dlgebraical folution to this queflion. 



XIX. QUESTION 19, /^ Mr. Willi am,Wallace, of ike 
Royal Military College^ Great MarloWy Bucks. 



LetAB be the diameter of a circle, and FG a ftraight line 
perpendicular to the diameter, meeting it in C, draw any two 
lines CHD, CKE meeting the circle in H, D, alfo in K, E ; 
join DK, EH, meeting the line perpendicular to the diameter 
in F and G, then' FC is equal to CG : Required the demon- 
ftfatioH ? 



First Solution, ly Mr. Thomas Bazley, Bolton. 



Case I. When the point C is within the circle. Fig. 33, 
PI. 2. 

Let the points where FG meet the circle be M, N ; through 
G draw PGQ parallel to KD meeting KE in Q and DH in P. 
Then by the limilar triangles QEP, HPG, QG : EG ;: HG : 
PG ; therefore, GE x GH = GP x GQ ; and by the fimilar 
triangles QGC, KFC, we have, KF : QG :: OF : CG, and, 
FD : GP :: OF : CG* Hence, KF x FD : QG x GB=: 
GE X GH :: CF^ : CG*. 

But by the property of the circle, 
GE X GH = MG X GN = CN^ — CGV 
and KF X FD IT MF x FN - CM* — CF*; 

confequently, 
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confequently, CM* — CF^ : CN*^CG^ :: CF« : CG% 
and by compofition, CM^ : CN* :: CF» : GG^ 

But CM = CN, becaufe BCis perpendicular to MN; there- 
fore, CF =: CG, which was to be proved* 

Case IL When the point C is without the circle* Fig* 

In the very fame manner as in the firft Cafe we fhall have^ 
KF X FD : GE >c GH :: CF* : CG*; now. through the 
centre O draw OG and OF, meeting the circle in I and L. 
Then by the property of the circle, 

KFxFD-OF^-OL%and GExGH=:OG»-OP; therefore, 

OF* — OL* : OG*— or :: CF» : CG*. and by divifion. 

OF*— OL* — CF» : OG*— OP — CG* :1 CF* : CG» ; 

but OF* — CF* n OC» =: OG* — CG'^ ; therefore. 

0C» — OL» : OC* — OP :: CF^ : CG* ; 

but the two firft terms of this proportion are evidently equal;* 
and, therefore, CF* = CG*, or CF £= CG* 



Second Solution, ^7 Mr. Wallace, the Propo/ir. 

This queftion, owing to an accidental circumftance, was pro- 
pofed in another place. I fhall here give it a more general form, 
and (hew that the fame property belongs to any conic fe£lion 
whatever. 

Theorem. Let C (Fig. 35, PL 12.) be any point in the 
diameter of a conic feSion; MN a ftraight line pafling through 
C parallel to a tangent at the extremity of the diameter, CHD, 
CKE, any two ftraight. lines pafling through C and meeting 
the curve in the points D, H, and E, K, join EH, DK, meet* 
ingMN in G and F, then CG is equal to CF. 

Suppofe the point C to be without the conic feftion, draw 
CP, CQ tangents to the curve at P and Q, and join PQ which 
will be parallel to MN, draw tangents to the curve at the 
points D, H, and E, K, let R and S be the interfeSions of the 
tangents, and L the interfeftion of the lines DK, EH, the 
points R, L, S, are in a ftraight line; (See Robertfon's Trea- 
tife on Conic Sedions, Book IV. Prop. 18.) but the points 
Rj S, are in the line PQ produced (Kobertfon, Book 1V» 
Prop. 17.), therefore, the point L is in the line PQ. 

I^t CD meet PQ in T, then CD is harmonically divided at 

Vol. I. Part I. (G) tht 
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the points C, H, T, D, (Robertfon, Book IV. Prop. 16.) or 
DT : DC :: TH : HC, but becaufc TL is parallel to GF, 
DT : DC :: TL : CF, alfo HT : HC :: TL : CG, therefore, 
TL : CF :: TL : CG, and CF n CG. 

When C is within the curve, then L will fall without itu, 
and it will readily appear, from the prop, already quoted, that 
if tangents be drawn at the points in which MN cuts the 
curve, the point L will be in a ftiaight line pafTing througK 
Iheir.interfef^ion parallel to MN. If DC be produced to meet 
the parallel ih. T, the remainder of the demonftration will be 
as beiore. 



Solutions were likezvife given ly Mejfrs. Buttcrwortb, Collins^ 
Johnfon, Morley, Picketing, and Wright, 



XX. QUESTION 20, by Mr. William Smith, Liverpool. 



Giveh the' foci of an ellipfis to defcribe it fo as to touch a cir- 
cle given in pofition and magnitude. 



SoLtTtiON, iy iHr. TiioMAS Hopper. 



Suppofe the problem folvedy and from the given foci con- 
ceive right lines drawn to the point where the circle and ellipfis 
are in conta6l ; then, it is manifeft that a tangent to the ellipfis 
at this point will be perpendicular to a right line drawn from it 
to the centre of the circle; which right line or radius will, 
therefore, bifeft the angle formed by the two focal lines. 

Hence the Problem is reduced to that of drawing, from twQ 
given points, two right lines to lUeet each other in the periphery 
of a given circle, fo that if another right line be drawn from 
the point of concourfe to the centre of the circle, it (hall make 
equal angles with the lines firil drawn. Which has been dofie^ 
vide page 223, of the A^ppendix to the 2d. Edit, of Simfon'9 
Conic Sq£lions ; vide alfo, £xamp. 7, Book 10, De THofpital'a 
Conies. 



And thus the Quejlion was anfivered^ by Mr. Wright. 

XXL 
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XXI. QUESTION 21. by Mr. John Lowry. 



Having given any number of points A, B, C, D, &c. in 
the periphery of a given circle it is required to find another 
point P ^in the periphery) fach that joining PA, PB, PC, &c. 
the fum of the lines PA, PB, PC, &c. tmf be equal to $, 
jivcn line. 



First Solution, i^ Mr. Wm. Smith, Liverpool. 



At^alysis. Fig. 36, Pi. 2. Suppofe the thing done and 
that P is the required point ; join PA, PB, PC, PD, &c. 
Produce AP fo that PX may be equal to PB, and join BX, 
then, the angle AXB being equal to half the angle APB is 
given ; therefore, the locus of the point X is a circle given in 
pofition defcribcd on AB ; let XQ drawn parallel to CP meet 
the circle ABX in Q; then, fince the angle AXQ (=:APC) ^ 
is given, Q is a given point ; from C draw CL parallel to AX 
meeting QX in L, then, the angle CLQ (== APC is given ; 
therefore, the locus of the point L is a circle defcribed on CQ 
and given in pofition. Produce PX to Y fo that XY=: XL 
=1 CP, and join YL meeting the circle CQL in R, then the 
angle QLR (:= lAXL = ^APC) is given, and R a given- 
point; alfo, the angle AYR (±=iAXL = f APC) is given, 
and the locus of the point Y is a circle given in pofition, pafling^^ 
through the points A, R, Y, and let YS drawn parallel to PD 
meet the circle AYR in S, then the angle AYS (= APD) is 
^ven, and S a given point ; draw DM parallel to AY meeting S Y 
m M, then the angle DMS (= APD) is given, and the locus 
of M a circle given in pofition and defcribed' on DS ; take 
YZ(r=:YM)=DP, and join ZM meeting the circle DMS 
iff T, then the angle SMT (z= |APD) is given, and T a given 
point; alfo, the angle AZT (= |AYM = |APD) is given, 
and the locus of the point Z a circle given in pofition defcribed 
on AT ; but (fuppojing the number of points four ^ as it is evident 
the reafoning employed in the above Analysis^ will apply, what* 
ever the number of points may be) fi^ce AZ (=AP + BP-f CP+ 
DP) is a given line, the locus of Z is alfo a circle defcribed 
from the centre A, and interfeftion of this with the former locu# 
ATZ will determine the point Z. Whence this 

(G2) Cp;^- 
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Construction, On AB dcfcribe a fegraent of a circle 
to contain an angle equal to half the angle APB, and apply 
the chord AQ in that fegment to fubtend an angle equal to the 
^gle APC fubtended by AC in the given circle ; on CQ de, 
fcribe a fegment of a circle to contain an angle pqual to APC, 
in which fegment find the point R fuch that the angle fub- 
tended by QR in the circle CQ may be equal to half the angle 
APC; on AR defcribe a fegment of a circle to contain an 
angle equal to half the angle APC, equ^l to half the angle fub* 
tended by RQ in the circle CRQ, in this fegment apply the 
chord AS, to fubtend an angle equal to the angle APD, and 
join DS, upon which defcribe a fegment of a circle to contain 
an angle equal to the angle APD fubtended by AD, in the givea. 
circle, in this fegment find the point T, fo that the angle fub- 
tended by TS may be equal to half the angle APD, let AT 
be joined, upon which let a fegment of a circle be defcribed 
to contain an angle equal to half the angle APD to which, 
from A» apply AZ equal to the given fum, meeting the 
circle ABCD in P, join AP. BP, CP, OP, ^ud thq thing i$ 
done^ 



Second Soi-ution, ^;^ Mr. John Wkiqht^ Norley^ 



Analysis. Fig. 37, PI, »» Suppofe the thing dpne, and 
AP» BP, CP, &c. drawn. Bifeft the arc AB in Q, and join 
PQ, AQ, and AB, Then it is well known th^t AP+BP : PQ 
ip the given ratio of AB to AQ ; therefore, when the number 
of given points is two, and AP -f- BP given, PQ is given; 
and confipquently the locus of the required point P in this cafe 
is a circle of which the centre is Q and radius QP, 

Draw the chord CQ, and having determined the point R, 
in the arc CBQ, fo that the chords CR, QR may obtain the 
given ratio of AB to AQ, join CP; then, becaufe CR : QR 
i: AB : AQ :: PA + PB : PQ, the reaangle (PA + PB)-QR 
= PQ-CR ^ PRCQ — PC-QR (Emerfon's Geom, IV, 32.); 
whence (PA + PB + PC) X QR = PR X CQ, or PA -H 
|>B + PC : PR :: CQ ; QR a given ratio ; hence, when the 
number of given points is three, and PA + PB + PC given, 
PR is given, and the locus of P is a circle of which the centre 
is R and radius RP, 

Draw the chord DR, and in the argh DRC let the point S 
|>e fo talyen, that chords DS, RS may obtain the given ratio 
pf CQ to RQ, and join PS, Since DS : RS :: CQ : RQ :; PA 
H-PB -+-PC -: VP.. the reaangle (PA-l-PB4-PC)-RS=PR-D§ 
^ PS-OR — PP-SR i hence (PA + PB i- PC + PD)-RS = 

PS'PRt 
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PSDR, orPA + PB + PC + PD:PS :: DRrRSagiVcn 
latio ; therefc^e, when the number of giv6n points is four* and 
AP-HBP+ CP + DP given, PS is given, and the locusof P 
is a circle whofe centre is S and radius SP* And thus the fo« 
lution may be extended to any number of points* 



Third Solution, by Mr. W. Wallaci, R. M. College. 



Let the given arches included between the points A, B, C, 
D» &c. be denoted by 2«, 2/3, 27, &c. put 29 for the 
arch PA, r for the radius of the circle, and a for the given 
ftraight line equal to the fum of the chords PA, PB, PC, 
PD, &c. which chords being equal to 2 fin. f, afin«(a( + 9)» 

2 fin. (i8 + ^), 2 fin. (y + ^), &c. refpefiivcly, we have, 

2 /fin. $ 4. fin. («+?) + fin. (|8 4.(p) + fin. (y+f )4-&c. V =r «, 

or, fince r x ^n* (a 4.^) =: fin. a cof. (p 4. cof. % fin. f, &c« 
2 cof* 9 



-^-2 (fin. a + fin. /3 + fin, y + &c.) T 

^ (r+ cof. «+ cof. |3+ cof. y + &c.) J 

Put 2 (fin. a( + fini jS + fin. y -♦- &c.) :=; j, 
and 2 (r -4- cof. a + cof. /3 + cof. y 4. &c.) = c ; 
then J cof. 9 + c fin. 9 = ar. 

Take pt fuch an arch of the given circle that tan. ykzz ^ 

thus ^ will be given, and J = c x — y— , hence, by fub* 

ftitution and redu6lion, 

fin. /* cof. <p+cof. ^fin. 9 = r^xcof. m =: ^ X ^t^^^^^k j 



flr* 



That is, fin, U + W= ^/^t^^^ 



IfencQ 
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• Hence tite arcl f is deteniiined, anci' finc« fin. [ft, 4. f ) can- 
ilot exceed r, therofore, the given line a muft not exceed 

Ingenious Solutions were alfo received from Meffrs. Buttcrworth, 

^W Johnfon. 



XXII. QUESTION 2%, by Amicus. 



It Is well known, that if ^ denote an. arch of a circle, radius 
b^g.unity^ the taugeat, of tliat arch is expreiTed by the feries 

a + fLr + ?^ 4- &c* Imt it is not fo gpaeraHy known what 

3 ^5 . 

is^ the fcale of relation, af the numeral coefHcients,of the terms : 

It is therefore required to determine that fcale. 



Hirst Solution, by Mr. ].l. 



Let T =: tan. x : then, ?- = /^ - = %: — : or Z- 

J 1 + cof. 2X ^^ 

y^ — i z= 1. Now 

t+Cpf. 2X _ , _ a . . 2^ ,4 g^ r«^/tr 

■ zi 1 — — • Jt -r" — - — — . ,*^— — — — — >.x -T-occ 

s 1*2 i*2-3*4 1.2.3.4.5^0 

A ^1 * k rr A . A ^3) ^8\^ A^5) ;,5 

And let t be aflumed :=: x + . — + . -* -f- 

1.2 3 1.2.3.4 5 

. ^. -f- &c. in which the law of the denominators 



1.2.3.4,5.6 7 

is obvious, and the fymbols, A^3 ^ A^^', A '^\ &c. denote 

indeterminate quantities of which the law of derivation is to be 
afcertained ; the numbers joined to the. fyjnboU mark the term 
of the feries to which each belongs^ by pointing out the expo- 
nent of- ;v in that term; then fubftituting the foregoing feries 

in 



in the equation inveftigated above ; and puttinj^ the cocffioite^tt 

of the feveral powers of x zz o, we ihall readily find, 

1.2 

A (9) =^ . a A (7)^ 9.7. 6.5 ^,^{3)^ iZ^±M.2*A.(^L *f 
. 1*2 >*ft*3«4 i*2«3*4«j«o 

or in general 

^(2n+i) _ 2n.2n-i ^Af2n-i) gw.2ff-1.2w-fl.gw-3 2 3^(g»-3) 

"~ 1.2 * i*g-3*4 

1.2.3.4.5.6" 

In tbis formula, confilling of terms alternately pofitive and 
negative, each term is formed by multiplying together the cor- 
reiponding terms of three other feries, viz : 

The feries of quantities A^*"""*^ A^^'^f, &c. fetkone<! 
tmckward which precede the quantity fought ill the feries di co- 
efficients: 

The feries of the odd powers of 2 ; 2, 2', 2', &c. and tbe 
third feries is nothing more than the 3d, jth, 7th, &c. co-' 

efficients in the binomial (a + b) 

The laiw of continuati(»n of the feries foY the tangent is 
therefore completely afcertained : And the method here given 

has the advantage of bringing out the feries aS^K ^^ « Ay \ 
&c. in integral numbers. • 

Scholium. 

In like tnanner may the law of continuation of the feries 
ibr the fecant be determined^ Let 

a(2) a(4) a^^ 

fecant ;e=i 4- th — ^s^j^Jl — .x^-^ :^ ^^V r ,;e^ 4* &c> 

1«2 l*g«8«i t*2*3'4*di^^ 

then 

a(«) = t 

1.2 . . 

^(6) _ 6^ ^ ^(4) _ 6,54:8 . a(*) + ,. 

And" 
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And in general 

1.2 * **2*3«4 

I 2n.2n — I.2W— g>2«-»3.2»— 4,2W — 5 A(2lt— 6) « 

If we denote by M the meridional parts in Mercator's chart 
eorrefponding to the arch x : then 

M = / — jr- = a? + . \ ' . - + &c. where 

J coLx 1.8 3 i.a.3.4 s 

A^^\ A^^\ A^ ^ &c. are as determined above. 



Second Solution^ communicated by Philalethes 

Cantabrigiensjs. 



Many years have elapfed fince an under-graduate oi Trinky 
College^ communicated to me, and to fome other friends, the 
following method of computing the tangent of an arch in terms 
of the arch itfelf; which method is much eafier than that which 
was ufed by Dr. Halley for the purpofe about one hundred 
years ago, and by Mr. Emerfon in his Trigonometry about forty 
years ago, (and oy later writers^) viz. by dividing the sine by 
the coiine. 

If the radius of a circle be called 1, and if / be put for the 

tangent of an arch denoted by z, then, ^^ z, and z zz 

1 -f- it 

i} ts t^ . * 

t .— — 4. — — ^^ ^ &c. which equations have often been given 

8 5 7 

by the writers on fluxions. Now, from the first of thefe equa« 

« 

tions we have -- zz 1 -+- ^/ ; and, if we would exprcfs the value 

z 

of t in terms of z, we know from the fecond that it muft be 
in feries proceeding by the ift, 3d, 5th, &c. powers of z. Let 
t be affumed = Az -V-Bz^ + Cz* H- Dz' -(- Ez« + Fz» * -f. 

Gz* « 4. Hz' ^ &c. then, !• = A + aBz* + ^Cz^ + yDz* 

z 

+ 9Ez' 4-iiFz*^. -+. i3Gz'* + ifiHz'S &c. But, fince 



t 1 • . 

•s-=: 1 ^ //, and 1 4. tt is 



1 + 
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i+AA2*+iABz^+2ACz»+2ADz«-h2AEz^°+2AFz»^+2AGi:^%&c. 

4- BBz* +2BCz' 4.2BDz'°4.2BEz'*+2BFz'4, &c. 

+ CCz»<'+2CDzi»-f-2CEz'4,&c. 

-h DDz»4,&c. 

we now have an equation for determining the values of the co- 
e/Ecients A, B, C, &c. viz. 

A-H3B^*H- 5Cz4 -h 7Dz^ 4- pEz^ 4- iiFz»o+i3Gz"+ i5Hz^^&c.= 

i+AAjs*+2ABz*4-2AC2«-»-2ADz<h-8AEz»° + 2AFz'^+2AGz^^&c. 

4- BBz^ + 2BCz8+2EDz«<>+2BE^''' " '""•'" 

+ CC«'°+2CDz 

Hence vre have A = 

B = 



D 



E 



AA 

T' 
bAB 


* 

' t 


f 

5 
bAC + BB 


• * 


7 
bAD -1- 2RC 


• 


... J 

9 
bAE + sBD + CC 


11 


> 


bAF 4- bBE + 


2CD 


13 
bAG + bBF-I- 


bCE -J- DD 



H _ 

&c. 
where the law of continuation is evident. 

But, fince A is evidently == i, B = 4-, C = tV» and I> 
= TiVf t^c above equations may be expreffed in fimpler terms, 
as here below : 

A = I, 

B=4 

3 

n_ aC + ^B 
7 

9 
p _ 2 E-+-|D-f-AC 

11 
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&c. &c. 
where the law of continuation is again very obvious. 

CoROLL. Since it appears above, that 1 -(- tt^ the fquare of 
the fecant of the arch 2, is = 1 + 3B2* + fiCz^ + zDz^ -+- 
gEz^ -f- iiF^*® •+- 13G2*" -+- i^Hz'^, &c. we have only to 
cxtrafl: the fquare root of this feries (of which the coefficients 
are now known), and we fliall have the value of the fecant. This 
may be done as follows : 

Affuroe t/(i + //) = 1 + f«' + y^^ + ^2^ -h £z8 -H Cz* ** 

4-t)z*" -f-te**, &c. then, by involution and fubftitution, we 

Ihall have 

1 -*- 3Bz« + 5CZ* + ^Iyz^ 4- 9EZ8 + iiFz»^-f- 13GZ'* + j5Hz»*,&c =^ 

1 H- sCz'-)r S7Z*-H 2^2;®+ iiz^ •{- fi^z^o-h fitiz^* + £Oz»*,&c.\ 
4- CCz* 4- 2«yz**+ 2«z8 + 2C«Z'<> + 2C?Z»* + 2Cfa»*,&C,(^ 

+ VT^s' + 87^z'*'-h 2«y«z" + 2ir;z'*,&c. i 

4- az»»+ 2Ja'^aEc.r 

from which equation^ 

a 

J _ 7D — gCy 
2 

qE — 2C5 — yy 

8 ZZ 2 y 

2 

iiF — 2fg — 2*y^ 

X =: . » 

^ 2 

_ laG — 2SC — 276 — a- 

2 

_ 15H — 2^1) — 2yr — 256 

f — ' ' ' " "r ' 

2 

, &Ct &C, 

, Here alfo the law of continuation is evident ; and the expref^ 
fiops may be fimplified by writing for C, 7^ &c» their numerical 
valines as fail as they arife» 



XXIII. 



{ 59 ) 



XXIIl. QUESTION 23, by Mr. James Cunlipfe, 

Bolton^ 



To find the leaft biquadrate number, that can be divided into 
four integral parts, fuch, that the fum of every two of them may 
he a fquare number. 



Solution, by Mr. J. L 



Let n^ denote the biquadratic number fought, and a, ^, r, ^, 
ks four integral parts ; then the queftion requires 

a + b :^=z (M* 
a + c = /*'* 
a + d =z po"* 

c 4- ^ = >• 

I + c = v"* 
whence we get 

We fee, therefore, that the biquadratic number fought muft 
be refolvable into three fquares three different ways ; and, this 
condition being fulfilled, we derive 

a = H/^* + /^'* — *"•) 
b = i(A^» -+• v"* — ^") < 

d=z «^-i(^*-t-/x'* + /'»). 

from which formulas we infer that the three fquares, /w,^, pt**, /'% 
rouft either be all even, or two of them muft be odd and only 
one even, in order that no fraflions may arife from the divifions 
by 2 ; and likewife that the fum of every two of them muft 
be greater than the third, and at the fame time the fum of all 
the three lefs than 2n^, in order to avoid negative numbers. 

It is, then, neceffacy to find a biquadratic number that may 
be divided into two fquares three different ways. We owe to 
Fermat the curious difcovery that every prime number exceeding 
a multiple of four by unity, or comprehended in the form 4^+1^ 
is the mm of two fquares. And this property, which is uni« 
verfal for prime numbers of the form 4;r-f- 1, belongs exclu- 
Cively to that form ; fo that no prime number, which is not of 

(H 2) tHt 
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the form 4.^ + i, can poflibly be the fum of two fquares* 
This curious propofition was firft demonfirated by the celebrated 

• Euler; and to e&£l the demon ftration it was neceffary to 
prove this other propofition, viz. That every divifor of a 
number which is the fum of two fquares that are prime to 
one another, is likewife the fum of two fquares. From thefe 
principles we eafily gather that the biquadratic number n*, we 
are feeking, mull have prime divifors of the form 4^ + 1 ; for 
if it had none it could not poflibly be the fum of two fquares. 
And as we want a leaft value of «^, we may fet afide all other 
divifors ; for if «'* had any other divifors, thefe could only en- 

•ter, as common meafures, into every two fquares that compofe 
n^» We may, therefore, fuppofe »*, and confequently n, to 
have no divifors but prime numbers of the form 4^1: + 1 . 

And in the firft placfe let us fee whether-a prime number p 
of the form 401? + 1 will anfwer for «. We have already men- 
tioned that^ is th6 fum of two fquares a*rf- ^' ; and we have 
now to add that^ can be the fum of two fquares only one 
way. . 

In like manner we fliall find/?* ~ fa* — i6*j* -J- 4a^5' ; nor 
can/?* be refolved into two fquares in another way. Proceed- 
ing to the fourth power, we fhall find, 

f^ = (a* —6x^0'+ |S*)*-H(4«^/3-4a/3'J« 
p^ — )V-H/?V". 

And thefe two ai"e all the ways that p^ can be refolved into 
two fquares, Therefwe, no fingie prime number of the form 
4p: -h 1 will anfwer the conditions required. 

Let us now try the produft of two prime numbers of the fame 
form as p and p^. Then according to what has been fliewn we 
ihall have 

p^ = («* — 6.*^* +^'y + (^i^'0 -4«/3')" 

p^ =z= /? V -i-pV. 
And in like manner, 

p'^-= ^^'4— 6t^iS'*+j3'*V + Lx'^0^ - 4a'/S'A* 

/4 — j&'V* +/?"/3'*. 

Therefore, combining the two values of p^ with the two 
values of /?'*, the biquadratic p^p^"^ will be the produft of the 
Turns of two fquares four different ways. But the produft of 
two fums of two fquares is the fum of two fquares twice : 

for(M*^N*)-(P^+Q») 

(MP + NQ)* + (MQ — NP)* 
(MP ~ NQ)^ + (MQ 4- NP]». 

Tbcrcforc, 
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Therefore, by combining the two values oi p^ with the two 
values of />'*, the biquadratic f^*p^ will be the fum of two 
fquares no lefs than eight different ways. To thefe eight 
we may add four other ways, by combining p^ with the two 
values of /?'*, and p'^ with the two values of ^*. Therefore, 
the fourth power of a' number which is the produft of two 
primes of tlie form j{» '^ t, is the fum of two fquares, no lefs 
than twelve different ways. 

We fee then that no prime number of the form 4^ 4* i» 
can fatisfy the. conditions required in the question. But a 
number which is the produft of two fuch primes is tbe fum 
of two fquares twelve different ways, one fquare of each fum 
being even, and one odd; therefore, as every combination of 
three out of the twelve, will give one folution of the queftion : 
and, as twelve things admit of 220 combinations dtf three, 
there will be fo many different folutions, unlefs fome are ex- 
eluded as producing negative numbers. It is eafy to fee that 
one combination of three will give only one integral folution. 

The two leaft primes of the form 4;^-^ 1 are g and 13/ and 
their produft 6g is confequently the leaft number that will 
fatisfy the queftion. We have, 5 = 2*-+-!, and ig =: 3* 
-f 2' : whence 

6^*=:37i3* + aoi6« 

65* = 2047^ + 369^ 
65* = 2145" -+- 3640' 

which are only three of the twelve ways that 65* is the fum of 
two fquares : And taking the three even fquares for pt, fJ, 
and v", our formulae give az=z 1826720 ; b = 2237^36 ; c =: 
11422880, and ^= 2363489, which is one folution. 

In like manner if we take anot;her three of the twelve ways that 
65* is the fum of two fquares, as 

654 =2047 » + 3696* 
65* ==2145* +3640* 
•65^ = 4095* 4- 1040% 

we (hall derive another folution; a == 746208; 1^=12914208; 

^ = 33539a; ^ = 3854817- 



XXIV. QUESTION 24, i;^ Jack Chance, 



A in ^r -f i relations, tells b lies; and B in c-f* ^relations 
tells dot them falfe : What is the probability of the truth of a 
ftory in which they both agree ? 

Solution, 
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Solution, by the Propofet. 



{a -{■ b) X [c^d) IT ac+bc+ad+bdzz all tbe cafes. 
ac z=. the number of times both agree in telling truth, 
id z=2 the number of times both agree in telling lies. 
be = the times B tells truth, and A lies. 
adzzz the times A tells truth, and B lies. 

Therefore, ac + bdzz the whole number of times they both 
agree in telling both truth and lies. 

But they are fuppofed to agree in their relation (by the 
queftioQ,) : 

therefore, — \ , -, = the probability required. 
CoROL. If the ftory were untold, the probability of their 

CLC 

both telling true would be — j — ; j ./i f that of their 

^ ac -{^ be + ad + ba 

both lying would be ■■ ■■ , — ^ — -j ;-., and that of their con- 

^ ^ ac '\- bc-k-ad-^bd 

tradi£ling each other j -. r/» 

* ac -{- be + ad •¥ bd: 



Mejfrs^ Bazley, Codling, Hearding, and YLo^'^tx^ alfo fcnt 

Solutions to this queJHon. 



XXV. QUESTION 25, by Quinbus Flestrin. 

Given the bafe, the diflFerence of the adjacent angles, and a line 
from the vertical angle to the middle of the bafe to conftru£l the 
plane triangle. 

First Solution, ^;^Mr. John Wright, Norley. 

Construction. Bifeft the given bafe AB inO, (fig. 38, 
pi. 2.) with the right line ON, forming the angle NOB equal 
to the complement of h'^i the given difference ; and draw BQ 

perpendicular 
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perpendicular to ON. Conftitute the right-angled triangle 
ONC, having its hypothenul'e OG equal the given bife£ling 
line, and fuch, that its area may be equal to that of the tri- 
angle OQB ; then draw AC, BC, and ABC is the triangle 
required. 

Demonstration. Becaufe OQ x BQ=:ON x NC, 
if the right line CI, terminating in AB, be drawn parallel to 
ON, it will bifeft the angle ACB, as appears from Prob, 3ft, 
page 306 of Simpfon's Algebra. Hence the difference of the 
angles ABC and BAC is equal to twice the complement of 
CIB or NOB, the given magnitude by conftrudlion. 

Q. E. D. 



S£COND Solution, by Mr. John Dawes, Birmingham. 



Analysis. Let ABC (fig. 39, pi. fi.) be the required 
triangle. Circumfcribe it with the circle AMCB, and draw 
CM parallel to the bafe AB ; continue CE to G, unite M, G ; 
and Mj £; and becaufe EG is given (Euc. III. 35O; ^^^ 
ME and the angle MGC =: the difference of the angles at 
the bafe are given by the queftion ; therefore, the triangle MGE 
is given; confequently the triangle ABC is given. Hence 
this 

Construction. Upon the give line CE fas radius) con- 
tinued, and centre E defcribe the femicircle NMC and take EG 
fo that GEC may be equal to the fquare of' half the bafe ; 
make the angle EGM equal half the given difference of the 
vigles at the bafe, circumfcribe the triangle CGM with the 
circle GMCB, and parallel to MC through E, draw AEB ; 
then AC, CB being joined, ACB will be the triangle re- 
quired. 

Solutions wtrt alfo received from Mejfrs. Butterworth, Collins, 
Farey, Jobofon, Hopper, Morley, Myers, Pickering, and 
Scurr. 



XXVI. QUESTION 26, Ayilfr. Jame$ Cunliife. 

In a plane triangle there is given the perimeter, one of the 
angles, and the rectangle of the fides including that angle, to 
conilru£l it. 

First 
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First Solutiont, ^;/ Mr. John WRiCHt, Norley. 

Construction. Fig. 40, pi. 2. Draw AB =z the given 
perimeter* and make the angle OAB = ABO = half the given 
one ; with the centre O and radius O A or OB defcribe a circle, 
cutting BO produced in D ; divide DB in Q, fo that BQ may 
have to DQ the ratio which the reftanglc of the fides has to 
the fquare of BO, and concentric to the circle DAB, defcribe 
another through Q, cutting AB in I, through which poittt 
draw the diameter COIH, and having joined AH, BH, make 
the angles AHE, BHF, refpeftively equal to BAH, ABH. fo 
(hall HEF be the triangle required. 

Demonstration. The angle HEF + HFE = 2HAB 
+ 2HBA - HOB + HOA = AOB ; confequently, EHF 
zz 2OAB zr the given quantity ; and EH being zz EA, and 
FH = FB, EH -4- FH + EF r: AB, the given perimeter. 
Moreover becaufe the angle HEI ~,BOI, the triangles EHI, 
BOI, are equiangular, as alfo are the triangles FHI, AOI, for 
a fimilar reafon. 

Hence EHHF : AO-BO :: HP : IB-IA (HMC) :: HI : IC ; 

that is, EH-HF : B0« :; BQ : DQ. 

fi. E. D. 

Scholium. If the circle QII falls wholly bolow AB, the 
thing is impoflible. 



Seconi:) Solution, by Mr. Bazley. 

Analysis. Suppofe ACB (fig. 41, pi. 2.) the triangle 
required, C the given angle ; then fmce the refiangle of the 
fides AC X CB is given as well as the angle C, the area of 
the triangle is given ; but the area of the triangle is equal to 
half the reftangle under the perimeter and the radius of the 
infcribed circle, aiid fince the perimeter is given, the radius 
of the' infcribed circle is alfo given.. Now, if O be the 
centre of the infcribed circle, and COL be drawn to meet the 
circumfcribing circle in L, and OP be let fall perpendicular to 
C^B; w« fliali have the right-angled triangle COP wholly 
given, becaufe the angle OCP is equal to half the given one, 
and OP being the radius of the infcribed circle ; therefore, 
CO is given. But the reflangle AC X CB is civen, and is 
well known to be equal to OC x (aLO + OC); but OC is 
given, confequently, LO and LC are given. Whence this 

Construction. 
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Construction. Make ACB equal to the given angle, 
which bifeft with the given line CL, on L as a centre, and 
with the radius LO defcribe a circle cutting CA, CB in A 
and B ; join AB, and ACB is the required triangle, as is plain 
from the Analyfis, and page 7, Vol. II. of the Old Series of 
the Repofitory. 

And thus the Quejiion was anfwered by Mejfrs. Butterworth/ 

Cavill» and Farey. 



Third Solution, iy Mr. J. Collins, Kcnjington, 

Analysis. Let ACB (fig. 42, pi. 2.) be the required 
triangle, ACB the given angle which bifeft with the indefinite 
right line OF W. In CA produced take CP z: half the given 
perimeter, make PW perpendicular to AC, and let it meet 
CW in W; then the right-angled triangle CPW is wholly- 
given, and CS is known, becaufe CS x (CF 4- SF) =: CS x 
SW zz AC X CB the given reftangle ; therefore, all the parti 
of the triangle are known, and the conftruftion evident. 

Thus the Queflion was anfwered hy Meffrs. Dawes and 

Hopper. 



Fourth Solution, by jlfr. Morley, London* 

» 

Draw any two lines CP, CP' (fig* 42, pi. 2.) to contain 
the given angle, and take CP, CP' each equal to half the pe- 
rimeter, and ereft the perpendiculars PW, P'W meeting each 
other at W, and join CW which is known to bifeft the verti- 
cal angle ACB. In CW find the point S. fo that CS ^ SW = 
the given reftangle, bifeft SW in F arid with the radius FS and 
centre F defcribe the circle ASJ^W, cutting AC, CB in A 
and B ; then AB being joined, ACB will be the triangle re* 
quired. 

Mr. Johnfon alfo an/ioeted this Qtteflion. 
Vol. I. Part I. (I) XXVII; 
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XXVII. QUESTION. 27, by Mr. Thomas Bazley, 

Bolton, 



In any. plane triangle whereof C is the vertex, O the centre 
of the infcribed eircle, Q the centre of the circle touching the 
bafe and fides produced, D the point where the line bifefting^ 
the vertical angle cuts the bafe, and S the point where the faid 
line cuts the circumfcribing circle below the bafe. Then the 
points being joined it is QD : CD : : SD : OD ; required the 
dempnftration. 



"TiRST Solution, By Mr. John Farey. 

Let the triangle ABC (fig* 43, pi. 2,) be clrcumfcribed by 
the circle ACBS, let its vertical angle C be bifefted by the 
line CQ, cutting the bafe in D, and the circumfcribing circle 
in S ; on S as a centre defcribe a circle to pafs through A, 
and cut CQ in O and Q. Then, by Mr. Lowry*s ift. Prop. 
cf the Repofitory^ Vol, II. page 7, Old Series^ O is the centre 
of. the infcribed circle above iho. bafe, and Q the centre of the 
, infcribed circle bdozv the bafe ; the circumference alfo paffes 
through B the other extremity of the bafe. Now, ilnce the 
circles ACBS and AOBQ cut each other, and ADB joins 
their points of interfeftion ; we have, 

byEuc.III.35.CDxSD=ADxBD,alfoODxQD=ADXBD; 

Hence CD x SD :r OD X QD, or QD : CD ;: SD ^ OD. 

g- E. J). 



Second Solution, By Mr. John Butterworth. 



Let ABC (fig. 44, pi. 2.) be any plane triangle circum- 
fcribed by the circle ACBS ; join the points as direfted in the 
queftion ; join alfo the points A, S ; draw OE to make the 
angle OEC equal to the angle ODB. ' Then it is well known 
that the points C, O, D, S, Q, are in the fame ftraight line 
CQ, and that QS =r SA := SO ; and the angle OEC being 
equal, to the angle ODB, that is equal to the angle ADS, and 
the angle DCB equal to the angle SAD, the triangles COE 

and 
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and SAD arefimilar; hence, AS (QS) : SD ::CO : OE, 
and bv compofition OS -^SD = QD : SD :: CO + OE : OE, 
but OE is equal to OD, becaufe the angles OEC and ODB 
are eqnal ; therefore, QD : SD :: CD : OD, or QD : CD :: 
SD : OD. 

Q. E. D. 



Third Solution, ^y Mr. John Dawes. 

Let ABC be the triangle (fig. 45, pi. 2.). Becaufe C, O, 
D, S, Q, are in a right line, perpendiculars from thofe points 
to the bafe AB will form (imilar triangles. 

Bv hvpothefis QD : CD :: SD : OD,theref. HD : DE :: DK : DL; 
but, DK = DL -4- LKand HD = HE + ED = EL + ED; . 
therefore, ED+EL : ED::DL+LK : DL, or EL : ED :: LK:LD; 
therefore, ED : EL :: LD :.LK, which is a well known pro- 
perty. 



Fourth Solution, by Mr. Thos. Hopper, Manckeftcr. 

Let ABC (fig. 45, pi- fl.) be the triangle circumfcribed by 
a circle whofe diameter SF is perpendicular to the bafe AB ; 
C, O, D, S, and Q, the points mentioned in the queftion. 
Join SB and from Q upon AB, 'and CA produced let fall 
the perpendiculars QH, QI, which (as is well known) are 
equal to each other ; alfo SB = SO and the angle SB£ n: 
QCI. Wherefore by fimilar triangles, 

IQ:IE :: CQ(=:CD + QD) :BS(=SD + OD), 

and HQ = IQ : SE :t QD : SD ; 

confequently, CD+QD : SD+OD :: QD : SD. or 

CD -h QD : QD :: SD + OD : SD ; and by divifion 

CD : QD :: OD : SD ; whence, QD : CD :: SD : OD. 

g. JS. D. 

According to one or other of theji methods were the Solutions 
given by Mxjfrs. Bazley, Caviil, Collins, Johnfon, ani 
Morley. 

(I «) 
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XXVIII. QUESTION 28, byMnBAztzv. 

Given the vertical angle, the radius of the infcribed circle, 
and the sum, difference, or ratio of the rectangle of the two 
fides including the vertical angle and the rectangle of the two 
lines drawn from the extremes of the bafe to the centre of the in- 
fcribed circle ; to conftruft the plane triangle. 



Solution, iy Mr. Jonn Cavill, Brighton, 

Analysis. Suppofe ACB ffig. 46, pi. 2.) the triangle re- 

Juired, O the centre of the infcribed circle through which 
lOS is drawn meeting the circumfcribing circle below the 
bafe in S ; now it is well knowri that a circle defcribed 
about the point S with the radius SA or SB will pafs through 
O and interfeft the greater fide AC in b, making Cb =: 
rz CB. Let R and P be the points of contaft of the radiud 
of the infcribed circle, with the bafe AB and the fide CB ; 
and join OR, OP. Then, becaufe the angle PCO zz half the 
given vertical angle, and the angle P right, and fince OP the 
radius of the infcribed circle is given, the hypothenufe OC is 
given. Again, by a well known theorem 2SO x OR zz AO 
X OB, and by what is done above, AC x CB = AC x Cb in 
(by Euc. Cor. to 36. IIL) OC x (2SO + OC). Hence, 
when the fum or difference of the reftangles is given, (2 SO H^ 
OC) >c OC + 2SO X OR is given ; tj^at is, 2SO X OC + 
OC» + 2SO X 0R.=: 2SO X foe + OR) -I- OC» is given, 
but fince OR and OC are given, SO is given. 

Laftly, when the ratio of the reftangl^s is given we (hall have 
(by taking AC X CB : AO X OB :: n : in in the given ratio) 
mm w 2SO X OC + OC* : 2SO X OR; therefore, fince 
CO and OR are given, SO is given. Wherefore, SO being 
found, all the cafes of the conftruftion may be as follows. 

Construction. Having drawn the lines CA, CB to 
include the given angle and having alfo drawn the given in-, 
fcribed circle to touch them in P and p ; through O the centre 
draw COS making OS of the given length found in the Ana. 
lyfis, and on S as a centre with the radius SO defcrJbe the 
circle AOB cutting AC and CB in A and B refpeflively ; join 
AB and ABC will be the triangle required, 

Atkd thus the Quejiion was ^njweredhy Mejfrs, Bazley, Butter* 
worth, ColUm, X^Wes, Jobnfon, awrfMorley. 

XXIX. 
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XXIX. QUESTION 29, by Mr. Bazley. , 

• 

There is ah hemifpbencal bowl, whofe diameter at the briiri 
is 20 inches, placed with its axis perpendicular to the horizon ; 
an uniformly heavy thin inflexible rod or right line, whofe 
length is 24 inches and weight 8 ounces, is fuftained in 
equilibrio by refting on the edge of the brim at fome dis- 
tance from the upper extremity, whilft the lower end refts 
againft the concave furface of the bowl. It is required to 
determine by a general inveftigation, the pofition of th« irod 
and the refpeftive preffures at the two points of fupport. 



First Solution, i5y Amicus. 

Let ARE (fig. 47, pi. 2.) be a feftion of the bowl and rod 
perpendicular to the horizon; O the centre of the bowi, and 
AO£ an horizontal diameter ; let G be the middle of the rod 
DR, or its centre of gravity, apd draw GH perpendicular to 
A£ and OK perpendicular to DR. 

Put OE = r z: 10 ; RG zz a zz 12 i and the part of the 
rod within the bowl, RE = jic ; then, EKr=-, and OK 

—• ^/(r* ) : but OE : OK :: EG : GH, that is, r : 

4 

V^(r*- j) :: ^- a : GH z: ^ (x-a) /(r*- ^), 

In whatever point of view the Theory of Statics has 
been confidered, the following prppofition has either been 
aflumed as a felf-evident maxim, or it has been {hewn to be 
a neceffary confequence of the firft principles, on which every 
Theory is built ; viz. That a fyftem of heavy bodies will be in 
equilibrium when the common centre of gravity has reached 
the point of lowed defcent, or of higheft afcent ; or to fpeak 
more mathematically, when the common centre of gravity is in 
that particular point of the locus which it defcribes, when it 
pafies from defcending to afcending, or afcending to defcend- 
\ng. But although the fyflem of bodies will be equally in 
equilibrium when the common centre of gravity exaftiy occu- 
pies the point of loweft defcent, or of higheft afcent, yet there 
will be a great difference in the ftates of equilibrium in the two 
cafes. For in the 'one cafe, when the centre of gravity is in 

the poiat of loweft defcenti or 'when it pstfli^ from defcend. 

ing 
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ing to afcendlng, the equilibrium will have ftability; and 
although the centre of gravity be difplaced a little from the 
exa6l fitiiation it fhould occupy, it will have a tendency to re- 
gain its place, and will ofcillate about the point of equili* 
brium. On the other hand, when the centre of gravity is in 
the point of higheft afcent, or when it pafles from afcending 
to defcending, the equilibrium will be unliable; and if the 
fyftem be moved fo as to difplace the centre of gravity from 
its precife place ever fo little, there will be no tendency to re- 
gain the Ctuation of equilibrium ; but, on the contrary, the fyftem 
will remove more and more from it. 

In the prefent problem it is manifeft that the centre of gravity 
G will defcend, and the fuuation of the rod, where G is the loweft, 
will be the equilibrium required. Now G will be in the loweft 

place, when GH is a maximum, that is, when its fluxion, 

ft 

makings variable, is =: o. Therefore, (r^ ) — - {x-^a) 

4 4 

= o; whence, r* x zz 2r*, and a: z:v/(2r*+ --) -{ — . 

In the particular cafe propofed x 1=^^2091 + 3 rr 17'4,5, &c. 
' To determine the preffures at E and R draw RL perpendi- 
cular to AE, and let it meet OK produced in S. Then the 
force's by which the rod is fuflained in equilibrium are thefe, 
, viz. the gravity of the rod afting in the direftion SR ; the 
prefluie on the brim of the bowl at E afting perpendicularly 
to the rod, or in the direftion KS; and laftly, the preiTure 
at R aSing in the direftion RO, perpendicularly to the 
bottom of the bowl : and the proportions of the forces will 
be the fame as the proportions of the fides of the triangle 
SOR formed by lines parallel to direflions in which the force* 
aft; or, the forces will be as the fines of the angles of the 
triangle SOR, that is, as the lines RK, KO, OC. Hence, 
jutting w for the weight of the rod, the preffurc on the brim 

OK V[r^--) 
of the bowl n g-j^ X w -=1 ^^ ^^ ■■ X a; = 4'47oz, 



ix 
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2r. 



And the prejBTure on the bottom ^= wv- X a; = ^- — --*) 
X to ^ 4*8 ounces. 

Second Solution, by the Propofcr. 

Let ABCOD (fig. 48, ph 2.) be a feftion of the bowl and 
rod piilfipg through th^ jdUs Q£, ^4 the rod KOGI>> G the 

middle 
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middle of the rod, or its centre of gravity; froin>0 draw OS 
perpendicular to RD, and from D through the centre C draw 
DCS to meet OS in S, from S draw SIG, meeting AGO in 
1 ; join AD, and draw GT parallel to DS, meeting SO in T. 
Then by the nature of the Queftion, the re-aftion of the edge of 
the bowl at O is in the direction OS, and the re-a£lion oT the 
concavity at D is in the direction DCS ; therefore, by Emerfon's 
Mechanics, prop. 53. 410 Edit, the line SIG palling through 
the rod's centre ot gravity is perpendicular to the horizon ; 
whence, SI is perpendicular to ACO. This being premifed, 
put AO the diameter of the bowl =: d^ GD or GR zz <?, and 
DO zz X. Then, AD zr SO zz^id"" - x*), and by the fi;. 
milar triangles ADO, GOS, it is OD : AD :: AD=QS^ 

OG, that is. X : ^[d'^ — x') :: y/{d^ - 4') : ^^^=^* = GO» 
whence, DG = a = a: ; therefore, 2x*— i* n ar, 

X 

or x^ - \ax — \d^, and confequfcnily, x = i/(f^* +'TT^*) ^- 
\a^ by which the pofition of the rod is determined, and in the 
cafe propofed, where dizzz 20, a =1:2 la, wc get x::z=: OD =:3 
17*45683 inches. 

Again, by the Principles of Mechanics, the rod is fuftained 
by three forces, whofe quantities and direftions are as SG, 
GT, TS, refpeftively ; that is, the weight of the rod, the re- * 
a&ion of the conca^^iiy at D, and the re-aftion of the brim at 
O. Hence putting the weight of the rod z: ey, by the fimilar 
triangles SGT, SDG, we get 

SG : GT :: SD : SG :: d : ^^[d"-^^^) :: ^ : ^^"^"""^'^ X w 

z=. the preffure in the direSion SD=:(in the prefent cafe where a^ 
>8oz. and x =r 17*45683) ^'^7^7^^ ounces. 

Alfo, SG : ST :: SD : DG :: i : ^x :: 2i; : ^ X a/ = the- 

prcflurc in the direflion SO 1= 4*8 oz. in the prefent cafe. 

Corollary, li a :z d, the exprei&on for x becomes zz 
d; and in this cafe the expreffion for the pfeffure againft the 
concavity becomes =r o, whilil that for the preiFure on the 
brim becomes zz w. Again, when a vanifhes as is the cafe 
when a weight r: a; is conneSed to the lower extremity of the 
rod, (the rod itfelf being confidered to have no weight) we 
have X zz |^*, which ftiews that the point D then coincides 
with B the loweft point in the bowl ; add in this cafe the ex« 
preffion for the preflure againft the concavity becomes t= Wf 
wbilft that for the brim vanifhes, as. it ought. Moreover it 

evidently 
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Evidently appears that a muft not exceed rf, as otherwife the rod 
would fall out of the bowl. 



Third Solution, by Afr* H. Codling, South Waljham. 

^Suppofe BIH (fig. 49, pi. 2.) a perpendicular fedion of the 
bowl through the centre C, CI the axis, RD the rod in the 
required pofition, G its centre of gravity for middle of the rod), 
RZ, LGMandBK parallel, and RK perpendicular to the axis 
CI. Then, in order to fimplify the problem, let us fuppofe 
the weight of the rod to be collefted in the point G, for fuch 
/uppofition will make no difference with regard to the preflurei 
on R and B. 

Now, if the weight of the rod /be reprefented by BR, it U 
evident, by the refolution of forces, that it will be fultained 
by two forces RK and BK, the one a£ling perpendicular and 
the other parallel u:\ the axis of the vefTel ; then, if the total 
preflure be reprefented by RK, that exerted at R will evi- 
dently be as RL, and that at B as the fum of the forces BK. 
KL, or by compoCtion as BL; but thefe' forces cannot be 
known, till the pofition of the rod is -determined, which may 
be done as follows : It is a known principle in Mechanics, 
that the centre of gravity will defcend to the loweft place it can 
get when the rod refts in equilibrio ; therefore, MG muft be a 
maximum ; then making HZ = w, BH = d, GR rz r, by 
fim. As, HR*-HB'HZ = dv, and RB = i/^d^'—dv), there- 
fore, GB =: t/(i/» ~ dv) — f', and d : y/{dv) :: ^{i^^dv) 

— r : GM = ^-^ V- ^^ — - r=; a maximum ; 

d 

this being put into fluxions and reduced gives v zz: ^d — 

^^ . ' • == 470295 ; confequently, BL zz HR == 

^{dv) = 9760072, RL =: flf— 2v = 10*474099, and BR =: 
17-45683. Now putting w =: the weight of the rod -r 8 oz. we 

«• »» BL , f at) % 

have the preflure on R= ^ X ^ ^'^v JTHTX) X a> =: 

RL 

4*47274 ounces and the prefigure at B =z -^^ y.to'zs, 

d'-^zv ^ 

X ^ ^ i'^ ounces. 



^[d'—dv) 



XXX. 
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XXX. PRIZE QUESTION 30, hy Philalethes 



i CaNTABRIOI£N$IS« 



■^ %* v 

Given -^ — ^ r- — ^ r= y, in which 

eqiiation x and y begin together to find th€ value of y when x 
becomes z=z 10. 



First Solution, iy tJuVropofer^ Philalethes 

Cantabrigiehsis* 



j The denominator of die giveo fraSion is the proddfl of the 

! three trinomial fafitors, A:;r-4-3X+ 3, xx — 2if + 2, and a?* — «+ 1 , 
vhich may be difcovered by Sir IfaAc Newton^ s method of dx- 
vifors, or more eafily by the method explained by Madam 

1' -4?^^» ^^^^"^ Analytical Injlitutions ^ Vol. L p. 160. We may 
therefore, refolye the given fraSion into three fra£Uons, by the 

S method explained in p. 138, of Vol. II. of the work before 

• s 

mentioned, thus : Affume -r r— ; — — v--; 5 — -z. — 7-2. 

a?* — X* 4- 20;' + 51* — Ojc + 6 

Aar;r+D* . Bj^J + E* , Caiv + Fsf , . . > , 

. — -+. — — -(-. ,{omittmg the 



XX 



coefficients, in the numerator of the given fraftion, which, will 
a little (horten the calculation) and find the values of A, B, G, 
&€• which will be as follow : viz. 



B 



^80 j5 _ 459 

7 >c 61* 14 X 61' 

14 E— ^ 



C = — -i^, and F 

7 14 

Now, the fraftion 

At*-4-D* . ., , Ar;c4-|Ajc , (D — 4AV; 

; — IS evidently :;= = + ' — , ■ • . — , 

a»+3^-+-3 ^ *^ -*- 3^^ + 3 a?j? + 3^+3 

BrjJ+E^tf B/x — B« . (E + B)x 



•»..•••• 



B 


+ 3^+3 
jx — B« 


XX- 


— 2a? -^ 2 

XX — \Q,x 



mx — 2x-{-2 ' XX — ia; -t- 2 xx — 2^ + 2 

Cti + fx Cxx — iQx ^(F-t-iC)* 



Vol. I. Part I. (KJ the 
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the correfl fluents of which, are, 

ift. |A X h.l. (— + ^ + Ot 

fid. -4-^3 X h. 1. (^ — •*• + ^)' 
gd. + 1 C X h. 1. (*» — * -f !)• 

- jirc. arch of tang, j? + - | and ra- 

' 4th.+f(D-|A)x^ ^ Jfdius^, 

- circ. arch of tang. 3 \ 2 

V . / Y7 . T» V / circ. arch of tang, x — i \ and radius 

5th.+ {E + B)x {+ circ. arch of Fang. J x. 



I circ. arch of tang, .a? — - f 
I + circ. arch of tang. • J 



and radius 
6th. + ^(F + iC) x< ' > ^3, 



2 



And the values of thefe fluents, (according to my calculation,) 
when X becomes = lo, are as below : viz. 



ift. — 0799195, 

fid. — i-33932«» 
6th« .^. 0*330490. 


3^- 
4th. 

5th. 


= 0*322^04, 
= 0*049113, 
s=: 0*14724?; 


4- 2*469007 
o' 5^1 8565 




— o"s 18565 


1*950442 = 


V 

"6' 




6 







and ^r= 11*702652, which was required. 



S£COND Solution, ^7 Afr. 1. H* Heardino, Adderburj. 

It is eafy to difcover, by Sir Ifaac Newton* s method of di« 
vifors, or ftill more eafily by Agnejis Analytical Inftitutions^ 
Vol. I. p. 160, that the denominator of the given fraflion is tbtt 
produft of (**+ 3^ + 3) X (x^ — *+ 1) X (** — 2x + u); 
therefore, by the above-mentioned Inftitutioni, Vol* IL page 

t»8, 
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138, we may aff.-me ^. _,. ^ ^,. J^ ' ^^. _ g, ^g = 

-ri i — + -1 H^* + -a r— • {^^^ quantity 

£jc being here purpofely omitted to fliorten the calculation). 
Then, by reducing thefe fra£lions to a common denominator^ 
and equating the coefficients of the homologous terms, we ftiall 
haveA+B + C-i-o, -3A + B-h 2C+ P + Q + R = 9^ 
5A-B + C~2P4-Q-h2Riro, — 4A^5P— Q+R=:6. 
2A 4-6B -f- 3C — 4P = o, and 2P -f- 6Q ^ 3R iz o ; and 

from thefe equations A is found =z — r-, B =? » Cn f^, 

^ 7'6i 7 61 

P = -*5^-, Q = ^, and R z: — i?. Now, by fubfti. 
1461- ^ ^^ 61 -^ 

tuting » — 4» tt+|f and w +1, r^fpeftively for x, in the three 
foregoing fra£lions, in order to exterminate the fecond terms 
of the denominators, and then multiplying the firft fide of. the 

refulting equation by x, the firft fraftion on the laft fide by v, 

the fecond by u^ and the third by tv, there will at length arife 

• • • » 
^r* Ay-fr-Si ; Bit«4-TiJ Cww-^-Yw 

where — 1A + P=— ^ is put =S, |B+Qzi f = T. 



andC+R = — -^ziV. 

oi 

The three fradions on the right hand fide of the laft equation 

are evidently equal to the fum of thefe fix following, viz. 

• • • • 

Aw St/ , Bttw ^ Ttt _ Cww Vtu 



the fluents of whichgives the fluent of 

5 



X' 



— ^'* -f- 2j:' -+-5^* — 6.c-f-6 



iAxhyp. log. (w+i)4.|B xh. 1. (ttw + iJ-f-jC xh* 1. (aw-f.i) 

+ ^ X circular arc to tangent v andjadlus -|v^3, 

3 
*■ ' aT • «' .... ^ 

4" ^ X circular arc to tangent u and radius ii/3* 

8 

•f V X circular arc to tafigent to and radius i. 

(K«) And, 
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^ And, by reftoring the values of », «, and w, this laft expref- 
fion becomes r: 

4S 
•I- t-. )c circular arc to tangent a? ^ ^ and radius f V^g, 

3 

+ — X circular arc to tangent a? — | and radius |t^3, 

3 
^ V X circular arc to tangent ^r— 1 and radius 1. 

But as this fliould vanifh when a: =: o, the fluent of 



xx^ 



^*-.x^+2^»-^g;,'-63?-^6 — I when properly correacdi, 
fAxh. 1. (^*»+«^^l)+|B X h. !.(*•-*+ i)+|C xh.l.(|**-*»+i) 

^+4 1 ^inus the J 4 [ and I f 1/3 



^3 J 



X circular 



4T ^ arc to S-jc — x^ arc whofe >- — x^ common V| V3 
^ g" I tangent *^J i' tangentrr I — j f radius — | 1. 

4-VJ J L J L J 

Andv confecfuently, jr =c 1*9504408 X 6=117026448. 

• • * 

This Quefiian was al/b an/zoered by Mejfrs^ Johnfon, Mabbott, 

and. Wright, 



Phij-aj^etites Camtabrigiensis is rtqutJUi to fend to 
Mr. GLENH>iN>liNJa's /^r the Medal /or Sahnng the Prize 
Quefiionf 



ERRATA* 



In Queftion 51, No. I. For, " is i/(A« + r*) + jS+i^; 
Kead, *• is a mean proportional between f v^(A* + r') + JS H 
^s and r/* 
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NOTICES 



RELATING TO MATHEMATICS. 



L Regular Polygon of Seventeen Sides. 

Mr. Gauss, of Brunfwick, publilhed at Leipfic, in i8oi» a 
work called Bifqidjkiones Ari^metiac. In this work the author 
announces that we may sdways infcribe a regular polygon o( 

ft -4- I fides in a circle, when n is a whole number, and 2 4-1 
a prime number. Mr. Legendre has given to the French 
National Inftitute a demonftration of this very curious propofi- 
tion, in the cafe when the number of fides is ij. It i^ founded 
on thefe two lemmas. 

Lemma I. Let a bean arch of a circle, m and n two whole 
numbers, then 

2 cof. ma cof. na :^ cof. (m — ») tf + cof. (m + ») a; 

Lemma IT. Let a be the nth part of tfaevdiole circumfer«v 
ence, n being a whole number, then 

cof. a -h cof. 2a + cof. 3a -+- &c + cof. na = o. 

Thefe two propofitions are generally known. 

By the fecond of them we have 

cof./i-4-cof.2a+cof.3fl+&c. . ,+cof.i5a+cof.i6dt+cof.i7a=:o. 

and, becaufe cof. ija zz i. 

cof.^-f cof.2a4-cof.3a+&c. . . +co{.jga+coLi6azz — i . .(E). 

Now, if we remark that cof. a =z cof. i6fl, cof. 2a cr cof. 15^1, 
cof. 3a = cof. 14a, &c. it will immediately appear that equa- 
tion (£) may be decompofed into two others (E') and (EJ'). 

cof. a 4- coC 3a + cof. ga +• cof. 7«\ _ ^ t /t/\ 
+ cof. ga + cof. ixa + cof. 13a + cof. 15a/ *""**•* ^ ^ 

cof. 2a + cof. 4a + cof. 6a + cof. 8a^ -^^l (Ef'\ 
4* coff loa + cof. i%a + cof, 144 -f- cof. i6aj •-"*»• '^ ^ 



Again, equation (E') may be refolved into thcfc two, 

cof. ^a 4- cof. ga -f: cof. ya -^ cof. iia :=^ m\ ^ 

cof. a 4- cof, ga •+• cof. t^a + cof. iga = nj ^ ^ 

where m and n are two fuch quantities that m ^n ^i — ^ and 
fnn = — 1. 

This fecond refolution may be verified by taking the produfl: 
of the equations* {e') and changing, by the firil lemma, the pro- 
dufts of the cofines of the arches into the coftnes of their fum 
and difference. 

Again each of the equations (^) Inay be decomjpofed into two 
others by making m :=: p + q,n zz r ^i^ s, thus, 
cof. 3* -h- cof. ga = p cof. a h- cof. 13a = r'\ . r^ 

cof. ja -f- cof. iia =: q cof. ga -4- cof. iga zz sj * ' * ' -^^ 

Here, pq:=L rs z=z i\ the truth of thefe equations may be 
verified as before. 

We have now obtained fix equations 

fli4-Kz=— I , p J^q =: m r ^s •=! n 

mn zz — X /9 ^ — t rs zz: — ■^_ 

and from thefe the values of ttz, n,pf q, r, j, may be found by the 
refolution of equations, each of the fecond degree. 

The four equations ijf) may, by lemma 1, be written thus, 
cof. 3^ -f- cof. ga zz p cof. 6a -f., cof. ja zz q 

cof. yi cof. 5a == — cof. 6a cof. ja -n — 

cof. a + cof. 4« zr r cof. 2a + cof. 9a =r j 

cof. a cof. 4^ z: -2 cof. %a cof. oa =: -^- 

thefe eight cofines, viz. cof. «, cof. 2^5, cof. 3^, cof. 4^, cof. 50, 
cof. 6tf, cof. 7a, cof. 9^, may be found by the refolution of equa- 
tions of the fecond degirec. The remaining eight, viz. cof. i6«, 
cof. 15^2, cof. 14^, cof. 13^1, cof. 12a, cof. 11^, cof. lot?, cof. 8^, 
are refpeftively equal to the former eight, as has been already 
obferved. Thus it appears that the defcription of a regular poly- 
gon of 17 fides is a problem which may be efFeftcd by means of 
ftraight Hues and circles; that is, by thp methods of conftruSion 
cifaployed in the elements of plane geometry. 



II. Orbits of the New Planets. 

* * • 

%. 

The elements of the orbits of the two new Planets have now 
been determined with tolerable accuracy : they are thus given 
by La Lande ♦. 

* Fropi the Jownal de l^hyjiipu^ Bnimatrei an« 12. . 

PiazZh 
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Piazzi, or Ceres y difcovered January i, 1801. 



Revolution 4 years, 7 months, 10 days. 

Mean longitude, January 1, 1804 lOJ n^ 59' 

Annual motion 2 18 14 

Aphelion 10 26 44 

Node 2 ai 6' 

Equation of the orbit . . ! o 9 3 

Excentricity ' 0*097 

Inclination » . . • o lO 37 



^ OlberSy or Pallas, difcovered March 28, 1802. 

Revolution 4 years, 7 months, 1 1 days. 

Mean longitude, January 1, 1804 ...... 9 J 29® 53' 

Annual motion 2 18 11 

Aphelion 10 1 7 

Node .- 5 22 28 

) Equation of the orbit • o 28 25 

Excentricity » 0*2463 

Inclination ^ • «..«..... a 34 39 



III. Figure of the Earth. 

The length of a degree of the meridian, nieafured in Lapland 
^ by Mauperruis, le Monnier, &c. agreed fo ill with theory, an4 
with the other meafurements, as to give good grounds to fufpea: 
confiderable error. The Swedifli Aftronomer Melanderhielm 
has caufed all the operations of that meafurement to be carefully 
repeated : and the refult of this labour diflFers from the old de- 
termination no lefs than 196 toifes : the length of a degree of the 
meridian in latitude 66"* 20' coming out 57,209 toifes inftead of 
57,405 according to the French Academicians. The new refult 
agrees better with the various meafurements indifferent latitudes. 

The French Aftronomer Mechain is employed in continuing to 
the Balearian Iflands the meafureiyent of the meridian in France, 
conduced by him and Delambre. 

In the Eaft Indies, Major Lambton, who is employed by the 
Prefidency of Madras to furvey the Myfore country, has already 
meafured an arch of the meridian i** 34' 56"-43 in extent, 
which gives the degree in latitude 12^ 32' equal to 601494 
lathoms. 

IV, 



{ «o ) 



IV, Mathematical Works lately Published. 

The Philofophical TranfaBions of the Royal Society of London* 
Abridged by Charles Hutton, L. L. D. F. R. S. George Shaw, 
M.D. F. R, S. F. L. S. Richard Pearfon, M. D. F. A. S. 

A Courfe of Mathematics^ defigned for the ufe of the Officers 
and Cadets oj the Royal Military College* Vol. L By Ifaac 
Dalby, ProfefTor of Mathematics in the f aid College. 

Trails on th^ Refolution of Cubic and Biquadratic Equations. 
By Francis Maferes, Efq. F. R. S. Curfitor Baron of the 
Enhequer. 

A Geometrical Treatife of Conic SeSlions, in Four Books, to 
which is added a Treatife on the Primary Properties of Conchoids, 
the Ciffoid^ the Quadrairixy Cycloids, the Logarithmic Curve, and 
the jLogarithmic, Archimedian, and Hyperbolic Spirals- By the 
Rev, Abram Robertfon, A.M. F. R. S. Savillian Profeffor of 
Geometry in the Univerfity oj Oxford. 

An Experimental Enquiry into the Nature and Propagation of 
Heat. By John Leflie. 

Recreations in Mathematics and Natural Philofophy ; con^ 
taining Differtations concerning the mojl proper SubjeSs to excite 
curiofity and attention to Mathematical and Philofophical Sciences. 
The whole treated in an eafy manner ^ and adapted to the compre^ 
henjion of all who are in the leajl initiated in the Sciences ofAritk'* 
metic. Geography, Navigation, Archite&ure, Chemijlry, &c, &c. 
Firji compofed by M. Ozanam, and now tranflated into Englifk^ 
ana improved, with many Additions. By Charles Hutton, 
L.L.D. F.R.S. 

A General Hiftory of Mathematics^ from the earlie/l times to 
the middle of the Eighteenth Century, Tranflated from the French 
of John Boffut. To which 'is affixed^ a Chronological Table of 
the mofi eminent Mathematicians- By John Bonnycaftle. 

Mathematical Works in the Press. 

Profeffor Robin fon, of Edinburgh, has in the Prefsa Work on 
the Elepunts of Mechanical Philofophy, which wiU contain the 
fyhfljince of the excellent LeBures he has for many yeats read in 
the pniverfity of Edinburgh. 

A New Edition of FroicSor Play fair's Elements of Geometry if 
foon to appear • 
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ARTICLE II, 



Solutions to Quejlions propofcd in Number L 



i. QU£STION 31, by Mr. T. Milner. 

Being out with a quadrant, fome of my pupils were defirous 
of knowing the height of the parifli church fpire, which rifes 
to a confiderable height in the middle of the town of Sheffield ; 
to gratify their curiofity I found two ftations in Church Street^ 
dlftant from each other 70 yards, exaftly on a level with the 
bottom of the fpire, fuch that the altitude of the top of the 
fpire at each Ration was equal to 35! degrees ; and again, in the 
middle of this ftation line, the altitude of the fpire's top was 
found to be 364^ degrees. From hence it is required to find 
geometrically the height of the faid fpire, and its diftance from 
the laft ftation, fuppofing the quadrant to be held ^ feet from the 
ground at each ftation. 



fiRST Solution, by Mr. Thomas Hopper, Manchefier^ 

Construction. On any given line AB (fig. 52, pi. 3.) 
taken at pleafure, deCcribe the two right-angled triangles BCA, 
BDA, making the airgle &CA =: aS^" and BDA = 35^"^. 
Draw CF at right angles to AC ana equal to 35 yards, and 
thereto apply AE 1= AD, let AE produced meet FG, drawn 
parallel to AC, in 'G ; draw GH parallel to FC meeting AC 
produced in H ; and draw HI parallel to CB meeting AB in I. 
Then will G and H be two ftations and AI the height of tbt 
fpire. 

Demonstration. Join EB, then it is evident from the 
coQfiru£lion that the points D, A, C, £, F, G, and Hi are in the 
fame horizontal plane. Now, becaufe HI is parallel to CB, the 
L AHI is r: ACB = 36^°, the angle fubtended by the fpire 
at the middle ftation H. Again, by fim. As, A'B : AI : ; AC : 
AH ; : AE : AG : : EB : GI ; therefore GI is parallel to EB, 
and therefore z. AEB = AGI ; but the right-angled triangles 
£AB, ABD, having BA common, and AD zz AE are equal ia 
every refoefl; hence the 4. AGI = ADB = 35 i*, the angle 

Vol. 1. Part J. (L) fubtended 
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First Solution, iy Mr. Taos. Myers, Hamynerfmih, 



It is manifeft,'^om a little conlideration, that this quefiion is 
no more than to find what annuity payable half-yearly for 95 
years ihay be purchafed for .500I. allowing compound interefi at 
the rate of 5 per cent. Then, from the Theorem on page 168 
of Simpfon's Diifertations, we have the half-yearly payment =: 

X A = 17L 12s- 6d. siqrs. ; where A = 500, 



R» 



R= 1*025, and n = 50, the number of payments. 

The fame refult will alfo be obtained it we find the amount 
of ^ool. at 5 per cent, per ann. compound intereft for 25 years, 
and then find what annuity, payable half-yearly, for the fame 
time, and at the fame rate per cent, will be equal to the former 
amount. 



Second Solution, by Mr. Hoppkr. 

In thij cafe 500I. may be conCdered a$ the prefent worth oi 
an annuity to continue 25 years ; which annuity may be found 
by Theo. 2, page 238, Simpfon's Algebra. Thus, by ufing the 
fam^ notation, we have R = 1*025, n =n 40, V sc: 500 ; and 

log. A = log. V + log. (R _ 1) _ log. (1 — i-) =: 17I. 
12s. 7d. nearly, the required annuity. 



N 



T^XRD Solution, hy MrwGfiORG£ PiCKSRiNa* 

Let X be the fum to be dedu£led at the end of each half-year, 
r = the ratio» and a = 500 ; then 

ar — X is the fum remaining after the ift half-year, 

tfr* — xr — X » •• , 2d half-year, 

41^3 — xr^ — xr — X ...• ^ .,♦... 3d half-year, 

&c. till 



t 
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^r^® — 4rr*» — A:r^' .^..,.;. jcr — ^^aj *•••..• 50th half-year* 

thatis,tfr«** — a? X : 1 -4-r -I- r*4r r^ +r*»iscqual 

tothefum remaining after the. 50th half-year; but the f^m of 
the geometrical feries 

i -I- r H- r* ....•.* 4- r* * + r* » is — —- — , and 

becaufe the whole fum was to be received at the end of the 50th 
half-year, therefore, the above exprefBon muft be equal to no* 

thin?, that is. ar^^ — « X zr o, or a: X = 

ar^-; confequently x = ^^o _ ^ = r^-—i ' = 

J7I. i6s, 7d, nearly. 

OiAer Solutions were given by Mtjfrs. Cavill, Collins* Johnfon, 

Marratt, ani Merones Minor. 



III. QUESTION 33, hy Mr. I. H. Heardino, Addcrhury. 



f;t + -^+ "^ +-£.+^+Z.+&c.adinfin.= 
wen^ 1-3 2'3 25 3-5 37 

^T+ ;' +2/-l-T>' 4-5;'* + &c.adii;ifin.z: 



3<V 
to find X and ^. 



SoLUTio>i, ^j/ Mr. Wm. Marratt, Szi/Jy, n^ar Bojion. 



By Simpfon's Algebra, page 217, the fum of the infinite feries 
•^ H ^ &c. is =: to 2*. 

And, multiplying the fecond equation Jby 3 we get, 
i H-ay +^>* + *®J'' •*• ^^* =*-^ ; that is, by Simpfon's 

Algebra, page 2 1 9, r — ^--rr = ~ ^^ -, — ^ — rr = — • 
^ *^ • ^ (1— jk)' 10 3^1 — yy 10 

Hence 



% 



( 8» I 
Htneeiht equations given in the quefiion become^ 

10 3(1—;')^* 

Nbw^ by writing 1 — » ipftead of ;/ in thefe two equatiqn^ 
we hare 

]0 



5C: 



That is, 15 >C (1— 2J) 



272* 
Id 



272^ 



81 



Hence, 2 z: -, y = - , and x = lo* 

3 a 

Nearly in tie fame manner was the Anfwer given hy 
Mr* Hearding, the Propofer^ 



IV. QUESTION 34, iyAfr.W. Francis, r^/^a^. 

A circular piece of ground;, containing 220 acres^ is to he 
divided between three perfons, A, B, C, whole Ihares are %o 
be as 5, 6» 7, Query the fliares, by conftrufltion, fo that the 
boundaries may be equal ? 



First Solution, by iVfr. George Pickering* 

The diameter of the circle is readily found ;= I3f4i7 yards* 
Now let this be divided into three parts, AB, BC, CD, (fig. 55, 
pi. 3.) having th^ fame proportion a^ the numbers 5, §, and 7 ; 
and on AB, AC, CD, and BD, defcribe femicirclesj then the 
curvilinear fpaces aa^ Ih^ cCy aice the p9rts required, a^ is evident 
from Dr. Hutton's 8th Traft, where this curious divifion of 
circles into parts having equal peirimeten and given ratios was 
jBrft noticed. The content of each fhare is eaCly found, for 
5 -f 6 -f 7 z: 18, and as 18 is to 220, fo is each of the num- 
bers 5, 6, 7, to the refpe6live (hares, viz. 61-5*, 734-, and 8^^. 

And thus it was anfwered by Me/prs. Collins, Hdpper, 

Johnfon, a« J Myers* 

Second 
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Second Soliition^ by Mr. John Cavill, Brighton. 



Let PQR (fig. 56, pi. 3.) be the circular piece of ground, 
ihe centre of which is O ; divide tlie periphery into /18 equal 
parts, then take PQ z= 5, RP = 6, and QR = 7 of thofe 
parts ; take alfo QJizz'one of thofe parts, and with the centre d 
and radius dO defcribe the arc Ob z= arc dQ ; again, take Rr 
= one half of one of the equal parts, and with the centre r and 
radius rO defcribe the arc Oa =: arc Rr ; join ar and id cut- 
ting RO in n and ni refpeftively. Then will POidfm A's ihare, 
raObd = C*s (bare, and VOar =: B's fhare. For the circle is 
evidently divided in the proportion required by the radii OP, 
OQ, OR» and the fpaces mOh, nOa are refpeftively equal to the 
fpaces mQd and nrR ; and PQ -4- Qd 4- Ob =z dfr -+- oO -^ 
10 z=z Pr H- rtO -f- Rr == feven pjirts ; the radius being cpni- 
jnon to each boundary. 



Ve QUESTION 35, by MpRLiN, 

To cut 5 equal and fimilar parts from j equal fquares, £0 thut 
the 16 pieces when joined together (hall form a fquare. 



Solution, by Merlin, Jun, 

If I be the fide of each of the s equal fquares, then, into what* 
ever figures they m^y be cut, the fide of the greater fquare muft 
be \/g, , 

Let ABCD be one of the 5 fquares : bifeS AD iiv O; then 
if the fquare is cut through the line GC it will be divided into 
a right-angled triangle GDC, and a trapezoid AGCB ; and if 4 
other like fquares are cut in the fame manner, and the parts place4 
round the fquare ABCD, (as in fig. 57, pK 3.) the whole toge^ 
ther will form the fquare EROP. This is too evident from the 
diagram itfelf to need a formal demonftration. 

Suppofe AD = 1, then /i J = GC = RS = SO, an4 
SV/iJ = l/5 = RO- 

f^early in the Jame manner was the an/iver given by Mejfrs^ 
Boole, Cavill, Collins, JJ^^wes, Hopper, Myers, and 
Pickerings . 

VI. QUES- 
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VI. QUESTION 36, hyMr. I.T. M'Doneld. 



Given the fum of the bafe and one of the fides, and the 
cxcefs of the bafe above the other fide, to conftruft the 
plane triangle when its area is either a given fpace or a 
jnaximum. 



Solution, hy Mr. Jqhn Cavil l, Bdghton. 

Suppofe ACB (fig. 58, pi. 3.) to be the triangle required ; ' 
put AB + BC = j, AB ^BC = i, BC=;c,AC— AB 
;:;= J/, and the given area z:^ a^ ; then, by a well known theorem, 

#'=}v/{(i«— ««) {x^ — /)} or 16a* =: (j* — *«) (x^ 

— v'). Now AC = J -^ AB, and AB = ^ + at, therefore, 
AC = J — d-^ x^ and AC — AB = i — d — 2x z=y; this 
value of y being fubftitnted in the above equation, and then 
properly reduced, we obtain 

2*4 — 12 (s — 2d) J?' 4" 2 (4^ — isd — 2j') j:^> _ a* 
+ i' (4jr — 2flf) j: + (J — 2^/ J* S "~ ^^* 

» 

From which equation x may be readily determined when the 
given quantities are exprefTed in numbers. 

Again, when the area is a maximum, the fluxion of the above 
equation mud be made = o, and then we have 

x^—U — nd) ** + i (4^/« — /isd — 2 j') x= L j»(4j ^ 2d). 

Hence it appears that the problem is not capable of a geome-% 
trical conftru£lion even in the extreme cafe* 



\ai. QUESTION 37, by Mr. James Whalley, Bolton* 



Having a circle and a triangle ABC, both given in magnitude 
and pofition ; it is required to draw a tangent to the circle, cut- 
ting BC in P and AB in Q, so that drawing PR parallel to AB, 
the fum, difference, pr ratio qi the .two triangles PQB and 
PRC may be given. 

Solution, 
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Solution, iy Merones Minor; 



Supipofe the line PQK drawn as required, touching the given 
circle, whofe centre is O at K ; draw DOG parallel to BA, 
hieeting CB produced in G, and PK in D, and on GO demit 
the perpendicular BL; then by fimilar triangles, BP : PQ : : 
GB : BI, and OD : OK :: BI : BLj therefore, by com- 
pounding, BP-OD : PQ-OK : : GB : BL. Take m a fourth 
proportional to-BL, GB and OK, and then BP-OD = m'FQ. 

Again, by fimilar triangles^ BP : BQ : : GB : GI,orBQ-GB 
n=BPGI; therefore, BP-IO = BP' (GO — GI) = BP^GO 
— BQGB, or BP (lO + OD) = BPBQ z=t BP-GO - 
BQGB + m'?Q ; that is, PG-QB - BPGO r= wPQ, or 
(PG QB — BP-GO)' == 771' PQ\ Now. putting v = the 
verfed fine of the angle QBP, a =: BC, d = BG, c = GO, 
ar=:BP, and y = By, we have by trigonometry, PQ' z=: 
[x ^ y)^ 4- 2t;xy, and the above becomes 

{(b + ;c) y — cxY = w' ((x -^ y)* + 2Vxy) E. 

Again, becaufe the angle PBQ is given, the triangle QBP has 
a given ratio to the rcflangle BQ'BP; and the triangfe nRPC 
being given in fpecies it will have a given ratio to PC; therefore^ 
when the triangles QBP, RPC, have a given ratio, the reftangle 
QB'BP will have to PC a given ratio, which fuppofe to b^ 
that oi fi to q ; then PC zz a ^ x, and xy : (a —- xY :: p : qi 
now from this equation, and the preceding one, we may 
obtain the values ol x and y by an equation of the 6th power. 

Again, when the fum or difference of the triangles QBP, RPC 
is given, the fum or diflFerence of the rectangle QB, BP and a 
fpace to which PC has a given ratio is given. Suppofe this 
fpace to be ~ wPC^, and that the given fum or difference is zr 
.^^; then xy + « (« — *^)' ~ s^, and from this equation and the 
equation E, the values of x and y may be found by an equatioU 
of the fiime dimenfions as in the former cafe. 



Vlil. QUESTION 38. 6y Mr. William Smith, Liverpool. 



Let AB be the axis of a conic fe&ion, from B draw BD to 
nieet the curve in D, demit DC perpendicular to AB, and 
produce it from C till CP is in a given ratio to BD ; the 
^ocus of the point P will be a conic feSion. Required the 
demon ftration. 
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First Solution, by Mr. Smith, the Propofr. 



Fig. 60, PI. 3. Produce PC ta H fo that BCCH - CD*^ 
and draw AHE to meet BE (drawn to make half a right angle 
with AB) in E, then becaufe AC-CB has to CD* (BC'CH) tho 
fame ratio as the fquare of AB to the fquare of the other axe, 
the ratio of AC to CH will be given, and, therefore, AE will 
be given by pofition, and BE is given by pofition, therefore, if 
EF be drawn perpendicular to AB, BF will be of a given length* 
Now when AB is the greater axe, AC will be greater than CH^ 
and the point E muft be below AB. In this cafe BD* rz (BC* 
4- CD' = CQ* -h CQCH) zz CQ-QH, therefore, CP' : 
CQQH in a given ratio, but CQ is to CB, and QH to FC, 
always in a given ratio, therefore, CP* : BC'CF is a given ratio, 
and, therefore, the locus of the point Pis a hyperbola. 

Again, when AB is the lefs axe, then AC is lefs than C^, and 
the point e will be above AB, and by reafoning as above, we have 
CP' : /C'CB in a given ratio, and, therefore, in this cafe the 
locus of P is an elKpfe, when th^ given conic fection is an 
cllipTe, but a hyperbola as before when the given feflion is a 
hyperbola. 

Again, when the feflion is a parabola, HE (fig. 61, pi. 3) 1$ 
parallel to AB, and CH is equal to the parameter of the given 
parabola, and in this cafe BC'CF has to' CP' a given ratio, and 
the locus of P is a hyperbola. 



Second Solution, ly Mr. Thomas Bazley, Bolton. 



I. For the ellipfis (fig. 612, pi. 3.) Put the axis AB rz d, and 
its conjugate 2OE' z: J, BC zz jc, and the ratio of BD : CP : : 

d", a. Then, per conies, a^ i b^ \i ax -^ x^ \ CD* zr — iax 

a^ J 

— x"), conlequently, DB* = -~r x^ + x^ zz -- 

^ '^ a a a^ 

+• ^^~v— ^^ and, therefore, CP'zz^ X BD' == 

P ax -f- {a^ —l^)x^ «' - /r , J' a .v t_. ,_ 
^2 — — ^^ ^a^~T^ ^ ~ *^* 

(when XI is greater than b) is an equation to the hyperbola, 

whofe 
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whofe axes are— , r^ x a and , ., „ — — r^r- >c ^z. But 

or — b^ aY[a'^b^y . r 

if ^ is the greater, the equation becomes CP* — ^ — ^ L^ 

P — a^ f h^ a -. . , 1,. /- , ^ 

~ . a — (- .a 2 "^^ — "^ -) 9 3n equation to the ethpfis, whole 

axes are -ri 2 ^ ^ ^i"^ tt — TTii Tv- Moreover, if 

^* — or a y{b^ — a^) 

I zz a^ the ellipfis becomes a circle, and the equation for the 

h^ ax 
value of CP becomes CP* == —^ — ; an equation to the para- 

bola, whofe parameter is ^ X ^- 
II. For the hyperbola, (fig. 63, pi. 3.) ; the fame notation 

remaining, DC* zz -^ ax -+ -5- j:*, by the property of the 

a a , ^ f 



r2 ;,« ^a I zx 



curve; confequently CP* zi -^ x BD^ zr ja^-^H — 'ir~^ 
** = —-75 — (-^ T^ 4- x^\ which exprefles an hyperbola, 

whofe axes are^-^-^j, X ^, and j^^^—^^^ x a. 

III. For the parabola,' (fig. 64, pi. 3.). Put the parameter 
= ^, then CD^= ^^, and BP* - px -\- x^ \ therefore CP* =: 

-^{j^x + ^*), the ecfuation to an hyperbola whofe axes>arej(). 



4 •' *r 
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^ 



Thirp Solution, ^j/ Merones Minor, 

Firft, let the given conic fe£Uon be a parabola whofe parame. 
ter is BE, (fig. 64, pi. 3.) and take BF : BE in the given ratio 
of CP • BD ; then, by the property of the parabola, fiC'BE^ 
DC*; and, Iherefore; DB^ = BC-BE + BC* zz BC-Cfi; 
wherefore, BE' ; BF' : : BC-CE ; CP', and the locus of the 
pQint P is a hyperbola, whofe vertex is B, and axes BE and BF. 

When the given ratio is that of equality, the axes are equal, 
and in that cafe tie hyperbola is equilateral. ; 

(M2) Agam, 
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Again, let the given conic feftion be an cllipfc, as in (fig. 62, 
pi. 3.) or an hyperbola, as in (fig. 63, pi. 3.) and BI the 

BI 

rcfpcSive parameters ; then, AB 1 BI :: AC'BC : DC*, or-^^ 

T>T 

X AC^BC z^ DC, and, therefore, DB* = J^ • (AB + BC]' 

BC + BC* = 1^ ' AB-BC + ^-BC*; hence, taking BE 

a fourth proportional to AI, BI, and AB, we have AB : AI : : 
(BE+ BCJ- BC =: BC-EC : DB^ Now, take BE' : BH* 
: ! AB : AI, and BF : BH in the given ratio of CP : DB ; then, 
BE" : BH* : : BCEC : DB% and BF" : BH" : : CP" : DB" ; 
therefore, BE" : BF" : : BC'CE : CP", and confequently the 
locus of P is a hyperbola, whofe axes are BE and BF, and ver- 
tex B. This is general for the chyperbola, whether AB be the 
greater or lefs axe ; but in the ellipfe when AB is the lefs axe it 
will appear in a manner fimilar to the above, that the locus will 
be an ellipfe. 

' Anfwtrs were alfo received from Meffrs. Hopper tfwrf Johnfon, 



IX, QUESTION 39, ffy Afr. Thomas Barley, Bolton. 



From the given point P in the periphery of a given femi« 

<:ircle APR, it is recjuired to draw the right Hqe PB meeting the 

diameter AR in B, fo that BC being drawn perpendicular to AR 

meeting the periphery in C 5 . 3C* — 3P* ftall be of 9 givei^ 

. ^lagn}tude. 



JiRST Solution, by Mr, J. Johnson, Birmingham^ 



Construction. On AR (fig. 65, pi. 3.) demit the per, 
pendicular PD, divide OP at B, (O being the centre) fo that 
sOB'BD may be equal to the given difference of the fquares 
of BC and BP ; draw BP a^id it is the line required. 

Join OP, BC ; then, BC" = OC" — OB", ^nd BP" = OC" 
(OP") — OB* — 20B-BI (Eu. 12. II.) ; therefore, CB" — 
PB* i^ =: 20B-BD, the given difference. The difference is 
evidently a maximum when OI is bifefted at B, and a minimum 
wbe|i P coincides with Ot 

Second 
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Second Solution, by Mr,'&KZhiLy[,tke Propofir* 



Construction. F'g» 65, Pl» 3« Let M* ris the given 
magnitude. Then, from the centre O draw OS making the 
Z. AOS = I a right z., and on AR drop the perpendicular 
PD ; from D, with a radius equal to the fide of the fquare (OC* 

— PD' — M*), defer ibe a circle cutting OS in G and g^ draw 
OB, gby perpendicular to AG, and jojn PB, P^, and the thing 
IS done, either of the poifits B, ^, ailfwering the conditions of 
the queftion. 

Demonstration. Join OC and OP. Then, becaufc 
Z BOG = jL BGO, bo will be z= BG, and DB» + BO* 
= DG* - OC — PD* — M' per conftr.^ whence M* = OC^ 

— OB^^ — (PD* H- DB') = BC« — PB*. 

g- E. D. 
Cor. If BC be equal to BP, then DG will be equal to 
DO, and the points B, ^, will fall in O and D. Alfo, when M^ 
is a maximum, GD^ is evidently a minimum, and in that cafe 
DG is perpendicular to. OS, and the points B^ ^, coincide in 
the middle of DO, 

fifgenious Solutions to this queftion were alfo received from 
Mejfrs. Cavill, Hopper, fl;ifl( Merones Minor, 



Xf QUESTION 4Q, hy Geomstricus. 



tet two circles have the fame centre, and let A, B, be two 
given points in the circumference ot one of them. It is re^ 
quired to infleft AC, BC, to the circumference of the other 
circle, fo that the rqftangle AC y^ CB may be a given 
magnitude* 



First Solution, by Mr. Thomas Bazley. 

Geometrical Analysis. Suppofe the lines AC, CB, 
(fig. 66, pit 3,) drawn ?sre(juired, produce AC to meet the exterior 

circle 
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circle in D, and join BD. Through ih© centre O and the 
point C draw the diameter ECF. Then, fince the circles aie 
given and concentric, the reSangle EC'Cf is given and conflant. 
But EC-CF = AC.CD; therefore, AC-CD is given, and by 
bypothefis AC'CB is given; confequently theratioof AC-CD : 
AC-CB is given, that is, the ratio of CD : CB is given. But 
lince the points A, B are given, the angle ADB is given, and, 
iherefore, the triangle CBD is given in kind; hence the angie 
BCD as well as its fupplement ACB is given. Therefore, if 
we defcribe on AB the fegraent of a circle to contain the given 
angk ACB, it will meet the interior circle in the point ur points 
Required. 



Second Solution, by Mr. Johnson, Birmingham. 



Through the centre O (fig.67,pl. 3.) draw the diameter CEQH, 
sneetingthe fmaller circle inEand H ; alfo, let AC, BC, meet the 
fame circle in D and F, and join AF ; then becaufe the given cir. 
cles are concentric, CE and CH will be given in magnitude, and 
CB^CF zn the given reftangle CE'CH ; but by the queftion 
the reflangle CA'CB is given, therefore, the ratio of AC to CF 
is given, and the angle AFC (the fupplement of the given angle 
AFB) being given, the triangle ACF will be given in fpecies, 
and confequently the angle ACB will be given ; hence if 9 
fegment of a circle capable of containing this angle be defcribed 
on AB, its inlerfe&ion with the greater of the given circles will 
;determine the point C. 

The reftangle AC"CB will be a maximum, when AC =r CB, 
if ABE be the greater ftgment, and a minimum when Ac — <:B, 
but vice vtrfa when ABE is the lefs fegment. The folution 
will be exa6lly the fame when A, B, are in the circumference 
pf the greater circle. 



XL QUESTION 41, by Hypatia. 



Three points being given by pofition, it is required to conflru6l 
a triangle, the fides o4 which may be given in magnitude, an4 
pafs through the given points. 



Solution, 



4^ 
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Solution, iy Mr. Thomas Bazley, Bolton. 



Suppofe it done, ABC (fig, 68, pi. 3.) the required A, D,E, F 
the given points. Let the points D, E, Fbe joined : then fince the 
fides of the A ABC are given, the Z.s are alio given ; and becaufti 
DE, DF, and FE are given, the circles defcribed on thofe lines 
to contain the given Z.s, C, A, and B, are given in magilitude 
and pofition. Let DCE; DAF be two of thefe circles, and the 
queftion is then reduced to this : 

To draw through D, the point of interfection, the right linre 
ADC of a given length, terminated by their peripheries. For 
then the points A, C, being determined, we have only to draw 
AFB, CEB, through the points F and E, to meet in B, and the 
thing is done. Hence the following conflruftion : 

Let S, O, the centres of the circles DCE, DAF, be joined, 
and on OS defcribe a femicircle, in which apply SG zz -|AC, 
and through D draw CDA parallel to SG to cut the circles 
in C and A ; draw CEB, AFB, meeting in B, and ABC Is the 
A required. 

Demonstration. Through O draw OGK to meet AC 
in K, and SI parallel to OK meeting AC in I ; then becaufe L. 
G is right, and GS, KI, as alfo GK, SI, parallels, therefore, 
GI is a reSangle, and SI, GK, are perpendicular to AC ; con- 
fequently KD = |AD, and,DI = |DC, therefore, KD + DI 
=; (KI = GS) XDA + ^DC = xAC : that is, GS = -|AC, 
and the reft is plain from the analyfis. 

And thus the Queflion was anfwered by Mejfrs. Collins, Johh- 
fon, Lowry, Merones Minor, Myers, Pickering, a«flf Smith. 



XII. QUESTION 42, ^;/ Geom£tricus. ' 



A triangle being given by pofition, and two points being alfo 
given, it is required to draw lines through thefe points to ititer- 
feft each other in one of the fides of the triangle, and meet the 
other fides fo as to cut off fcgments adjacent to given points in 
them, fuch that the reftangle contained by thefe fegraents m^y 
be equal to. a given fpace. 



First 
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First SotctioM, hy Mr. Lowry, -ft. M. College, 



. Analysis. Let ABC (fig* 69, ,pl. 3O be tlie triangfe 
given by porition, E and F the given points, through which lines 
are to be drawn to meet in one of the fides* as AB| and H, L, the 
given points in the other fides AC, BC. Now, fuppofe th« 
;problem refolved, and that IFG, KEG, are drawn 10 interfe£l 
m AB, and meet AC, BC, in I and K, fo that the reftangle 
HILK may be equal to a given fpace. Draw FD parallel to 
AC, meeting AB in D, and join DE ; then DE will evidently 
be given by pofition. Through the points F, E, draw a line 
meeting AC in N, and B A produced in O, and draw IQ parallel 
to OE, meeting GE in Q. Let AQ joined meet GE in M, draw 
MP parallel to EG. and join NP. 

Then, by reafon of the parallels, AP : PG : : AM : MQ : : 
AN : NI ; therefore, PN is parallel to GFI, and, confequently, 
OP : PG : : ON : NF : : OM : ME : : OAi AD; therefore, 
AM is parallel to DE; but, DE is given by pofition, and A is a 
given point, therefore, AMQ is given by pofition, and M will 
be a given point, and NM, ME, given lines. Draw EV making 
the angle MEV r: to the given angle MAN, then EV will 
evidently be a given line; on OE produced take ET = EV, 
and draw TR, parallel to ED, and equal to HN ; then, becaufe^ 
ET is a given line, and E a given point, T will alfo be a gi^ven 
point, and, therefore, TR, which is parallel to DE will be given 
by pofition, and alfo in magnitude, being equal to the given 
line HN, therefore, R is a given point. Now, join RE, and let 
RT meet GEin S ; then, by fimilar triangles, AM : AN : : ME 
: EV = ET : : MQ : TS, and AM : AN :: MQ : NI,there. 
fore, TS m NI, and NH is = to TR, therefore, RS is = HI, 
and, confequently, the rectangle RS'LK is r==: to the given rec- 
tangle HI* LK ; the problem is, therefore, reduced to this ; viz* 
to draw a ftraiglit line through Eto interfeft BC and TR in K and 
S, fothat the reftangle of the fegments LK, RS, adjacent to the 
given points L, R, may be equal to a given fpace, which is the 
fame as the Sectio Spatii of the ancient geometricians. See Dr. 
Malley's Tranflation, and alfo the Solution to Q. 220, Old Series 
of the Repofitory* 

It is obvious that the above analyfis is applicable, when the 
points K, L, are in the fide AC inftead of BC, viz. when the 
problem requires IFG, ^EG, to be inflefled to AB, meeting AC 
in I and k^ fo that the rcftangle IH'i/ may be equal to a given 
fpace, H and / being given points in the line AC ; which is a 
cafe that frequently occurs in the folution of problems. 

Second 
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$£C0NO SoxUTiONi fy Mr. W. Sm^th, Liverfcptw 


* 

Analysis. Let Afi (fiy. 70, pi. 3.) rcprefeot the giycp: 
triangle, ^, t^ the given points in the fides, and P, Q the other 
given points ; and fuppoTe QR/, PRT to be drawn as required tp 
interfdEl A^in R, and meet ds in /, and A J in T, and make the 
re£langle wuT x <// = to a given fpace. Join Q^, and draw Ql 
parallel to ds meeting As in I, and IS parallel to Qd^ meeting 
Qt in S» then I will be a given point, and IS will be given by 
pofition. By the fimilar triangles Qdi^ QIS, we have dt x IS 
= the given redangle Qd X QI, but by the problem the rec- 
tangle at X wT is given ; therefore, the ratio of IS to tuT is 
iriven. We have, therefore, to infleft two lines QRS, PRT, 
rom the given points Q, P, to interfe£l Ag in R, and meet IS 
in S, and AS m T rdpeftively, lb that IS may have to wT 
a given ratio, which reduces the problem to the fame as 
queftion 17* 

Mr^ Johnfon alfo anfwered it. 



XIII. QUESTION 43, by SiDTLOTKKL. 

If a triangle given in fpecies have two of its angles upon 
ftriiight lines given by pofition and the fide adjacent to thefe an- 
gles pafltng through a given point ; required the Locus of the 
angle oppofite to that fide. 



First Solution, by Mr. W. SmitBi Liperpcot. 

Analysis. Let LX, LY (fi^. 71, pi, 3.) be the line» 
given in pofition, O the given point, and ABC the triangle 
given in Ipecies. Draw BD making the angle BDC = jL BLA» 
then.the ratio of AD to DC is given ; alfo ihe locus of the point 
D is a right line given in pofition, as LZ, for the points 
L| A, Di B are ip a circle, and, therefore, the angle &LD 
(= Z. BAD) is given. Draw AF, making the angle LAF 
sr jL BAD, and from C draw CF parallel to LD meeting 
AF in F, (hea the angle AFC will be given, and if OG be 
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drawn to meet AL in G making the angle OGA = /. AFC, 
then G will be a given point, and the triangles OAG, C AF will 
be fimilar; and, therefore, AG : OG : : AF : FC, or AG-FC 
= OG'AF. From G draw GiK, meeting LF in >i, and CF 
in K, then if AF meet LD in /, the ratio of AD : DC being 
given, that of AF :fF will be given, and the locus of F will be 
a right line given in pofition, as LF ; therefore, AG has- to iF a 
given ratio ; viz. that of GL to Li, and AF has to LF a given 
ratio alfo, viz. that of Gk to iL, and OG being a given line, 
the reftangle i¥'FC will be equal to the re£tangle under LF 
and a given line, equal, fuppofc to LF'LR, and, therefore, the 
-parallelogram iFCH rzz the parallelogram LFRr, or the paraU 
lelogram IrCH zrrthe parallelogram LKIR, that is, there£lang*Ie 
Ir*rC f= Lk'Al) is given; and, therefore, the locus of C 
i>'i!l be a hyperbola, whofc afymptotes are Ir and IH, 



Secohp Solution, iy Mr. Lowry, R.M.ColUge, 



Let ABC (fig»72, pi. 3.) be the triangle given in fpccies, 
having the angles A, B, on the ftraight lines £A,i£B given by 
poHtion, and the fide AB pafling through the given point P. 
Draw EH to make the angle BEH equal to the given angle 
BAC, then EH will be given by pofition. Conceive CH and 
BH to be drawn fo as to make the angle CHB equal to the given 
angle BEA, and join BK, K being the point where CH meets 
AE^ then, becaufe, the angles KHB, KEB are equal, the points 
E, H, K, B are in a circle ; therefore, the angles BKC, BEH» 
£AC aie equal, and, confequently, the points B, K, A, C are 
alfo in a circle; and, therefore, the angles EKB, (EHB), ACB 
are equal ; the triangle EBH is, therefore, fimilarto ACB, and 
if PF be drawn parallel to AE, and FG parallel to BH, the 
angle EFG will be equal to the angle ABC, and FG, EG will be 
given* in i^agnitude ; and^ moreover, if GL be drawn parallel to 
CH it will be given by poiition, becaufe the angle FGL is equal 
to the given angle BEA. 

Again, becaufe PF i^ parallel to AE, the angle PFB is equal 
to AEB (CHB), and the angle PFB is equal to CBA, there- 
fore, adding the common angle APH, the triangles BFP, BHC, 
appear to be equiangular, aiid, confequently, BF : BH : : PF : 
CH ; but the ratio of BF : BH is compounded of the ratios of 
HG : HE, and FG : EF ; wherefore, PF : CH : : HG-FG : 
ME-EF. Take IG : PF : : EF : FG, then IG : CH : : KG 
: HE ; and, by divifion, CD : IG : : HG (ID) ; EG (ID being 
drawn parallel to EH, meeting CH in D); therefore^ CD'DI 

1&. 
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» » 

is rr: GI-GE = to a given fpace, and the locus of the point *C'' \ 

is a hyperbola, whofe alymptotes are IL and ID. 

• . . . . ' 

Mr. Johnfon likmife anfweredihis Qu^iion. ■ 



XIV. QUESTION 44, by Mr. John Wright, l^orUy. 



To find three fquare numbers in harmonical proportion 
fuch, that, if from each of them its refpeftive root be takea, 
ibe remainders thence arifing (ball be rational fquare numbers. 



" 1 



Solution, ly the Propqfor. 

Let ;c*, y^, and z* be the three required numbei's. Then by 
the property of harmonical proportion, 

** — / : >* — 2« : : ** : z* ; hence, >■ = - ■ ^a , 

xz /a (r* — J* + crj) (j^ - r' + 2ri) / 

as will appear by fubftituting 

i-^ — . — -^ ~ for Af, and ^ ' "^ — — forv. 

Affume now 

/ _ fil±i!)jL', and putting ^i = r' — j*^ srx/ 
(2n — ot) /> 

is;;:: j« — r* + arj, andcs-s r^-j- j* ; the expreflions for\*, 
yt and z above, will be transformed into 

^' ^£ , and . ^-^ rcfpeaively. 

(2« — m)m (2« — m) cm (2« — mj am 

Now,pcr queft. ;c*— ;c,/— ;',and z^—z areall to be fquare numbers: 

but **—*=: — ^^ ^ .% i» already a fquare number, 
'■^7»*(2n — m) 

•^ * (2» — w) c m \. / V 

will be a fquare, wh«n ** »* — (»» — «) ^cw " fo J »<> t?*^ 
- ^ (N a) which. 
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which, 4^ume ^* n^ -•• (m -— m) • icm zsx{tn — pmf ; which 

will give m = zbn X . ~^2 ' ^'^^ ^*^"^ °^ ^ '^^'"g ^"^- 

ten inltead of it in the expxeflBon for z laft found, we Chall 
get 

/ z ""^ * — ; , and hence 

* "* * ~ i6a^p^ic — p)\b^pf ^ 

{(h-p^f — iapib^p)(c—p)j 

which moft be a fquare number, confequently 
ibc—p^^ — \ap (b — p) (d — J>) = *• c* — j^apbc ~ (zbe 
— 4ac — j^ab) p^ — ^ap^ + />* = a fquare r: (Ac 4- 2<2/> — p^j^ 
fuppofe ; whence is obtained . 

2bc> --ax ^^ ~ ^* ^ ^^^ ^^^ "^ ^^^ 

^ c^b — a 31' — r* 

where r and j may be expounded by any two numbers taken 
9t pleafnre. 

£x« Gn Take r = 2, and* = 3; then 

TO Z3S ' * -rt ' > alio ^ :z^ • 7 — 5- • 

78455 5041563384 

6i55i870»5 and z — ^lMi§Z£i5 
38553»3»76' S2075937864' 



XV. QUESTION 45» iry X. Y, 



It is required to inv^igate a rule for Bnding the area of any 
polygon whatever by meaos of its fides and angles. 



Solution, by Mr. LowRYt 



.TUe inv€fti^tion of a gjencrral rule for finding the area of any 
Y^ilineal polygon, by means of its fides atid angles, will be much 
if^iUlat«i by the foUo^rtng i^emmas s 
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-fft. Let n, ^, c be any ihnee arcs, then, • 

fin (^ + c) = fi"^ fin.+ fin ^fin(a + ^ + 

iin (a H- i). 
It is well known that the fin (^ + c) r= fin ^ cof c + cof ^ 
fin c ; and, therefore, fin (a + i + c) ^ Tin a cof (i + c) + 
cofa fin (^ -4-c) = (ifcofi coTr — fin ^ fine be put for 
cof (^ 4- c)) fin a cof ^ cof c — fin a fin i fin c + cof a fin 
(4 + c) ; and, multiplying by fin b and adding fin a fin r, we 
have fin a fin c -+- fin ^ fin (^ -f- i 4* = fin a cbf ^ cafe 
fin ^ 4- fin a fin c cof *^ + cof ^^ fin b fin (i + c) = fin ^ cof $ 
(fin i cof c + cof b fin c z: fin (b + c) -^ cof a fin i + fia 
{b+ r) rz fin a cof ^ -+• cof a fin i) (fin {b + c))zz fi#.(a4-i) 
fin (b -tc); therefore, it is niianifeft that 

- , . , fin a fin c -J- fin ^ fin (« -4- J 4. c) 
Cn(* + c)= fin u + h 

It might be fliewn in a fimilar manner that 

, fin fl fin r — fin ^ fin (a — b + c) 
fin(* — 0= fin (a - i) ' 

2d. Let a, b^ c, d be four arcs, then 

^ ,, , , fina fin (^4-^) + fini fin (fl+i + r-f.^/) 
C„(i + c + rf)= 6a(a+l) 

This is immediately deduceable from the 1 ft Lemma, by writ- 
ing (cH- d) infiead of c, and by that means may be extended ta 
any number of arcs. 

gd. If there are five arcs a, b^ c^ dy <, then 

««ax ^A\ ^^_finfl fin(£:4.^ + 4r) H-fint fin(tf+t4g-f ^40 
lin(H^4-rf+0-. finva+*; ^ 

And in general for any number of arcs a^ b, r, &c • • ^, 

r ,j . finafin(c4-flf4- . . - .w> +finifinffl4.i4.r. .«) 

fin (i+c+ . . . .«) = fiST^ +^jr ' 

To proceed with perfpicuity we fliall firft find the area of a tra- 
pezium or polygon of four fides. Let two of the fides, as AB, DC 
(fig. 73, pi. 3.) be produced till they meet at b ; then it is evi* 
dent that the trapezium ABCD is equal to the difference of tho, 
triangles A^D, BiC. Now twice the area of the triangle AiO 
is =: Ab^bD • fin * = (AB -+- Bi) (DC + C*) fin b, and 
twice the area of the triangle B^C z= Bi-Ci* fin i; and, there- 
fore, their difference or twice the area of the trapezium is == 
(AB-DC + AB-a H- DC-B*) fin i; but Ci- fin 3 is = BC 
finfi, and finBC'fin^ = BC 'finC^ andfin^ =: the fino 

of 
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©f the film of the exferior angles B -♦- C, therefore, twice the 
area of the trapezium is = 

ABBCfinB 
+ AB'DC fin (B + C) 
H-BC-DCfinC. 

Cor. Twice the area of the triangle ABC is zz 

AB-DC • fin (B + C) 
+ BCDC • fin C. 

Again, the area of the pentagon ABCDE (fig. 74, pi. 3.) is 
equal to the fum of the areas of the trapezium ABCD, and the 
triangle DAE. Let the fides AB, DC be produced till they 
meet at b^ then from the above we have twice the area of the 
trapezium ABCD == 

AB-BC*finB 
+ AB-DC- fin (B + C) 
+ BC'DC • fin C. 

And (wice the area of the triangle DAE is rr 

At-DE • fin (b + D) or fin. (B + C 4- D) 
+ D^-DE • fin D. That is = 
AB-DE' fin(B+C + D) 
4-DC-DE- finD 
.4- B^-DE • fin (B + C + D) 
+ Ct'DE • fin D. 

Ti * T17 SC • fin C , ^, BC • fin B . 

^^^ ^* = GKTB-rcy ^^ ^^ "= -m^BT^cy ^*^^"- 

fore, the laft two terms together become 

BC-DE (fin C • fin(B H- C4-D)H- fin B fin D) zz fin (B 4- C) 

(by the ift JLemyna) BC'DE • fin (C + ^)* Now the various 
terms being collefted, and arranged according to the order of 
t"he fides, we have twice the area of the pentagotl =: 

ABBC-finB 
+ AB-DC • fin (B 4- C) 
+ AB-DE • fm (B + C + D) 
+ BC-DC • fin C 
-h BC-DE- fin(C + D) 
4-DC-DE -finD, 

The fame refult will be obtained with equal facility by 
.finding the difference between the trapeziuum A^DE and ^he 
triangle B^C. 

CoK. Twice the area of the triangle DAE is ::: 

AB-DE'fin(B4"C + D) 

4- BC-DE- fin (C + D) 
+-DC-D.E-finD. 

la 
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In a fimilar mapner we obtain the area of a hexagon "by fihd^ 
ing the fum of the areas of the pentagon ABCDE (fig. ^s^ pl- 3') 
and the triangle AFE ; for by the laft rule twice thearea'of the 

pentagon is =: • , ' 

AB-BC • fin B 
4- AB-CD • fin (B + C) 
-^ AB-DE • fin (B -J-.C + D) 
+ BCCD • fin C 
+ BC-DE-fin(C + D) 
M-CD-DE- finD. 

, And twice the area of the triangle AEF = 

At-EF • fin (B -+- C + D + E> 
4- D^-EF • fin (D + E) 
-+-DE-EF«finE 
equal AB-EF • fin (B + C + D + E) 
-t-DC-EF- fin(D-f-E) 
■+- DE-EF • fin E 

+ Bi-EF • fin (B + C + D -t- E) 
+ C^-EF • fin (D + E). 

RC • fin C 

and writing for B^ and Zb their refpeftlvc values ^^ ^ ^ ^^ 

anj ***•", __ the fum of the laft two exprefSons becomes 

iio (B + t/) 

n^i7t. c r c (B4-C-4-D-f-E) + fin(D + E) finB _ 
BC-EF . fin C • fin fin (B + C) 

(by the 2d Lemma) to BC-EF* fin (C -h D + E), and coUea- 
ing and properly arranging the feveral tcrma we have twice the 
area of the hexagon in 

AB-BC • fin B 
-h AB-CD • fin (B 4- C) 
^- AB-DE- fin(B-f-C+-D) 
+-AB-EF • fin (B H- C + D 4- E) 
-+. BCCD • fin C 
+ BC-DE-fin(C-l-D) 
•4- BC-EF • fin (C + D 4- E) 
4-CD'DE-finD 
4- CD-EF • fin (D + E) 
4- DE-EF • fin E. 
The fame refult may alfo be obtained by taking the difference 
of the areas of the pentagon AiDEF, and the triangle 3^C ;. 
and we have alfo this 

CoR. Twice the area of the triangle AEF is = 
AB-EF- fin(B4-C4-D 4- E) 
+ BC-EF- fin (C 4- D 4- E) 

4- CDEF-fin(D4- E) 
4- DE-EF • fin E. 

In 
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. hi^iikc manner sii^ the area of a heptagon be founil, by 

finding the fum of the areas of the hexagon and the axijaoenil 
triangle* and from thence the area of an ofiagon, and fo on for 
any other polygon. 

The faw of continuation is, however, fufficiently obvious 
from what has been done afoove» to enable us ,to extend the rule 
to any polygon whatever, without further inveftigation, and ft I ^o 
may be expreffcd as follows : 

Twice the area of any polygon is dquail to the fum^ of 
the rcQangles of its fides, except one, taken two and two, by the 
lines of the fums of the exterior angles contained by tfaefe 
fides. 

In the application of the rule tp any pradical purpofe, it 
will be moft convenient to divide the polygon into two 
parts by a diagonal, and compute the area of each part 
feperately. 

Thus if the trapezium be divided into two triangles by the 
diagonal AC, twice* the area will be equal to 

AB-BC • fm B 
" + CD-AD - fin D. 

And if the pentagon be divided into the trapezium ABCD, 
^d the triangle ADE, we have twice the area =: 

AB-BC • fin B 
+ AB-DC • fin (B -t- C) 
+ BC-DC • fin C 
4- DE-AE • fin E. 

In like manner the hexagon maybe divided into two trapeziums^ 
and then twice the area will be r: 

AB-BC • fin B 
4- AB-DC • fin (B 4- C) 
+ BC-DC • fin C ^ 

H-DE-EF-finE 

+ DE-AF • fin (E + F) I 7^ 

-f- EF-AF • fin F. • ' 



XVL QUESTION 46, ^^^Nauticusc 



Suppofe a great circle to pafs through a given point of tTic 
equator and make with it a given angle, it is required to find its 
projeftion on Mercator's Chart. 

SOLUXIOK, 
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Solution, ^;> Mr. Wall ace, R. M. ColUg€. 

Let the curve, whofe nature is fought, be referred to the ftraigfat 
line reprefenting the equator, as an axis; and let the origin of 
the abfciiTes be at the given point in which the great circle meets 
the equator* 

Let X denote the given angle; let (p denote an arch of the' 
equator between the given point and a meridian pafling through 
any variable point in the great circle, and >]/ the latitude of that 
point : put x and^ for the ilraight lines in the chart which repre* 
fent the arches (f and %}/, or for the co-ordinates of a point in the 
curve whofe latitude is 4/ and longitude 9, Then, from the na- 
ture of the projection. 

And from fpherical trigonometry, 

tan. 4" = tan. a. fin. f ; 

and from thefe equations we are to deduce the relation between 
X and y. 

Taking the fluxion of this laft equation, and putting tan. a = 
n, we have 

^ ri . = tf 9 cof. ^, and, therefore, yz=zaO cof, $ cof. xp, 
Cot. v 

But from the equation, tan. >{/ = a fin. f , we find 
Cof. %!/= ? 

Therefore, y = . J^^^^ 'J^ . , 
^ yd ^ a^ fin.* ^y 

and taking the fluents fo that ^ = o, when x or f =: o, 

;^c=hyp. log. |tf fin. 9+ /(t + a* fin.*^))L 

Hence the nature of the curve may be expreffed thus : 
Let f be any arch of a circle to radius 1 • 
Take x = ^, 

y 5= hyp. log. |a fin. ^ + /(i + a* fim« (p)T . 
Then X and^ are co-ordinates to a point in the curve* 

Vol. I. Part I. ( O ) XVIL QUES- 
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XVII, QUESTION 47, ^j/ Geometricus, 



Let A, B be two given poipts in AB a ftraight line given 
by pofition, and let C, D be two given pointvS without thai line ; 
let CV, DV be drawn, meeting AB in F and Q, fo that the 
reftangle AF X BG is given; It is required to determine thq 
Locus pf the point V. 



Solution, ^j/ Mr. Lowry, 



Analysis. Join AC, BD, (fig. 78, pi. 4.)anddrawDEpa^ 
rallel to AC meeting CI drawn parallel to AB in I. Let the rec^ 
tangle AC*CR be taken equal to the given rectangle AF'BG, draw 
SRQ parallel to AC, and take RQ = EB ; draw CQ to meet JlI 
produced in K, and DP parallel to AB meeting AC in P ; alfo drav^r 
VLparalleltoACmeetingPDinHjCIin 0,and CKinL ; then 
tbef triangles ACF, CRS, being fimilar, AC-CR = AF-RS, 
and by the hypothefis AC-CR = AF.BG, therefore RS is = 
BG, and RQ is =z BE, therefore, SO is = EG. Again, by 
fimilar triangles, DE : EQ = SQ :: VH : HD, and SQ : CR 
:: VL : CO = PH; therefore, DE : CR :: VH-VL : DH-HP, 
Now in the trapezium CPDK, VL is drawn parallel to the fides 
CP, DK, and PD parallel to another of the fides AE, and the 
reftangles of the fegments VH'VL, DH • HP are in a given 
ratio, namely, that of DE to CR ; therefore, the locus of the point 
V is a conic feftion, (fee Hamilton's Conies, p. 56, B. i.) and 
IS the celebrated Locus Solidus of the Ancient Geometricians, 
Newton ip his Principla has given a folution to the general cafe 
of this Problem, and enumerated feveral of the particular ones, 
and the Problem has been ftill more di{iin6lly (jionfidered by Dr« 
l^emberton, in an ingenious paper printed in the Philofophical 
Tranfactions for tbe year 17^3. In what follows we (ball endea, 
vour tp determine the fpecies of the Locus in as brief and gene- 
ral a .manner as poffible, without entering into a particular detail 
of ^he vsirioi^s c<>f(?s for each feSion ; and in order to do this, let 
DP'jKC, be produced till they meet at X , and XM be drawn to bifeft 
CP^ DK 2X Z and Nt and meet the fe6lion in T and M ; then it 
^s evident that TM will be a diameter of the fection, and V Y 
^ pr^katf t9 that diametef , \{q^ \^^ MW be dra^yn parallel 

' : ' • ^ tQ 
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to VY, meeting XD produced in W; then MWwiH be a tangent 
to the curve at M, and by the general property of the fections, the 
reftarigles VH*VL, DH'HP, are as the fquarcs of the femiaxes 
parallel to VL and PD.and (Hamilton, p. 31, B. i.) MW* is to 
DW-WP in the fame ratio; therefore, MW* : DW-WP (VH* 
VL : DH-HP) :: DE : CR :: DECK : CR\ Again, by fimi. 
lar triangles, WX : 2MW :: CI : IK; therefore, WX' : MW* 
::4*CJ^ : IK» :: 4-CR*: RQ* = BE% and (ex aequo J WX* : 

DW-WP :: DECR : ^^. 

4 • 

Now it IS evident from the figure of the feSions, that in the 
ellipfe WX* is greater than DW'WP, in the parabola equal, 
and in the hyperbola lefs; therefore the locus will be an ellipfe 
parabola, or hyperbola, according as DE*CR is greater, equal to, 
or lefs than the fquare of half BE. 

When the points BE coincide, the lines CI and CK will coin- 
cide, and the trapezium will become a parallelogram, and in this 
cafe the locus will be an ellipfe, except when AC, DB, arc 
perpendicular to AB, and the given reftangle == AC'DB, and 
then it becomes a circle whofe diameter is CD, and from thence 
we derive the following properties of the circle. 

1st. If from the extremities CD of the diameter of a circle, (fig, 
79, pi. 4.) any two lines CV, DV, be inflefted to the circum^ 
ference, meeting the fide AB of a reftangle defcribed on CD in 
F and G: then the reftangle AF'BG will be equal to the fquare 
of AC or BD. 

adly. If from CD, the ends of the diameter, (fig. 80, pi. 4.) 
any two lines CV, DV, be inflected to the circumference, meet- 
ing any ftraight line in F and G, and the perpendiculars AC, DB 
be drawn to AB, then AF'BG will be == CA-DB. 

There is alfo another cafe in which the locus is a circle, name- 
ly, when the diameter VM is perpendicular to the parallels AC, 
DK, and the given reftangle =: to AC'DE. In this cafe (fig, 
81, pi. 4.) PD is = CK, and if VY be produced to mtet the 
circle again in a, V Y will be = dY, VH = oL^ and VL ==: 
flH ; therefore, PH-HD = VH-H^ = VHvVL, as it ought to 
be. From the above we deduce the following curious theorem, 
viz. 

If two equal chords PD, CK, be infcribed in a circle, and the 
lines CP, KD joining their extremities, be produc?ed to meet any 
ftraight line AB drawn parallel to PD in A and E, and DB be 
drawn, making the angle EDB equal to the angle made by the 
chords produced till they meet ; then if any two lines C V, DV, 
be inflefted to the circumference meeting AE in F and G, the 
reaangle AF-BG will be equal to CA'DE. 

There is alfo a cafe in which the locus becomes a ftraight line, 
viz. when the line joining the points CD, (fig. 82, pi. 4.) inter- 

(O 2) fefts 
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feds AB ftt £9 making the reSangle AE'BE equal to tbe gtyen 
one. In this cafe draw ICK parallel to AB, and let the line 
joining BD meet CKI in K ; take AH = BE, and draw KH V, 
which will be the locus fought. For join AC, and produce VD 
to meet KC at I; then bv reafon of the parallels AH =: BE : 
BG :: KC : KI :: HF : HG; therefore, by permutation and 
compofition, AF : AH = BE :: HB = AE : BG; andtherefore 
AF-BGis = AE-EB. 

Me/frs. Hopper and Smith alfo anfwtrei this Quejiion. 



XVIII. QUESTION 48, by Mr. W. Smith, UverpooL 

Given the perimeter, the area, and the difference of the 
angles at the bafe of a plane triangle to conftruct it by the conic 
{e6lions4 

First Solution, by the Proposer. 

Construction. Fig; y6^ pi. 3. Form a reftangle HM 
MT fuch that its longeft fide HN may be equal to half the given 
perimeter, and its area equal to twice that of the given triangle ; 
throu^ the middle points of HT, NM draw CF, and through 
the point T with thfe afymptotes CF, CM defcribe the 
equilateral hyperbola TS. Divide TH in V fo that TV may be to 
VH in the ratio of the line bifefting the vertical angle to 
the perpendicular, which ratio is given, becaufethe difference of 
the angles at the bafe is given; now with the focus T, vertex 
V, and directrix HN, defcribe the hyperbola VS interfefting the 
former one in S, draw SQ parallel to CF meeting TF produced 
in Q, and join QC meetingTM in O, and on OQ defcribe a circle 
cutting FC in A, and CB drawn to make the angle QCBz=ACQ 
in B ; then rf AB be drawn, ACB will be the triangle required. 
Dem6nstration. By conftruftion, the points A,0,B,Qare 
in a circle whofe diameter is OQ; and the angle ACB is bifefled 
by CQ, therefore, by a well known property of plane triangles, O 
is the centre of the infcribed circle, and Q the centre of a circle 
touching the bafe and the continuation of the two fides of the tri- 
angle ACB, and, therefore, the perimeter is equal to twice CF* 
Let SO produced meet CF in G, then SG is equal and parallel 
t^ FQ, and OG equal to the radius of the infcribed circle ; and 
b^ufethe angles OSQ, OTQ are right ones, the points T, S 
are in the circumference of the circle defcribed on OQ, and if 
TS be drawn^ it will be a diameter, and therefore equaTto QO. 

Now 
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Now by the property of the hyperbola atid the conftruClion OQ 
or TS : HQ : ; TV : VH. Draw CD and QW perpendicular 
to AB, the latter meeting the circle in X, and join OX ; let I be 
the point where AB meets CQ. Then it is well known that 
OX is = to QH ; and, therefore, OQ : QX :: IC : CD :: TV: 
VH, that is, IC, the line bifefting the vertical angle, has to 
CD, the perpendicular, the given ratio ; alfo the area of the tri- 
angle ACB is equal to the redangle FC X OG, or FC x CM, 
that is, equal to the given fpace. Q. E, J). 



Second Solution, i^ Mr. LowRVr 

Analysis. Let ABC (fig« 77, pK 3.) be the triangle re- 
quired, DC the line bifectingthe vertical angle, and O the centre 
of the infcribed circle; draw the radii OE, OF perpendicular to 
AB, BC, and on CB produced take CG == to half the given pe- 
rimeter, and draw CK perpendicular to AB ; then it is well 
known that FG = AB. and AB-CK = 2OF (or aOE)- CG,. 
therefore OF =z= OE is given in magnitude; moreover the angle 
DOErz: DCK = half the difference of the angles at the bafe is. 
given, and, therefore, OD is given in magnitude ; and the ratio of 
DC to CK being the fame as the ratio of DO to OE^ it will be 
given ; and, therefore, AB- DC will be=:to 2ODCG = to a 
given fpace z= to MC*CG (if CM be drawn perpendicular to. 
CG and = to fiOD), Now let FO be produced till FH = DC, 
and then BF-FH = AB-DC =z= CG-MC, therefore the locus of 
the point H is a hyberbola pafling through M, and having CG 
and a line GZ drawn perpendicular to CG for its afymptotes. 
Again, bire£l CM at L, and draw LI parallel to CB, meeting FH 
at I, and HN parallel toIL, meeting CM produced in N, and take 
LS =OF, then NH = CF and LN — IH = OC, and, there- 
fore, LN* - LS^^zHN'^ or aLN-LS =HN^ and consequently 
the locus of H is another equilateral hyperbola, whofe vertex is 
S and centre L^ and thefe two loci being ^efcribed,. their inter« 
fe£lion will determine the point H, and then the fides of the tri« 
angle become known. 

Meffrs, Hopper and Johnson, atfo sent Solutions to this Queflion. 



XIX. QUESTION 49, by An alyticus. 
Required the area of a curve whofe equation is 






Solution, 
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Solution, by the Propofer. 
From the given equation we have 



and, therefore, iy or the fluxion of the area is 

mZT^TZ ^ :; ' Now to transform this 

fluxion to one more convenient for integration, let us aflume 
2 = -; + ^, then 2* = i +2+x*anda-2+2*=:~H-a+a*. 

Alio zzzzx — -5- = ' J— 1- and • = ^ — - — jr- ; 

therefore, by fubftitution, ;y/ = + -—,7 — jr. it being 

pofitive or negative according as x is greater or lefs than 1 . 

The fluent of this expreffion may be found, as in Examp. 3, 
Art. 303, Simpfon^s Fluxions, and when a is greater than 2. it 
is rr: \ 

i_ y h 1 \/(^-3 + z")-i/(a-2) 1 , - 

t/(;^+^ + *') — /C^ — 2) 

— ~^ — .• But when a is lefs than 2, the 

X 

expreffion ^^^^_ > will be impoffible; and in this cafe the 
fluent will be expounded by 

r7Tr^\ ^ circ.arc,whofefecant = --r-^ — , ( rz J^JULJ) 
to rad. unity. 

XX. QUESTION 50, by Amicus- 

If a reprefent any arch of a circle, that arch is equal to the 
mflnite product 

sin. a X sec. ia x sec. i a x sec. i a x sec. iV a X &c. 
As this very curious expreffion for a circular arch does not 
fcem generally known, it is required to find its demonftration. 

SoLUTIOK, 
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Solution, hy Mr. John Dawes, Birmingham. 



It IS well known that fin. 2a = 2 fin. a cos, a, and if for* 

we write the fucceflSve valuet -y^, ^a, -J-^, . . . . — ^z, we obtain 

2» 

1st Sin. a =: 2 Sin. -y a Cos. -f. a 

jzd Sill, -g-^ = 2 Sin. J zi Cos. ^ d( 

3d Sin. ^a = 2 Sin. -y a Cos. ^ a 

4th Sin. -g^ = 2 Sin. yV^ Cos. -^a 

And Sin. -^ a = Sin. — a Cos. ^a» 

2» ■ 2» 2» 

Now if the fine \a as found in the fecond equation, be fub« 

ftituted for fin. \a in the firft equation, we have fin. a = 4 fin. 

^ cos. ta COS. -^a, and fubftituting for fin. ^a, its value found 

in the third equation, we have fin. « = 8 fin. ^a cos, \a cos. ^(2 

fcos. -g-a, and by continuing this fubftitution we at lait obtain 

(in. az=z^^ fin. — a cos. 4-^ cos. 7^ cos. -Jra . • • • cos. — a* 

2« "^ 2« 

Now when n is indefinitely great, the arc — a will he indefi« 

nitely fmall, and therefore may be confidered as equal to its fine^ 
and the cos. — « will be equal to the radius (1) ; therefore, the 

^bove expreffion becomes 

fin. a-zzza cos. \a cos. \a cos. \a cos. ^ta 8cc. 

fin a 



or a 



cos. ia COS. -^a cos. ^a cos. it ^c- 



Sin. a X r- X r* X r* X r- • but in any arch 

cos. -ytf cos. ia cos. ytf cos.-jV^ 

the fecant is = — ^= therefore by subftitution. 

COS. cos. ' 

fl=:'fin. a x fee -J- a x fee. ^ a X fee. -J- a X fee. iV^/^c. 

The inveftigation of this expreffion for a circular arc is given 
l>y Lacroix, in the Introduction to his Traite du Calcul. differentiel 
^t integral) page 79 ; but the uivention belongs to Euler. 

XXI. QUES.* 
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XXI. QUESTION 51, ty CuRiosus. 



In a work entitled ** Hemifpharrium DiJfeBum:^' Authorc 
Ricardo Albio^ 4 to. Rome, 1648, it is faid that the convex fur- 
face of a fcalene cone is equal to a circle whofe radius is 
a mean proportionalbetween-yv/(A* + r')-f ^S + ^ j and r, where 
h is the cone's perpendicular height, r the radius of the bafe, S 
and s the greater and lefs flant heights. How is this rule 
derived ? 



Solution, ^^^JJfr, Lowry. 

i 

» 

Let AIEZ (fig. 83, pi. 4.) reprefentthe circular bafe of the 
cone.C its vertex, and AC, CE the greater and lefs flant fides re- 
fjpeftively ; draw the diameter AOEG and demit the perpendi- 
cular CG, which will evidently reprefent the perpendicular al- 
titude of the cone. Let It be two points inthe circumference of 
the bafe, indefinitely near to each other, join Cl^Ct, and draw the 
tangent IS meeting AG (produced if neceffary) in S,and letCK 
be drawn at right angles to IS. 

Then becaufe the arc It is indefinitely fmall, the triangle IC£ 
will be equal to the arc li, multiplied by half the perpendicular 
CK, or taking (on the diameter produced) AH, Ah equal to the 
arcs EI, Et refpettively, and the perpendicular HK = half CK, 
the triangle ICi, will be equal to the re£langle AHK ; and as the 
furface ot the cone is made up of an indefinite number of thefe 
little triangles ICt, or their equals the reflangles AHK, it follows 
that if AF be taken equal to the semi* circumference AIE, and 
ordinates be taken at every point H correfponding to every point 
I round the circumference, equal tohalf the perpendicular CI( 
drawn to the tangent at that point, the area of the curve AIE will 
be equal to half the furface of the cone. To determine the exaft 
area of this curve, is however no eafy talk, nor would ii be of any 
ufe in the invdftigation of the rule mentioned in the queftion, 
which is only an approximation, and feems to ha^e been derived 
from fome inch method as follows : 

When the points AI coincide, it is evident that CA and CK 
will alfo coincide, and therefore FT the ordinate correfponding 
to the point F (or A) will be equal to half CA = | S, and in the 
fame way it appears that AL the ordinate correfponding to the point 
A (or E) is equal to half CE =r $ J. Let AF be bifeaed at H' 
^d*dr^w the prdinate H' K', then H' is tb& point correfponding 

iQ 



( >^3 > 

%o I the middle of the arc AIE, and in this cafe :thc tangent IS 
will be parallel to the diameter AE, and the line joining GK will 
-be equal and parallel to 10 the radius of the c^e's bale; there- 
fore C Kwillbe= v/{GC*— GK«)and H'K'=fci/(CG*— GK^) 
— -^ y/h^ -f. r*. Now it is very evident that the area of the curve 
will be nearly equal to the fumofthe two trapezoids TFH'K' and 
H'K'EL, the fmall defefl: in the one being nearly compenfated by 
the excefs in the other, therefore the area may be confidered as 

equal to i^^B!^^^) ^^^^^ ^^,-^ ^ ^_^_.^ 

FA 
}< , and therefore the whQle i:onyex furface of the cone will 

2 

r X 3*14159 &c, (FA being equal to r ^ 3*M*59) which is 
evidently equal to a circle whofe radius is a mean proportional 

S s 

between \'^[h^ H-r*) H 1-- and r. 

4 4 

This Rule will be fufficiently exaft for praQical purpofes, ef- 

pecially when the flant fides are nearly equal ; and in cafes where 

greater accuracy is neceffary, the area may be approximated to any 

degree of exaftnefs, and with the greateft facility, by the method 

<yf equidiftant ordinates, 



XXIL QUESTION 52, 3yALiQU IS. 

Having given the bafe of a triangular pyramid, and the three 
plane angles at the vertex ; to find the other dimenfions ? 



Solution, ly Mr. Lowry. 

To render the Solution of this Problem as fimple as poffible, 
let us co/iceive ihe furface of the pyramid to be expanded on a 
plane as reprefented in fig. 84, pU 4 ; then we (hall have given 
the angles BAG, CAD, DAE, and the oppofite fides BC, CD, 
DE, to find the other tides AB, AC, AD and AE, whereof AB, 
and AE are equal. Nowaffume AF=: AI of any given length, 
;ind draw FG, GH, HI parallel to JBG. .CD and DE refpea. 
ively, and drop the perpendiculars FL, IK; then the figure 
FCHIA will be fimilar to BCDEA, and therefore the lines 
fG^ GH, HI will have the feme ratjio as the given lines BC,^ 
' Vol. I. Part I. (P) ^ CD, 



t i»* > 



^dD* DE; ftnd (M^aafe AF ssc AI is giveti» the lines FL, AL^ 
IK and AK will alio be given. Now put FL = a> AL = k, 
iKsse, A&ssi/, eoL^^EDCssz;, LG=:t, KH=zy 
and let m, n« r raprefent the ratios of the fquares of FG, GH 
•nd HI refpeftively ; then FG* =: a* -fr^ «» and IH* =; c^ + / 
therefore, 4' f^ a?* : <^4->* :: m:r 



J ^..«_i^''*^4 ^« 



r^ r 

Again, by trigonometry, GH* = GA^ + HA* — av.GA, 
AH, and if for AO, and AH, there be written t + a?, and d -{- y^ 
and a/» be put for i* 4- </"— 2?7i</, we have GH* = x« -f- y' + 
^(i — t;^ _ xijy) a? -J- 2(1/ — v^) V H- w* and, therefore, «^ + j^* 
:i- 2(3 — t/rf — t;^) a? -{- 2(i — t/i^) jf -4- it;' : c* -+- y* :: n : r, 

Md this by reducing becomes 2(B — vd — vy) xzzz c* ^ , 

y*— jf — 2(i — vb) y — M/*, and fujbftituting for x its value as 
found above, we have, 

which being e>cpanded and properly reduced, we may obtain the 
value of ^ by a biquadrate, when the given quantities are exprefied 
in numbers, and from thence the other parts will readily become 
known. 

It is clear from the above, that the problem cannot in general 
be conftruQed by plane Geometry, but it may be eafily done by 
the conic fedions ; the locus exprelTed by each of the above equa- 
tions being an hyperbola. 

Or if it (hould be more deGreable to have the refulting equa^ 
tion expreifed in terms, of the quantities given in the queftion^ 
.without firft finding the dimenfions of a iimilar pyramid^ we may 
proceed as follows : Put Jc, y, and 2, for the thrjec flant fides, 
;», n and s for the cofines of the given angles, and a, ^, c^ for 
the fides of the bafe oppofite to thofe angles; then by trigono* 
nietry we have the following equ^tipns^ 

** + >* *— " a*y» 3=^ 
jf' + r* — 2yzn = i* 

*• + Z^ 2XZS z=z c*. 

Now let tt^ aj^u^ y =: fff:ic and f c= vXp then pur eqtuitipna 
jbeeome 

«* (1 .+ a^ — 2V)m) r=: a* 

4r*(s •+•»» — ws) =c% 

And from henc;e 1^ bfve ^re^ valu.es of x^ which being ^ua* 
;tjQd we obtain 

«• {tt^-^t^ — 2wvn) = i* ( 1 -4- a;* — 2zam) 



( lis f 

a'»* — 2W*r;— r*(i -f-c;*— 2a;i«)— tf*z=:a. 

Now to exterminate one of the unknown quantities, as v, pu6 
P = 2a;«fl% Q = 3* (1 + ty* — 2a;i«) — rf* a;*, R = fiia* 
and S =c* (i + 10* — ^tvm), — «•; then, we havei ' 

^a t;» _ Pt, _ Q —: O 

fl* t^' — Rz; — S =0. 
Subtra£l the fecond equatioii from the firft, and there refiitts 

(R- P|r/ + S-Q=£:o;'or, t,=:^^|. 

Again fubtrafl: the fecond equation multiplied by Q, froin (he 
firft equation multiplied by S^ and divide the remainder by v^ 
and we have 

B«(Q-S)tr-PS+QR=6; or. t» = ^^l^. 

and equating thefe values of z;, we have \ 

«• (Q — ^)* = (PS — QR) • (R — P) ; whicL by fubftituting 
for P, Q, R and S, their reipeflive values become 

Where the value of w may be found by an efjuation of the 4tb 
power, and from thence n and x (and of courf^ jf and z). become 
luiown. 



XXIIL QUESTION 53. by Mr. Wm. Wallace, rfihe 

Royal Military College^ 

Let AB, AC be two ftraight lines given by pofition, and let 
D£ be a line of a given length terminated by them at D and £4 
letDV, EVybe perpendiculars to the lines AB, AC^ meeting in 
V. It is required to determine the Lotus of the poim V. - 



First SoLUtioN, by Mifs Ma^ia l^o&t&iit London. 

SuppoTe that AB, AC, (fig* 8j, pi. 4.) ire the two lines placed 
in their given pofiiiont D£ the given lane dnnrn at per quefiion^ 
and DV, EV the two pelrpendiculai). Theii, fince the iLS ADV^ 
A£V are right z.t, the z. A -f> i: DV£ muft be equal to two 
right angles ; but the iL A is given, tberefcwe, tbe /^ DYE u ^ 
alfo given, it being equal to the fupptaaintif tfaf 4i A^ 

(P/) Tak€ 



( ii6 ) 

Take PQ =:the given line DE and (Euc. 33. b. 111.) dcfcribe a 
fcg:ment of a circle VmQ to contain an angle equarlto the given 
angle DVE; draw Pm to make the angle QPm = DEV ; and 
join Qm, Let be the centre of the circle, draw the diameter 
in on and join Pn, Qn ; and draw AV : then, becaufe the angle 
i3EV z= m PQ, and /^ EVD =z= PmQ, therefore, the triangles 
VmQ, and EVD are equiangular ; therefore, becaufe PQ= DE 
the two triangles are equal in every refpect, and Pm = EV and 
mQ = VD. And becaufe the two right angles mPn and VEA 
are equal and the two parts »^PQ and VED likewife equal, the re- 
mainders AED and nPQare equal : Hence it is manifeft that the 
two triangles AED and nPQ are equiangular^ therefore, they are 
equal in all refpefts, becaufe ED = PQ. And becaufe EV zz 
Pm and EA =: Pn and the angles at E and P are right angles, 
therefore, AV is equal to m », that is to the diameter of a given 
circle : therefore, the locus of the point V is a given circle of 
which A is the centre. 



Second Solution, By Mr. Thos. Myers, Hammerfmith. 

F'g" 85, pi. 4. The angles at D and E being right angles, 
the points A, D, V, E, are in the circumference of a circle 
whofe diameter is AV, and if the diameter DF be drawn meeting 
the circle again in F, and EF be joined, the angle DFE is equal 
to the given angle DAC, and DEF is a right angle, and DE is 
given in magnitude ; therefore, DF and its equal AV will be 
given, and, confequently, the locus of the point V will be a circle 
whofe centre is A and radius AV. 



Third Solution, by Porus. 

Draw EG (fig. 86, pi. 4,) perpendicular to DE and VG per* 
pendicularto VD meeting EG in G; join DG, AV, and taking 
AC = AV let fall CB perpendicular to AB. Then will V, G, 
E, D, be points in a circle whofe diameter is DG, and A, D, V, E 
points in a circle whofe diameter is AV. Confequently, the 
angles VEG, VDG, and AVD, AED are equal, but VEG is 
equal to AED, becaufe GED, VEA are equal by conftruftion ; 
therefore, in thfe triangles DVG, DAV, the angles VDG, AVD 
and GVD, ADV are equal, and the fide DV is common to both j 
hence DG is equal to AV. Now the angle EVD or its equal 
BAC is equal to EGD, the angle ABC equal to DEG, and AC 
equal to A V or DG by the conftruftion; confequently, BC is 
equal to D£, but D£ and the angles BAC, ABC are conftant 

by 
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fcr tfiehypofhefeanit!Dfiftruaion, wherefore, AC or its eqtial 
AV is conftant, and the locus of V is a circle. 
. CaR. It is evident that if DV, VE had been drawn fo as to 
make the angles ADV, CEV equal, the locus of the point of con- 
eonrfe V would havealfo been a circle, for if the angle DEGhc 
made equal to AEV, the angle DVG equal to CEG, and ABC 
equal AEV, the fteps of the demon ftration will be exaftly the 
fame. 

Svlutions were alfo rec€ivedfrom Mejprs. Bazley, Dawes, Hopper^ 

Johnfon, Lowry, and Smith. 



XXIV. QUESTION 54, by Ursa Minor. 

Three ftraight lines being given by pofition, and three points 
being alfo given, it IS required to defcribe a reSilineal figure, 
whofe fides may pafs through the given points, and whofe angles 
may be upon the lines given by pofition* 



Solution, by Mr. Lowry, R. M. College. 

The Analyfis which I have given to the 42d Queftion^ will 
aflift us in refolving this problem, and alfo in defcribing a refti- 
lineal figure of any number of fides whatever, fo that its angular 
points may fall on ftraight lines .given by pofition, and its fide& 
pafs through given points. 

Let AB, BC, AC, (fig. 87, pi. 4.) be the three flraight lines, 
given by pofuion; D, E, F, the given points, and IGK the 
triangle to be defcribed, fo as to have its angular points on the 
firaight lines given by pofition, and its fides palling through the 
given points. Now proceeding cxaftly as in that Analyfis^ (fup- 
pofing the points H, C to coincide,) we may find a point R, 
and the.pofition of the ftraight line RS, fuch, that drawing KG, 
IG, through the points E, F to interfeO: in AB, and meet RS in 
S, and AC in I, KS may be equal to IC. And in the fame 
manner we may find a point L, and the pofition of the ftraight 
line LM, fucb,. that drawing GK, ID through the points E, D 
to interfeft in BC, and meet RS in S, and LM in M, RS may 
be equal to LM ; then it is obvious that the lines RS, LM, and 
iC will be equal, when the triangle is defcribed in the manner 
required, and, therefore, we have only to draw IK through the 
point D, to meet AC in I, and LM in M, fo that IC may be 
equal to LM, which is a particular cafe of»the Se&io Rationis of 
Apollonius. 

Again, 



( »i8 ) 

Again, let it be required to defctibe i ^tttltncl^ Agitfe'lfeibdEr^ 

(fig.88,pl.4.) having its angles on the ftraight lines A£, AB, BC^ 
CD, DE given by pofition, and its (ides paffingtbrougb the fpii/jtm 
points F, G, H, I, K. 

Find as before, the point L, and the pofition of the ftraighC 
line LS, fuch, that drawing ab, bc^ through the points F, G to 
interfe£t in AB, and meet A£ in a^ and LS in S, aE may be 
equal to LS. Alfo find the point M, and the pofition of the 
firaight line MT, fuch, that drawing if, cd^ through the points 
G, H to interfeft in EC, and meet LS in S, and MT in T, LS 
may be equal to MT. Likewife find the point N, and t\m poii« 
tion of the ftraight line NU, fuch, that drawing cd^ de through 
the points H, I to interfeft in DC, and meet MT in T, and 
NU in U, MT may be equal to NU. And alfo find the point O, 
and the poiition of the ftraight line OV, fuch, that drawing de^ 
ae, through the points I, K to interfeft in DE, and meet NU in 
U, and OV in V,, NU may be equal toOV. And in this man- 
ner we may proceed for any number of fides, by finding the pofi- 
tion of as many fubfidiary lines LS, MT, NU, VO, &c. lefs 
one, as the figure has fides; and then it is obvious that the lines 
^zE, LS, MT, NU, OV will be equal, when the figure is de- 
fcribed in the manner required, and, therefore, we have only to 
draw ae^ to pafs through K, and meet AE in tf, and OV in V, 
fo that dE may be equal to OV, and then the pofition of the 
figure will be determined. 

It may not be improper to remark that the propofition which 
we derive from the Analyfis to the 42d Queflion, vi»: that RS 
is always equal to HI, may be enunciated in the porilkiatic form» 
and is then^a particular cafe of the firft porifm OX Euclid, as pre- 
fer ved by Pappus in his Mathematical Colle^ons*, and which 
Dr. Simfon has with great ingenuity, applied to the Solution of 
the Problem, from which it is (uppofed the porifm was ortginaliy 
derived. The application we have made of it in the above Sola* 
tion may ferve as an additional fpecimen of the great ufe of 
porifms in the Analyfis of difficult geometrical Problems. 

Dr. Simfon, at page 388 pf his Opera ReliquAt has given a 
Solution to that particular cafe of the Problem when the given 
points are in the fame ftraight line, and we (hall now fliow how 
the principles he has there made ufe of, may be applied to the 
Solution of the general cafe when the points are ip any other 
given pofition ; and firft it will be neceflary to demonftate the 
following propofition, which is . nearly the fame as Prop. 130, 
Lib. 7, of Pappus, and is that on wmch Dr. Simfon founds bis 
Analyfis. 

♦ Sec alfo Simfon's Trcatifc de Porifmatihus, Prop. 63, and Playfiiir*! Paper on 
Punfms, reprinted io the *< Matj^ematicai Tra^ and Selcoiom/' 

PROP. 
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PROP. 

Xa there be fix points (fig. 80, 90, pi. 4.) A, B, C. D, E, F 
in the ftraigbc line AF, fuch, that ADBC : ABDE :: CF : EF» 
and let three ftratght lines YG, ZG, HG pafs through the points 
D, E, F, and interfeft in G ; and from the points B, C any two 
jhraight lines BH, CH, be infle£led to GH meeting YG in 
L, and ZG in K; then the points A, L, K will be in a firaight 
line. 

Through K draw PM parallel to AF meeting YG in M, BH 
in N, andHG in P; and draw EX parallel to CK meeting GH 
inX; then CF : FE :: CH : EX :: CHKG : EXKG = 
KH-GE, but KG : GE :: KM : ED and CH : HK :: CB ; 
KN, therefore, 

CF : FE :: KM-CB : ED*KN ; but by hypothefis, 
CF : FE :: AD-BC : AB-DE, therefore, 
AD: AB :: MK : NK, and by divifion, &c. 
AB : NK :: BD : MN :: BL : LN ; and the angles 
ABL, LNK are equal, therefore, the triangles ABL, LNK are 
equiangular, and, confequently, the points A, L, K are in a ftraight 
line. 

This being premifed, let A, B, V be the given points, (fig.89.) 
GY, GZ, }H the ftraight lines given by pofition, and LKH the 
jrequired triangle, having its angular points on the given ftraight 
lines, and its fides pafling through the given points. Join GH, 
and through the given pomts A, B, draw AF meeting GY in D, 
,GZ in E,-GH m F, and HKV produced in C; then it is 
snanifeft from the Prop, that CF : FE :: ADBC : DEAB ; and 
if AD : AB :: DE : EI, we have CF : FE :: BC : EI, and by 
^ivifion CE : EF :: BC — EI : EI, and by permutation and 
compofition, HI : BC — EI :: IF : EI, or, taking BS = EI, we 
h^ve 9I*EX ss SC-IF, = to a given fpace ; for, becaufe AD, 
A3 and D£ are given, EI (and of courfe BI) will be given and 
d(Q the points S, I ; the problem is therefore reduced to this, viz. 
tfi infleQ two ftrai^t lin^s VH & GH from the given points V,G, 
totbe Hoe Hi to mterfeft AF in C and F, fo that the reftangle 
^C*IF ttiay be equal to the given fpace BME, which is the par- 
tieular.eafe fpecined at the end of my Solution to the 12th Quef- 
lioii in the.fyrefent number. 

The lines GH, CH being thus drawn, and BH joined, it will 
appear by reverfing the above Analyfis, that CF : FE :: AD-BC : 
I>E*AB, and, therefore, by the Prop, the points A, L, K are in 
a ftraight line, and, confequently, the triangle LKH is defcribed 
in the manner required. 

J|fr, Spith alfo favoufti us with a Solution to this Queftien. 

XXV. QUES_. 
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XXV, QUESTION 55, by Quinbus Flestrjn^ 



Given the bafc and the length of a line from the vertical angle 
I© a given point therein, to conftruft the triangle when the ver- 
tical angle is a maximum* 



First Solution, by Mr.Tiioi/ixs Hopper. 



Let CB (fig. 91, pi. 4.) be the given bafe, and P the given. 
point ; with the centre P and diftance equal to the given line 
defcrihe a feraicircle AFD meeting the bafe produced in A and 
D; take DE. fuch, that DE : CD :: BD : AB — CD, an4 
from £ draw EF to touch the femicircle at F ; join BF, CF and 
BFC will be the triangle required. 

Through the points BFC defcribe a jcircle; then becaufe DE : 
CD :: BD : ,AB — CD, we have by compofitio^ DE : CE - 
BD : AC, and again, by alternatipn and compofition, DE : BC 
:: CE : AE ; therefore, BC-CE = DE-AE= EF% and, con- 
fequenily, EF is a tangent to both the circles, (Eu. 3''.b.iii*) and, 
therefore, they touch each other at F, and the angle BFC will ii^ 
that cafe be a maximum, as is well known. 



Second Solution, ^^ Jlfr. Coljlins, Kenfington* 

Let AB (fig. 92, pi. 4.) be the given bale, D the given point 
therein, with which as a centre and radius z:^ the given line' 
drawn from the vertex to the given point, defcribe the circle 
aCb, then by Prop. 45, Simpfon's Geometry, defcrite a circle 
to pafs through A and B, and touch the other circle i^ C, joiu 
AC and BC, and ABC will be the triangle required. 

Demonstration. By the conftruftion the bafe AB, the 
fegments AD, DB, and the line DC are all equal to the given 
ones. We have therefore only to prove that the angle ACB is ^ 
maximum. To do this, let any other lines he drawn to the circle 
as at c, and the angle ACB will be eqiial to the angle AcB, and, 
confequently , greater than the angle AaB formed by any other Iwq 
lines Adf Be/, drawn to any other point in the circle aCb. 

Thirj^ 
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Third Solution, 5>' Mr. Thomas Ballet. 

Analysis. Suppofe it done, ABC, (fig. 93, pi. 4.) the 
required A, S the given point in the bafe, SC the given right 
line, afid ACBK the circumfcribing circle whofe centre is O. 
Then, becaufe the ^ C is a maxitnun^, the circle dcfcrijbed-frora 
centre S with radius SC muft touch the circutnfcribing' circle in 
C. For if C be fuppofed to fall in any other pomt of the iexto- 
rior circle than the point of contaft, it is plain then, that the Z." ^a/ 
C would be lefs than the Z. in the circumfcribing circle, that 19^** 
lefs than that at the point of contaft. Now it is known that C** 
O, S are in the fame right line: produce it to meet the circumr 
fcribing circle in R and drop OD perpendicular ta A3* Then 
ADrr^AB is given, and fince the point S is given, therefore SD ij 
given; confequently, AD^ — DS* = AO» — OS« = CS x- 
SR is given. But CS is given, therefore SR is given, and, 

CS — SR 

confequently, := OS is given, and the conftruSion 

is very evident. 

Limitation. It is requifite that SC be greater thao either 
of the Tegments SA, SB, when the venital Z. is required to be 
a maximum ; and le/s whea a minimum* 

Jngenious Solutions were likemfe received from Me/prs. Jofin- 
fon, Lowry, Merones Minor, Myers, and Pickering. 



XXVI, QUESTION 56, by Mr. James Cunliffe, 

Divide the fum of three fquare numbers in arithmetical pro- 
portion into three other fquare numbers in arithmetical propor- 
lion, and give an example in whole numbers as imali as 
may be. 

Solution, by Mr. James Ivory, /?. M. College. 

When three numbers are in arithmetical progreflion, it is eafy, 
to prove that the fum of all the three is triple of the middle num- 
ber: therefore, if two fets of three numbers in arithmetical pro- 
greHion have the fame fum, it is obvious that the middle term of 
each fet muft be the fame ; and, on the contrary, if the middle 
t^rms be the fame, tl^e fums of the two fets ^ill likewife be the 
fame. 

yoL. I. Part I. (Q) L^t 
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Let then a', ^5*, c* and a'*, i*, c" be two fets of fquarc num- 
bers in arithmetical progreflion, having the fame middle term ^', 
"^d, confequently, the fame fum g^* : then 

2^* = tf« 4-.^* = a'* + ^» 



or 



"=(^o*-(^T={^)'+e-^)' 

It is manifeft, therefore, that the Queftion is reduced to the 
finding of a fquare number that may be refolved into the fum of 
, twro fquares twice. Attending to the principles laid down in 
the Solution of Queftion 23d, No, II. of the Repofitory, it will 
appear that the number fought muft contain prime divifors of the 
form 40; 4- 1 ; apd, as a leaft value is wanted, we may negle£l all 
the other divifors which would only increafe the number fought 
without rendering it more adapted to the Solution of the Queftion. 
We may infer likewife from the fame principles, that no (ingle 
prime number of the form 4^?-+- 1 will fati&fy the required con,- 
ditions ; becaufe a prime number of the form ^x + 1, as well as 
its fquare, can be the fum of two fquares only once. Taking 
then a number compofed of two fuch prime faftors, we (ball rea, 
dily find that the number itfelf is the fum of two fquares twice, 
and that its fquare is the fum of two fquares no lefs than foui* 
times. Thus if /> z= a* + P* and />'=«'* ^-^"» ; then 

And 

rrA« — B«)«4-4A»B» 
.• v._ J (C^- £>•)* + 4C»D* 
P P —\ AV'*+BV" 

tA'*^*+B'*/ 

Hence it is evident that the number fought muft be the pro- 
duft of two primes of the form 4x4- 1 ; and th^t each fuch num- 
ber will furnifh no lefs than 6 Solutions of the Queftion, viz* as 
many Solutions as there 4re combinations of two things in 
four. 

The twolea(l primes of the forn^ ^x + % are 5 and 13 ; th^ir 
produfl: is 65 : now 



65- = 


= 3S- ■+- 56' 


65' = 


= 63' + i6» 


65'^ 


= 52' + 39* 


^5' = 


= H* + 60' 



' from thefe we derive the following fets of threefquares io 
firithmetical prpgreflion, 



2 
3 
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47% 66% 79 
#3% 65% 9» 
35% 65% 85 

The fiim of each fet being the fame and equal to 3 ^ 6^^ ; and 
thefe fets of numbers fumifh 6 different Solutions of the Ouet 
tion, by taking all their combinations, two and two. ^ 4 

But if we fuppofe^ z=zp\ then the four forms for j&' p'^ will 
'give only two forms forj^* (vide Queft. 23, N. 2.) : and thus the 
fquare of every prime ot the form 4;^ + 1 will give an example, 
admitting only one Solution of the Queftion. The leaft primt 
of the form 4JIP + 1 is.^ : its fquare is 25 : and we have 



whence we have 



23« = 7' + 24* 
25* = 15* ^ 20'' 



31*, 25*, ]t7* 
35^ 25% 5« 



which are the leaft numbers that fatisfy the Queftion. 



XXVIL QUESTION 57, by Mr. , Cunlifke. 

Let a flcnder heavy inflexible rod AB, loaded with a weight, 
be placed with its upper 'end B leaning againft an inclined plane 
D£, and its lower end A upon the curve DA« fituated in a 
vertical plane at right angles to the inclined plane* It is re* 
quired to inveftigate the nature of the curve DA, fo that the rod 
may reft in equilibrio when placed in any inclination* 

Solution^ iy Mr. Lowry, J?. Af, College. 

Let dD (fig. 94, pi. 4.} be the given plane making any given, 
angle with the horizontal plane IDK, DAQ a portion of the re<^ 
quired curve, AB the given rod with the weight attached refting 
in equilibrio in any a (Turned portion, and £ their centre of gravity, 
then becaufe AB is of a given length the parts A£, B£, will alfo 
be given. 

Now by a well known principle in mechanics, when the roi 
refls in equilibrio, ihe centre of gravity will beat the loweft place^ 
OT the neareft to the horizontal plane IK that it can poffibly get ; 
and as the rod is to reft in equilibrio in whatever poiition it is 
placed, it is raanifeft that the centre of gravity muft in every pofi- 
tion be equally diftant from the plane IK, for if it was not the rod 
would not be at refi^ but would Aide along the curve till it came 
to that poiition where the centre was at the loweft. The locus of 

(Q2) the 
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the centre of gravity Will, therefore, be the straight line QEC, 
drawn parallel to IDK, C being the centre of gravity of the rod 
in its initial pofttion. and a given point, b«caufe CD isr=AE, 
and, therefore, CEQf is given in pofition. 

Now to'inveftigate the nature of the curve, draw AS parallel to 
^C, and put a = AE, ^=:AB, cofine of the angle ASB=:c, 
CS s= X, and AS =^; then, by fimilar triangles, a : x : : B : 

— r=: BS, and, by trigonometry , ^* -f- -^ x* + 2 — xy z=z B^^ 

which is manifellly an equation to a conic fe£lion. And becaufe 

the cofine of an arc is always lefs than the radius — 5- , or the 

fquarc of half the co-efficient of xy Is lefs than -^the co-efEcient of 

jt' ; and the fquares x^^ y^ have the fame fign ; therefore, the 
curve is an ellipfe, whofe centre is C. Maclzurin's Algebra, 
Part iii* SeHion 29. 



XXVm. QUESTION 58, by MnRAztLv. 

AC, CB are two rods or right lines conneSed at C by a move* 
aMe joint, and whilft the end C of the rod BC revolves round 
the fixed point B let the point A of the rod AC be carried along 
the ri^t line AB paffing, through B ; it is req.uiredto determine 
the equation and area of the curve defcribed by P^, a given poiat 
in AC. 

Solution, bj> Mr. Lowry-' 

With the centre B (fig. 95^ pi- 4.I and radius BC defcribe the 
circle iCH, then becaufe the rdd BC is of a given length, and 
revolves round* the fixed pole B, the end C will move round in 
^he circumference ^CH, while the point A moves along the 
flraight line aH. Let ab be taken equal to AC, and ap = Hp' 
x=z AP ; then when C is at ^5 or thp rods are extended fo as tQ 
coincide with dQ, the point P will coincide with f, and when C 
comes to H, then P and p' will coincide ; therefore, pp' are the 
points where the curve meets the axis AH. On AB drop the 
perpendiculars PQ, CE, and put AC=: fl, AP = ^, PC =c, 
BC=:r, x;;= 3-14159 &c./>Q=:x, and PQ=>; 

then, by Cmilar triangles, AP :- PQ : : AC t CE= J y, and» 

therefore* 
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tliefe6)re, AE*= fl«_^4;,». Again a* : c» : : AE' : QE* =iz c» 



c* » i 



— Ji/or, QE = ^/(3' — _y»J; and BE»=BC»— CE»= r* 

— ^T>' or, BE= ^y/^L—^^y^y Now B/^=ir+^, and, 

therefore, pQ, or x=:r+c— BE— QE = r-Hi: —* 

V^[ — : yj — - ^^b^ — ^*), which is the equation of tlic 

curve ; and the fluxion of the area xy is 

= -7^2^52 "*■ "T(FI?J *^^ fluent^ of which, by Articjt 

«79 of Simpfon's Fluxions, is 

=15^-^. ^^1? - >"4-~B--^>/(^'-J'«). where 

A and B are the circular arcs, whofe fines are -— ;, tind -> the 

radius being unity. Now when » becomes =: to pp\ y is m o, 
and in this cafe the arcs A and B are each equal to half the cir- 

vb • 

cumference, and hence the whole area iszz: — (r' 4- ac.) 

%a 

It is obvious from Ihc manner of defcribing the curve, that ft 
is of an oval form, having the parts on the different sides of^^' ex- 
actly equal and fimilar, and is a line of the 4th order in all cafes 
except when the rods are of equal length, and then.it becomes 
an ellipfis, whofe centre is B ; for if a be wrote for r in the ge- 
neral equsltion of the curve, we obtain after proper reduction^ 

fc -f- aV 
SL'ia-^c) X — *'=: I — -r- J y\ which Is an equation to anel- 

lipfe whofe femi-axes arc c + a and b. 

When P has defcribed a quadrant of this ellipfe, BC will be 
perpendicular to the diameter tH, and the rods will coincide, so 
that during the remaining part of the revolution, P will defcribe 
the quadrant o{ a circle concentric to the given one ; unlefs we 
iuppofe the rod AC to make a tranfit at B, and Aide pad the 
other rod, fo that A may continue to move from.B towards H, 
and then P will defcribe the remaining part of the sehn-ellipfe. 

Moreover, if the rod BC, be longer than AC, it V obvious 
that BC can «iake only a partial revolution round B, fo that A 
may keep in the line tiH, for when AC becomes perpendicular 
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to that line, k i* manifeft that if BC was moved any nearer to H^ 
the point A would neceffarily quit aH, and move in some other 
line nearer to the circle, and, confctjuently, when BC has arrived 
at that pofition where AC is perpendicular to ^H, it muft move 
back again till it coincides with B^ ; and then it i/?" be taken 
.=: PC, P will coincide with j^'', and pp'' will be the axis of the 
curve. 

M^Jfrs. Dawes, and Bazley the propoftr^ aljo anfwerti this 

quejlion. 

XXIX. QUESTION 59, iy Sj> Titus Triplicate* 

Suppofe a given cylindrical tube or pipe [^ <^ 

ABC, whereof AB is perpendicular, and 
BC parallel to the horizon, to revolve 
round AB as an axis with a given angular 
Telocity; the lower end A Handing in wa« 
tcr, whofe furface is at A, and the whole 
tube being previoufly filled ; it is required 
to determine the velocity with which the 
water will iffue from the extremity C. ^.^ 



A. 
Solution, by the Propofer, 

Put 
m z= length of the arm BC in feet 
I = height of AB in feet 

* i =: time of a revolution in feconds 

g = iS-i-^ feet, the fpace defcended by heavy bodies in i*" 
p = 3*1416 1= periphery of a circle whofe diara. is 1- 
If we fuppofe the centrifugal force to be as the velocity gene- 
rated thereby In 1''; then by the laws of central forces we fliall 
have the centrifugal force of a particle x dX x diftance from B, 

equal to [ -^--yx -^ x z=z -^ — , and the fluent .^ is 

the centrifugal motive force of the columns; whence, when 
X := a, the whole centrifugal motive force of the water in 

the arm BC is -^-5 — . But by the laws of gravity 2ga : a : : 

L 

* a^ • '^*»" = *^^ length of the column whofe preiTure is 

€qual to the centrifugal force. 

Now it is plain from the nature of the quedion that the column 

impelling the water out of the extremity of the arm BC is ^—^ 

■:\: —b 



t 127 ) 

-^ h and that the coluran moved is <i -H 7; which alfo expreffes th^ 
fpace through which the water is accelerated. Hence the cir- 
cumftances of the prpblem now appear to bethe fame as if a coa« 

Jlant head of water of the height t—- — h^ impelled a cokimn of 

water horizontally at the bottom of the length ^ + ^* Therefore^ 

the accekrative force is (^a- — ^J -r- (^+^). and the 
fpace or length of acceleration := ^ -J- J ; and, confequently, 

the velocity generated = (tcz: 2 '^Jgs) 2g^ V\^^ ^Ji 

or to adapt it to praftical purpofes, we may fubftkutefor 2^* the 
quaHitity 5*3 as determined by the Experiments of TAbbe Boflliet 

and others; and then the velocity is g'^Vif--^ — ^ )• 

It may alfo be added, that 3 mufl not exceed 33 feet, becaufe 
a greater column cannot be fupponed by the atmofphere's 
preffure. 

Solutions were alfo ret^dved from Me/prs, Collins, Myers^ ani 

Pickering. 



XXX. PRIZE QUESTION 60, by Mr. Jas. Ivory, 

Thjeorem. Let n be any integer number, and let m\yt ano- 
ther integer number lefs than n : then 

p=:a — »*(7i— I) +«•— r- •(«— 2} — «• .-.— ^•(n— Q) '^ 

2 23 

&c. the co-efficients being the fame with the co-efficients of thf 
binomial quantity (a— 3) , and the progreffion, n , (n — 1) , 

(« — 2) to be continued till we arrive at i^« Require4 the in^ 
Teftigation. 

First Solution, hy the Propofer^ Mr. Ivory. 

Let A + Bjf + C** + D;c' -(- .M;r'» be an inte. 

gral fundion of x, in which x^ is the higheft power ol x : &rp- 
pof^ the fevexitl terms of a feries in arithmetical progreffion to be 

Jubfti. 
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lubftituted for x, and denote the refulting values of the {anOion. 
by 

/. /'» >"» r^ &<^- 

Then, according lo what is demonllratecl by al) the >vriters on 
finite differences, the feveral differences of the mth order in the 
progreffioa y, y, y^'^ >i^, &c. will be all equal to on^ another ; 
and of confequence the diflferences higher than the mth order will 
be equ^l to nothing* Now the general expreffion for the firft of 
the nth order of differences is 



y — ny" -4- n 



n — t 



./// 



;' — 



n. 



n 



ft 



'. yv-4-&c» 



2 -^ 23 

which expreffion will be equal to nothing when m is lefs than », 
according to what has juft been fhewn. It is evident that thp 
Quellion is only a very particular cafe of the propofition now 4c* 
monftrated^ 

The Queftion may Hkewiie be d€n^nfirate4 in the following 
manner. Let e denote the number of which the hyperbolic 
logarithm is unity ; then 

1+JC+ _+--— + -——_ + &c, 



<* 



12 1*2*3 l*2*3*4 



therefore, ^* — 1 = x + 



1*2"*" 1*2*3 



&c: 



For the fake of brevity write S for the feries on the right 

hand of the equation and raife both fides to the 12th power ; 
then . , . •. . . ^ . 

nx («-!> ^^^ («.2> ^""-3)^ 

5>«z=^ -n'er +«• — .« "71 • — -^ 4-«c. 

2 a 3 

develope each term of the expanded binomial into a feries pro- 
ceeding by the powers of jr, and having colleSed all the co-effi- 
cients of the fame power of x into one fum, the equation may be 
thus written, 

where 

n — \ n — • 
3 






2 



A^^ = » — « X (« — 1) + « . 



n 



X (« — ?) — &c. 



!)• + n . X (m— 2)*— &c. 



/J?) 



= 1 X j«* — n X (« — 

l'2-3 ( ^ ' 2 ' 



f 

And 
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And in general, 

AC*") = ? X ^ n'fi-n X f «-« )«»+«,— X C«-q> o 

t.2.3.4 m I ' 2 *' -«c. 

A*" denoting the co. efficient of x^ whatever number m may 
reprefent. Now the equation that has been found is independent 
ot the vahie of x, which could not be the cafe unlefs the two 
feries were identical, and the co- efficient of any power of sc 
in the one feries equal to the co-efficient of the fame power of Pi 
in the other feries. But all the powers of x,» lower than the nih 
are evidently wanting in the feries S*", therefore, the co-efficients 
f>{ the fame powers of x must be all evanefcent in the other 
feries, that is, we muft have AC") = o, fo long as m is lefs than 
n ; or when m is lefs than «, 

n«— •«(«-!)»» + n.^—!: («-«)« — &c. = 0. 

2 

Cor. 1. The loweft pow/er of x in the feries S* is x^ and its 
CO -efficient is 1 : therefore, we muft likewife have AC**) = 1, 
that is 

,= ? x |»'^-«(«-i)'' + »'"— («-2)«— &c.} 

1.2.3.4 . ...» I 2 ^ 

or |n» — /i(n— 1)''-+-«.^— -*(»— 2)'» — &€• 1=1.2.3.4 «. 

Cor. 2. Let = i +- + -^ + — ^ + &c- then 

2 1.2.3 1.2.3.4 

the co-efficient oix^ in the feries O* will be 

n-hm n-htn ^ ^ n+m 



1.2.3.4 . ,{^n+m 



C n-^m n-hm n-rm 



Secoi^d Solution, *;^ Mr. Baz ley, Bolion. 

If wc take any refidual (2 — 1) whofe firft term is any vari- 
able quantity, and the fecond term unity, and involve it by the 
binomial theorem, we have, as is well known, 

n — 1 « — 2 

z^ — nz +«. 1-i. z — &c. = (^— 1)"; 

2 

but in what follows it will be convenient, for brevity's fake, to 

„ n — 1^ n — 1 n — 2« 

put A = «, B = «. ■ I C = «. . - ■ ^'t «c. 

2 23 
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fottut 

Take fiuxions in this expreflion and divide by i, then 

112^"*— (»— i)Az^*"^-4rB(«-2)2'*'"3^&c.=:n(z-i)^"'^ (l) 

which when 2.nr i, or 2 — 1 r= o gives 

II — A(«— 1) + B (n— 2) — C(«— 3)+ &c. = o. 

Multiply the expreflion (i) by 2, take fluxioi\s and divide 
by i : then 

n%"-* - A(«-i)*2«~ VB(«~2)»2 «-3^C(;z^3)^2^-^4_ 

11(2 — 1)" "'*+«. {n—t).z (2—1) '*"*... (a) 

which when 2 = 1 or 2 — 1 z=o, gives 

n» _ A (n — 1)* + B (« — 2/ — C (« — 3/ H- &c. = o. 

Mukiply the expreflion (2) by 2, take fluxions and divide by 
i : then 

n^z""--^ -A(n-«i)^z^"'^+B(«-2)V-?&c.=«.(2-if * 
+ 3n(n— i)(n— 2).2(2— 1) "" +«(»— 1)(»— 2).2*(2-iJ^"~3(2) 
which when z ==1 or z — t = o, gives 
nS_A(n— I'HrB (71— 2)'— C (n— 3)'+&c. = o. 

* In like manner by continually repeating the fame operations we 
Ihall at length arrive at a value of the expreflion 

«"* z" —A(n—i) z H-B(»— 2) 2 ^ — &c. 

which value it is manifcft will involve (2 — 1) in each of its 
terms when jwis lefsthjan n : therefore, putting 2 = 1, or 2 — i 
— o, we fliall have, when m is lefs than n 
„m _ A (n,— !)»» + B (« — 2).»» — C (n— 3)»» + &c. =z= o. 

This nicthod has the advantage of being applicable to the va- 
luation of the expreflion »w — A (» — 1)"»4- B («-2)'» — &c. 
whether, 7» ia lefs than n or not^ 

Cor. 1 — n+ n. — w. — - — -^ +&c. tillu = a. 
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Third Solution, hy Mr. Lovvtry. 

In the feri en*", (« — 1 )'»,(w — 2) «, &c. where the quantities 
«, n — 1, fi — '2,&c. are in arithmetical progreflionj the mth 
order of differences are equal (feeEmerfon'sDifferentiaJ Method, 

Prop. 



X >3* •) 

Prop. 4) ; and, therefore, all the orders of difTerences higher than 
the mih muft he equal to o i but by the queftion n is greater than 
w, therefore, the wth order of differences in the above feries mull 
be equal to o. Now (by Prop. i. ibid) the given feries 

n'^-n-rw-ir + n^. (n~B)^-w. ?~ . n , ^^^-tt)*" -h &c. « 
V 2 ^ ' 2 3 

the firft term of the nth order of differences in the 



»"* 4- (n— 1)"* + («— a)*", &c. and which is fliewn above to be 
r= to o, therefore, 

2 2 3 * 



Fourth Solution, iy Porus- 



By the binomial (i — i)»isz=:i — n + n. n. 

' ,22 

fl — 2 

+ &c. and by Simpfon's celebrated theorem (Mathema 



3 

tical Differtations, page 62) if the terms of this feries be re{jpec<* 
tively multiplied by any quantities^, y, r, i, (Sec. and the aiffe«i 
rences of thefe quantities be continually taken, and the iirft dif- 
ference of the firft order be denoted. by D , the firft of the fecond 

order by D , the firft o£ the third order by D , and in general the 

firft of the «th order by D , the feries 

71 

p^Tiq-^-n. .r-n.- — • .^+&c. thencearifing willbczr 

pii-iy+nH .(1-1) +w. D .(1-1) 

Now it is manifeft that all the terms of this latter feries vanifli ex- 
cept the one, in which the index of (1 — 1) is o, for (i — i)« is 
equal to nothing in every cafe but one, viz^ when 2=0, and 
then (1—1) =: o' = i ; confequemly the feries 

o . ^ n — I n — (n — 1^ _ _. 

from which general theorem the proposed one is dire&Iy deduci- 
ble. For if />=»*", ? =(« — 0'"t rr=:(n— 2)"», s = (w — 3^ 
Ice. it is well known, and miiiht be eafily demonftrated by means 

(Rs) of 
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of the binomial theorem, that all their differences of the mth 
order are equal to each other, and, confequently, all their dif«> 
ferences of a higher order vaniOi ; but m is lefs than n by the hy- 
pothefis, therefore, D is =: o, and becaufe D = p — wy+&c, 

we have by fubftitution 

2 ^ a 3 

(n— 3)m + &c. . .' g. £. Z)- 

Scholium. From the general theorem, p — nq + n. • 

r — &c.=D , a number of very curious properties may 
be derived; but the fubjefl is foreign to the prefent queftion. 



Tk^ Medal for folving the Prize Queftion is decided in /avour 
rf Mr. Bazley, whp will fleafe to fend Jor it to Mr^ 
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NOTICES 



RELATING TO MATHEMATICS. 



I. Prize Queftion of the National In/litute of France. 



*• To give a Theory of the Perturbations of the Planet Palht« 
difcovcred by Dr. Olbers." 

The labours of Mathematicians have now fo far fucceeded in 
overcnniing the difficulties that occurred in the celebrated 
Problem of the Three Bodies, as to be able to determine with the 
requifite exaftnefs, the irregularities of the Moon, ind of the old 
Planets, arifing from their mutual Perturbations. In the cafe 
of all the old Planets, as well as in that of the Georgium Sidus dif- 
covered about 20 years ago by Dr. Herfchell, the excentricities of 
the orbits are fmall, and the inclinations to the plane of the eclip. 
tic are confined within narrow limits ; circumftances very favour- 
able to abridge the computation of their numerous inequalities. 
The Planet Pallas, lately difcovered by Dr. Olbers, of which 
the excentricity is greater than that of Mercury, the moft 
excentric of all the old Planets, and the inclination no lefs than 
35® 37', or more than five times greater than that cf any other 
Planet, offers a new cafe of the Problem of the Three Bodies to 
the confideration of Aftronomers, for which the formulae invefti- 
gated for the old Planets can be of little ufe. The intention of 
the Mathematical Clafs of the Inftitute in propofing the prefent 
fubjeft for its Prize, is to call the attention of Mathematicians 
and Aftronomers to this new cafe of the Problem, and to invite 
them to develope and difcufsthe formulae, in order to give them 
the degree of precifion neceffary in the a£lual circumftances of the 
new Planet* As the Planet has not been obferved for a fufEcient 
length of time to determine with accuracy the elements of the 
orbit, it is required that the competitors for the Prize, (hall give the 
analytical coefficients independent of numerical values. Thus 
tvtry new difcovery in nature requires a correfpojident improve. 

m^nt 
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ment in theory. It is not difficult to fore fee that Mathemati- 
cians will be obliged to find out methods of lefolving the Problem 
of Perturbations entirely new ; and that the wants of Alfronomy 
will not be completely fatlsfied until a folutidn be accomplilhed 
that {hall be independent of the elements of the orbit, and that 
ihall converge only by the powers of the disturbing force. 



II. New Planet. 

On the fir ft of September laJl Mr. Harding, at the Obfcrvatory 
at Lilienthal, near Bremen, difcovered a moveable star, in the 
lign Pisces, in light and apparent magnitude fimilar to the new- 
Planet Ceres, and moving weftward with a retrograde motion and 
increafing fouth declination. This Star is now confidered to be 
a new Planet, of the Clafs of Ceres and Pallas, and in th6 fame 
region. It has the appearance of a ftarof the eighth magnitude. 
Jt$ place, as obferved by Dr. Olbers, on Sept. 8th. 8* ii'»2o* 
M. T. was 

Right afc. Declin. South 

1** 29' 39" o^ 47' 19". 

tie daily motion in A. R. 7' 16" or 31*7" in time retrograde, 
the daily motion in DecHn. 12' 34" South. 

In the Philofophical Magazine for Ottober a chart of the ap- 
parent path of this new Planet is given. 



III. Death of Mechain, 

On September the 20th, 1804, died the celebrated French As- 
tronomer M. Mechain. He was employed witii M. DcUiiibre in 
die meafurement of the Meridian troin Dunkuk to Barcelona, 
which they completed in 1798. In 1803 he fet out to continue 
ifce Meridional mcafuiement as iar as the Balearian liles ; and he 
Itts fallen a vi^im to the labour of his niulcrtaking, and to the 
ujahealthinefs of the coall ol Valentia in Spain. , 



IV. Mathematical Works lately published. 

The Philofoj7hical TranfaSlions of the Roya! Society of London, 
jihidgsd by Charles H^Hton, L.L.D. F.R.S. George Shaw, 
M.D. F.R.S. F.L.S. Richard Pearfon, M.O. i.A.S. 

The 
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The original wqrk, of which the prefent Is an abridigcmcit, 
extends to about loo volumes, and contains a mafs of informatiaii 
not to be equalled by the proceedings of any other Society in the 
world. A work thus made up of the labours of the moft learned 
men in Britain, as well as many in other parts of Europe, for a 
century and a half part, muft be of infinite importance to all who 
are delirous of becoming acquainted with the origin and prefent 
flate of human knowledge. Nothing therefore could be m^re 
aufpicious to the caufeof science than the prefent undertaking, 
which propofes to bring within a reafonable compafs all that is 
truly valuable in the original work. Four volumes of the abridge^. 
inent have now appeared, and have fully juftified the public <x. 
pe£lation, a circumftance which will notappear remarkable when 
It is recolleftedthat the execution of the work is confided to men 
of the highefl eminence in the departments of Science they have 
engaged to fuperintend. 

^n Account of the Aftronomical Difcovcrifs of Kepler: ifu 
eluding an Hijlorical Reuiew of the Systems which had /ucceffively 
prevailed before his Time. By Robert Small, D.D. F.R.S.E. 

The Principles of Analytical Calculation. By Robert Wood* 
houfe, A.M. 

An Analyjis of the Principles of Natural Philofophy. By 
Mathew Young, D.D. S.F. T.C.D. late Bijhop of Clonfort. 

A Supplement to a Treatife on the ConflruBion and Properties 
^f Arches^ publifhedin 1801. By George Atwood, Efq. 

The Philofophical Tranfadions of the Royal Society of London 
yor 1804. Part L 

A ColleSion oj Mathematical Tables^ for the ufe of Students r 
for the PraSical Navigator, Geographer, and Surveyor ; for Mem 
of Bujinefs^ &c. By Andrew Mackay, L.L.D. &c. 

T/ie Elements of Natural and Experimental Philofophy . By 
Tiberius Cavallo^ F.R.S, 

A PraSical Treatife an PerfpeSive, on the Principles of Dr. 
Brook Taylor. By Edward Edwards. 

« 

Ehm/nts of Science and Art : being a famihar In^rndr/SIion to 
Natural Philvfopky and Chemiflry , to^^ether with th.nr Application 
to a Fariety of elegant andifeful Arts. By John linifon. 

Meteorological 
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Mdeorological Ohfirvations and Effitjf. By John Dalton^ 
Profejfor of Mathematics and Natural Philqfophy^ at the New 
College^ Manchejler. 

The Complete Navigator ; or^ An eafy and familiar Guide to 
the Theory and PraBice of Navigation ; with all the requifiu \ 
Tables: illuflrated with Engravings. fiy Andrew Mackay, ^ 
L.L.D. F.R.S. 

Elements of Natural Philofophy ; explaining the Laws and 

Principle of AtcraSion^ Gravitation^ Mechanics^ Pneumatics^ 

Hjdrojlatics, Hydraulics, Eledricity, and Optics : with a gene-^ 

ra! View of the folar Syflem, adapted to public and private In- 

JlruSion : illustrated with Engravings. By John Webfler. 

The "Elements and Pra3ice o/Menfuration and Land Surveying ; nj 
zviA an Appendix^ containing Rules for mea/uring Hay-Stacks^ 
Marl-pits, and Canals; with numerous Figures ana Copper -plates. 
jB^ Jofeph Becket. 

The TranfaBions oj the Royal Jrijk Academy. Vol. IX. 
Jranfadions of the American Philojbphical Society. Vol. TV. 
and V* 



V. Mathematical Works in the Press. 

The fifth volume of the TranfaBions of the Royal Society f^ 
Edinburgh willfpeedily be publijhed. 



Nearly ready Jor the prefs, and will be publijhed early the en- 

filing year. 

A Mathematical and Philofophical GloS^ry : exhibiting the 
derivations of words in the various branches of Mathematics and 
Philofophy from their original languages : with their accentuation^ 
and accurate pronunciation according t^ grammatical propriety ^ 
and ufage of the mofl efleemed Authors. The whole leingfo ar-. 
ranged^ that the words appropriate to each fubjeB may be found 
colleBed alphabetically under the general term, each conci/ely ex- 
plained ^ and a reference for farther elucidation to the mofl explicit 
writers. By Henry Clarke, L.L.D. Profeffor of Experimental 
Philofophy ill the Royal Military College^ Marlow. 




Flare W.Fvt.yefoAS. 
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ARTICLE IIL 



Solutions to Qjiieftions propofed in Number 11 • 



I. QUESTION 61, ^7 Mr. Thomas Squire, Baldock. 

A tree growing upon tlie fide of a hill which rifes due North 
at an angle 01*30°, had the upper part blown oflF 12 feet from 
the ground by a ftroiig W. S. W,. wind. It is required to find 
the height of the iree fuppofing it to ftand perpendicular to the 
horizon, and the top (before the otl^erpart left the tree) to flrike 
the ground 40 feet irom its bottom ? 



First Solution, ^^ Mr. Thomas Boole. 

Let AEC (fig. 106, pi. 6.) reprefent the tree broken at E, 
AB an horizontal line in the diredion of the foot of the hill, and 
C the point where the top of the tree falls upon the fide of the 
hill. Conceive the line CD to be drawn perpendicular to the 
horizontal plane ABD, join AD, and draw DB perpendicular 
to AB ; join alfo B, C, and A, C. Then there are three right 
angled triangles ADB, BDC, and ADC : the firft being on the 
ptanc of the horizon, the fecond on the plane of the meridian, 
and the third on a plane in the direftion oi the wind. ^ And there 
are given L. BAD = 22° 30' Z DBC = 30*^ 'AE = 12 
and AC =: 40, to find EC ; and this will be eafieft done by firft 
finding ihe ^ DAC. Let AK be taken z=: to the radius in the 
tables, and draw KI, KL parallel to DB, DC refpeftively, and 
join IL, which will evidently be parallel to BC ; then Kl will 
reprefent the fine of 22° 30' and rad. : tang. 30° : : KI : KL 
= fine 22^ go' x tang. 30°. But LK is the tang, of Z, LAK 
to the fame radius AK ; therefore, the log. tang, of z. LAK == 
(DAC = ) the log. fine of 22° 30' + log. tang. 30* z= tang. 
12° 27' 30" nearly. Hence ^ EAC = 90° — ifi° 27' 
30"= 77° 32' 30" and the two fides AC and AE being given, 
^C is found = 39*204, and confequently 124- 39*204 =; 
6r204 feet, nearly the height of the tree required, 

Vol.1, Part I. (S) Second 
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Second Solution;, by Mr. John Smith, Alto7i Park. 

Let ABC (fig. 107, pi. 6.) be a horizontal feftion, ABD a 
vertical feftion in a'narth direftion, and ACE a vertical feftion 
in £• N. E. direflion, or contrary to that of the wind, all pafTing 
from the foot A of the tree AFG through the hill. In the right 
angled triangles ABC, ABD are given the angle BAG —67° 30' 
and the angle BAD z= 30^, whence, by trigonometr}', AB, 
AC, and BD [-zzz CE) are refpeftively as 1, 2-61319.6 and 
♦5773503 ; and in the right angled triangle ACE the ratio of the 
fides AC to CE is given, viz. as 2*613126 to '5773503, there- 
fore the angle CAEisnr 12° 27' 32", the angle of the hill's 
declivity in the direftion in which the upper part of the tree fell. 
Now in the triangle AFG, AF, AG, and the angle GAFare 
given, viz. AF zz= 12, AG rzi 40, and the angle GAF (=z= A 
CAF — Z-CAE = 90°— 12° 27' 32") = jy'' 32' 28"; 
therefore FG is eafily fohnd = 39*2032 the length of the piece 
broken off. Hence AF + FG = 51*2032 feet, the whole length 
of the tree. 

Solutions were alfo ncdvtd from Mejfrs, Butterworth, Cavil!, 
Collins, Dawes, Jones, Myers, N. R. D., Pickering, Ryley, 
4«^ Squire. i . 



II. -QUESTION 62, by Mr. John Cavill, Bdgkton. 

In any plane triangle it will be as the bafe is to the difference 
between the fum of the (ides and bafe, fo is the reftangle 
under half the perimeter and that part of the diameter of the 
circumfcribing circle which is perpendicular to the bafe, and 
fells below it, to the area of the triangle. Required a demon- 
ftrajtion ? i 



SoLUTiOK, iy Mr. Thomas Myers. 

Let ACB (fig. 108, pi. 6.) be any plane triangle, FED tjbie 
diameter of the circumfcribing circle perpendictilar to the bafe 
/V.B, and bifefting it in E. Join DC, DA, and let O be the 
f:cntrc, and OP the, rsidius of the infcribed circle. Then the 

triangles 
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triangles DEA, OPC are fimilar, and therefore AE : CP :: feD 
: OP, or AE : CP :: ED >c half the perimeter: OP X halfth^ 
perimeter (or the area of the triangle ACB)* But it is well 
known that CP is equal to half the difference hetweeii the fum of 
the fides and the bafe, and, therefore, doubling the two firft 
terms of the above proportion, AB is to the difference between 
the fum of the fides and the bafe, as ED x half the perimetef 
to the area of the triangle. Q, £. D» 

Thus the propqfition was demonfirated by Mejfrs, Barley, Boole, 
Butterworth, Cavill, Collins, Dawes, Johuson, Jones, Mellor, 
Pickering, Roville and Ryley. 



III. QUESTION 63, hy Hypatia. 

A circular ring revolves on the infide of anotlier exa£lly 
double its fize ; required the locus of a given point in its cif • 
cumference ? 



First Solution, by Mr. S. Jones, Irondi/k. 

In fig. 109, pi. 6. let P be the place where thfc given point 
in the lefler ring is in contaft with the greater ringAand let C be 
the point of contafl: of the rings when the given point is in some 
other pofition as at />, and join OC, Op, and Pp, Then fiace 
every point of the ncpC is fucceffively applied to the arc PC, i| 
is evident that the arcs pC, PC are equals and becaufe the dia- 
meter of the circle APC is double the diameterof the circle O^^C, 
it follows that the angle COp on the arc pC is equal to the ^ C OP 
at the centre on the arc PC ; therefore the points Oyp^ P must be 
in the fame ftraight line, and confequently the locus of p is the 
diameter AP. 

Cor. li PQ be a diameter of the lefler ring, the locus of Q 
will be the diameter ab^ drawn perpendicular to the diameter 
AP. 

Second Solution, ^^ Mr. G. Williams. 

Let ACB (fig. 110, pi. 6.) reprcfent the greater ring, and AG 
the lefs. Let AO revolve to the pofition OA'C, and the point 
A will move from A to A' along the diameter AOB. For'fup- 
pofe Ay by the revolution of the ring AO, mbve» to any point a 

(S 2} without 
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without the diameter AB, and draw the radius Ga meeting AB 
in n. Then fince the circumference AC is equal to the circum- 
ference aC and the radius OA (by the queftion) equal to twice 
the radins GC. the aitg^e CGa is equal to twice the angle COA, 
confequ<mt!y, G« = GO =: Ga, which is ahfiird. Hence if 
the rinjr AO revolve along the femidiameter ACB, the point A 
will be always in AB, which is the locus required. 

According to one or other oj thefe Methods were the anfwers given 
by Mqfrs. Bazley, Boole, Butterworth, Cavill, Dawes, 
Johnlon, N. R. D., Roville^Z72<:/ W.Smith. 



IV. QUESTION 64, by Mr. Thomas Hopper, Manckejler. 

Admitting the latitude of Manchefter to be 53° 25' N. It is 
required to find the fituation of two other places on the fur face 
of the globe, fuch, that when it is noon at Manchefter on the 
third day of March, 1805, the fun's altitude may be equal at 
all the three places ; and the fir ft place from Manchefter may 
bear Eaft-South-Eaft, and the fecond place from the firft Weft- 
North-Weft? 

Fir/st Solution, ^^ Mr. John Dawes. 

Fig. 111. pi. 6. Let the primitive circle reprefent the hori- 
zon \ the right circle MN the meridian of Manchefter ; P the 
pole ; Z the zenith ; © the fun on the Meridian ; R and S the 
firft and fecond places required ; let Z0z:R0=iS0=: the given 
zenith diftance of the fun, which on account of the difference of 
longitude of Manchefter and Greenwich is = 60° 16' 46''; 
let the Z ZR be the given bearing of the firft place from Man- 
chefter, and the ^ PRS that of the firft and fecond place, each 
= 67° 30'; now the A 0ZR (being ifofceles) is known, 
and becaufe ZR is known, therefore the A PZR is known : but 
becaufe each of the two places bear under the fame angle, i,e, ^ 
0ZR = PRS =z 0RZ, therefore PRZ = 0RS = 33° 34' 42", 
wherefore the ifofceles A R0 S is given ; and becaufe RS is given 
.:=: 111° 9' 43", therefore the APRS is given: from thefe 
data, 

the latitude of R the firft place (comp. RP) == 5° 23' 51" 
the diff. of long, of Manchefter and R=ZPR =59 8 28 
the latitude of S the fecond place (comp. PS)= 18 45 00 
the diff, of long, of Manchefter and S = ZPS = 55 2fi 38. 

Second 
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Second Solution, ^^N. R. D. 

Let M (fig. 112, pli 6.) be the place on the fphere anfwering 
to Manchefter,, Z and Q the other two places where the fun's 
meridian ahitude is the fame as at Manchefler, the place Z bear- 
ing E.S.E. from M, and the place Q bearing W. N, W. from Z* 

Let P be the pole and S the fun in the meridian PM, and de- 
fcribe the arcs MZ, PZ, SZ, QZ, and QP. Then, bccaufe 
of the equal ahitudes., the arcs SM, SZ, and SQ are equal ; and 
the fun's declination on the third of March, 1805, being 6°,5i' 
^5" fouih, this added to the co-latitude of Manchefter gives SM 
= SZ = SQ=:6o^ 16' 55". Again, as Z is E.S.E. of 
M, the angle SMZ is Gj'^ 30', and in the ifofceles A SMZ the Z. 
MSZ is found = 79° 45' 41-4". Alfo in the A PSZ we 
have PS - 96° 51' 55", SZ = 60° 16' 55", and ^ MSZ 

==79° 45' 4i*4"» ^^ ^"^ ^Z = 84° 36' 21", and the angle 
SPZ = 59^ 8' 33-8". Hence the place Z is in North lati- 
tude 5° 23' 39", and in longitude 59° 8' 33*8" E. from Man- 
chefter. Again, becaufe Q is W. N. W. from Z, tjie ^ PZQ 
= SMZ = SZM = 67° 30', hence /^ PZS = 101° 4' 
29", and Z. SZQ = SQZ = 3'^° 34' 29"; and in the ifofceles 
A ZSQ, the fide QZ is found = 111° 9'' 39'^ Alfo in the 
A QZP the fide QZ, PZ, and the included L PZQ are given to 
find QP = 71^ 15 s" and AZPQ = 113° 31' 13'': 
hence ZL QPS = 55° 22' 40'^ the longitude of Q west from 
Manchefter, and the latitude 18^ 44' 55'' North. 

Meffirs, Boole, Collins, and Hopper, the "Propofer,^ alfo anfwcred 

this Quejlion, 



V. QUESTION 65, /'^Arithmeticus. 

Theorem. Let N be any number whatever, and let a = 
the difference of N, and the next greater fquare number, and 
b = the difference of N, and the next lefs fquare number. Then 
N — tf X ^ ^ill be always a- fquare number ? 



Solution, by Mr. Samuel Ryley. 

Let N + a =: (jc H- 1)', then, by the queftion, 
H—b—x^; 
therefore N = (^ -i- 1)' — a = ;"f* + ^, 
and a :=: 2X -^ 1 — ^, 
or — tf ^ == — 2bx — t + h*; 

and. 
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and, therefore, N — ci = x* + ^ — 2bx — b-\'b* zz [x — ^)*, 
which 18 manifeftly a fquare number ; or, if for x there be put 
its value, found from the equation a =: ^x + i — ^, we have 



i — 



•, and, therefore, N — ab 



C-=^^) 



dP — ^=: — 

2 \ 2 

9 fquare number, as before. 

Cor. If N = ab^ x will be=: b, and in this cafe a rrr b 
+ i and N = A* + ^ ; hence if N be compofcd of a number 
added to its fquare, it follows that N — ab will always be =r o. 

Thus if N siir 2* -4- 2 = 6, then 3 = 2 and a=:^; and 

N — ^3 = 6 — 3 X2=o. 
Alfa, if N = 3* 4" 3 == 12, then * = 3 and a=: 4 ; and 

N — (23=12 — 3 X4 = o. 
And again, if N z: 4* + 4 = 30, then 3 = 4 and <2 = 5 ; and 
N — ab =: 20 — 5 X 4 r: o, &c, &c. 

And thus it was an/weredby Mejfrs, Bazley, Boole, Butterworthy 
Cavill, Collins, Elliott, Liraenus, Myers, N. R. D., Picker- 
ing, and W. Smith. 



VI. QUESTION 66, by Mr. S. Wade. 

At what time in latitude 50^ 31' (the fun being in the equi- 
nox) will the (hadow of the ftile on the plaiie of a dire6l 
weft vertical fun-dial be a minimum ? 



Solution, iy Mr. John Dawes, Birmingham. 

When the fhadow is a minimum it will fiall on the fix o'clock 
line upon the plane, which on account of refraftion will not 
happen at the time the fun fets, nor when it apparently fets, but 
fome where between thofe times ; let EB (fig. 113, J^l. 6.) be the 
true, and SC the apparent path of the fun ; the refraftion lor 
this fmall interval of time may be fuppofcd conftant, therefore, 
when the fun is in the horizon at 0, it will appear at S^ and 
when S moves to C the fliadow is the minimum required ; there- 
fore in the quadrantal A ©Spare given ©S =: 33 min. and Z- 
POS ±: 39^ 29' to find the ii ©PS =1 20',, 59", which gives 
im 23s 56th. after fix the time reqnired. 

JA^rs. Boole, Collins, Elliott, aniYi^Y^iyag^fent Solutions to 

this Oudiion. 

VII. 
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VII. QUESTION 67, ^7 Mr. Benjamin BfiVAN. 

In a plane triangle, let to be the centre of a circle pafling 
through ritf, y^ and z ; then will Cw — C<:, and be in the fame 
right line; ^nAwx rz wy ^z wz :=i 2R, or the ' diameter oi the 
circumfcribing circle ; where a", y^ 2, &c. reprefent the fame 
pouitsand lines as they denote In the Synopfis of Data, for the 
Conftruftion of Triangles ? 



"Solution, ^^ Mr. John Butterworth, Haggdte* 

Let S, H and G (fig. 114, pi. 6.) be the points where the 
lines xc^ yc^ and zc meet the circumfcribing circle, and draw, the 
radii CS, CH, and CG ; also draw xw parallel to CS meeting 
iCC produced in ry, and join yw^ zw ; then m is the centre of a 
circle paffing through Xy y and z. For it is now well known that 
Sc =z= Sa:, therefore Cc z: Qw and CH zz. Hy, confcqucntly 
yw is parallel to CH. But CH is n CS, therefore ^a; is zz wx 
:= 2CS. In like manner it is proved that zxo zi xto -=. 2CS ; 
therefore w is the centre of a circle paffing through the points x, 
y and z, and confequently the points c, C, n/, are in a ftraight line, 
and Cc = Cw ; and yw =: xw zi zwzz %C^ :=. fiR. j2- •£• -0. 

Thus nearly was the proposition demonstrated hy Meffrs* Boole, 

Dawes, and Johnfon^ 



VIII. QUESTION 68, ly Alcor. 

Let A and B be two given points, CD, CE, two ftraight 
lines given by pofition ; let AF, BF be inflefted to F any 
point in one of the given lines, and let BF meet CD in G, 
draw GH parallel to AB meeting AF in H, then H will 
be in a ftraight line given by pofition • Required the demon- 
ftration ? 



First Solution, ^^ Mr. John Butterworth, 

Fig. 1 15. pi. 6. Draw BL parallel to CD, meeting CE in L, 
and join AL, CH ; then fince HG is parallel to AB and BL 
parallel to CD, we have AB ; HG :: BF : FG :: BL : CG, 
and by permutation AB : BL :: HG : CG ; therefore the trian- 
gles ABL, HGC are fimilar, and, therefore, CH is parallel to 
AL ; 8ut AB ^nd BL are given lines \ therefore, CG has to 

CH 
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GH a given ratio, and HG makes a given angle with CG which 
is given by pofition ; wheirefore the locus of the point H is the 
ftraight line CH, and which is alfo given by pofition, becaufe 
it paffes through a given point C, and is parallel to AL, which 
is given by polition. 



Second Solution, i;/ Mr. W. Simpson, Bolton. 

Fig. 115, pi. 6.^ Draw BL parallel to CD meeting CE in L, 
and join AL; draw CH parallel 10 AL, and it will be the locus 
fought. 

Becaufe BL is drawn from a given point parallel to a line CD, 
given in pofition and meeting CE, alfo given in pofition, in L, 
the point L will be given, a id confequently AL will be given 
by pofition, and therefore CH will alfo be given by pofition ; we 
have therefore only to prove that HG is parallel to AB. Now, 
by parallels, AF : HF :: LF : CF :: BF : GF, or AF : HF :: 
BF : GF, therefore HG is parallel to AB. 

CoR. If DA be drawn pandlel to AB meeting BG produced 
in A, the locus of the point k is alfo a ftraight line given by 
pofition. 

Ingenious folutions were alfo receivedfrom Me/frs, Bazley, Boole, 
Collins, Mellor, Myers, Pickering, Rovilie andW, Smith. 



IX. QUESTION 69, ^;/ Geometricus. 

Four ftraight lines are given by pofition, it is required to de» 
fcribe a triangle whofe angles may be upon three of the lines, 
and whofe fides may make given angles with the remaining 
line ? 



Solution, ^^ N. P. O. RoviLLE. 

Let AB, CD, AE' (fig. 1 16, pi. 6.) be the three straight lines 
given by pofition, on which the angular points of the triangle are 
to be, and AH the other line with which the fides of the triangle 
are to make given angles. Draw any line EG to make one of the 
given angles with AH, and from the points G and E where it 
meets AB, AE, draw GF and EF to make with AH the other 
two angles ; draw alfo AF to interfeft CD in Q : Now let QP, 
QR be drawn parallel to EF, and FG refpeftively, and join PR, 
then PQR is the triangle required. 

Becaulb 



( HS ) 

Becaufe QP is parallel to EF, and QR to FG, it is evident 
that PO and QR make the given angles with AH ; and AE : 
PE ;: AF : QF :: AG : RG; therefore PQ is parallel to EG; 
and, confequently, PR makes alfo the given saigle with AH. 

Mitffrs, Razlev, Boole, Butter\yorth, Collins, and Simpfon^ 
hktmje sent neat an/zaers to this Quejlion* 



X. QUESTION 70, by. the Rev. L. Evans, Royal Academy^ > 

Waolmch* 

It is required to bifefl an arch of a circle by the defcriptloB 
#f circles only ? 

Solution, by the Prpposir. 

Let BC (fig. 51, pi. 2.) be the given arc, and A the centre; 
with the centres B, C, and diftances BA or CA, the radius of 
the circle defcribe two arcs AD, AE, each equal to the given arc 
BC. With the centres D, E, and diftance DC = BE defcribe 
two arcs to interfect at F; then with the radius AF, and the fae^e 
centres D, E, defcribe two other arcs which will interfeft in tt e, 
circumference at G, and the arc BC will be bife£ked at the 
point G. • 

Demonstration. The fides of the three triangles DBA» 
BAC, ACE, being refpeetively equal, we have the angle 
BCA equal to the angle. CAEj^ therefore BC is parallel to AE, 
and therefore BAEC is a parallelogram. It is proved in the, 
same manner that BC AD is a parallelogram, and the diagonal AB 
is equal to the opposite fides BD, AC j therefore DC'* (DF^) 
= AB' H- 2 AD'. Again,, becaufe DA, AE, are parallel to BC» 
the points D, A, E, are in the fame right line, and the triangles 
FAD, FAE having all their fides equal, have alfo the angles 
FAD, FAE equal, confequently they are right angles. In the 
same manner it is fhewn that the angles D.\G, EAG, sire right 
angles. Therefore, DF' = DA' -f- AF' — DA' + DG% 
and DG' = AD* + AG' ; wherefore DF' =: AG' + 2AD'; 
confequently, AB' = AG* and AB ='AG the radius of 
the circle; therefore, G is in the circumference of the circle. 
And becaufe AG is perpendicular to DE it will alfo be perpen- 
dicular to BC, which is parallel to DE, and therefore the arc BC 
is bifc£led in G* 

Me/frs. Boole, Cavill, Collins, Myers, and Pickering, arifwered 

this Quejlien, 

Vo L.I. Part L (T) XL 
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XI. QUESTION 71, *y"WHACUia. 

Let AB be a given ftraight line, and P a given point withoat 
it, let CPD be drawn meeting AB in C, and let CP be to PI> 
as AC to CB. Required the locus of the:pointD? 



First Solution, ^y Mr. Bazlev, Bolton. 

Join AP (fig. 117, pi. 6.) and produce BA till AS = AB, 
draw SF parallel to AP, and PF parallel to AS cutting SF in 
F; «lfo draw DOE parallel to AP meeting PF in O and SA in 
E; and laftly draw BG parallel to AP meeting PC produced in 
G. Then, by the fimilar triangles ACP and BCG, AC : CB :: 
CP : CG, and by hypotbefis AC : CB :: CP : DP, therefore 
CG is equal to DP; and the triangles BCG, OPD being equal 
sis well as fimilar ; therefore CB r: OP = AE, and fince AS = 
SB, SE will be equal to AC. Again, fince the triangles CPA, 
CDE are fimilar we have CE : CA :: ED : AP, therefore EC X 
AP n CA X ED, that is SAxAP r: SE x ED ; confequently 
the locus of D is an hyperbola defcribed through the given point 
P to the afymptotes SF, SA. 

If, (as in fig. 11 8, pi. 6,) the poilit D be taken on the other fide 
of C, produce AP toQ, fo that PQ may be equal to AP, and com* 
plete the refiangles AQSB, and APFB, and let SB produced 
meet PC produced in G, and draw DH parallel to AB and DO 
parallel to SB ; then, as above, CG = PD, CB = OP, and 
DH = AC y%\{o GH = AP = BF = SF, GF = GH + 
HFm AP + HF=: PO>+- HF = SH. Hence by the fimilar 
triangles GDH, GPF;lJ.H : HD :: GF : FP; but GH = 
AP = PQ =: SF, and GF = SH ; therefore SF : HD :: SH : 
-]?P ; confequently, SF x FP = SH X HD ; and therefore the 
locus of the point D is an hyperbola defcribed through the point 
P to the afymptotes QS, SB, which is the very fame hyperbola 
as before, only differently fitnated. 

CoR. BP is a tangent at P. For when CP falls in with BP 
there is no interfeftion of the curve made by BP, and, confe- 
quently, BP touches it in P. This agrees with what is com* 
monly fliewn by writers on conies ; for in fig. 117, BA = AS, 
and in fig. 118, BFii;FS, and therefore by conic feftions BP is 
a tangent at P. 
• Second 
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Second Solution, fy. Mr. W. Smith.. 

Pi-oduce AB till AS = AB, (fig. 117, pi. 6.) and draw SI' 
parallel to AP ; then a hyperbola defcribed through the point P 
to the afymptotes SB,. SH will be the locus required when the 
point D is above the point P, but if it is below the point P (as la 
fig. 118, pL 6,) produce AP till PQ is rr to AP, and draw QS 
parallel to AR meeting BS drawn parallel to AP in S; then a 
hyperbola defcribed through the point P to the afymptotes SQ,. 
Sft will, in this cafe, be the locus required. ' 

Demonstration. Draw the line PCD to any point in 
the curve, and let PF; DH, be drawn parallel to AB, the latter 
meeting AP produced in N;. then, by the property of the 
Ikyperbola 

HD X HS z= AP X FPr: AP x HN, or 

HS = AP 4-PN : AP :: HN : HD, and by divifion 

PN : AP :: DN : HD ; but by fimilar triangle$ 
PN : AP :; DN : AC : therefore HD~ AC ; 
and fince HN s= AB, DN is =: to BC ; and, confequently, 
AC : CB (DN) :: CP : PD. It is therefore 'manifeft, that the 
hyperbola rD is the locus required. 

Ingenious^ Saluticns were alfo received from Meffrs, Boole, Elliott^. 

Limenus, and Simpfpn* 



XII. QUESTION 72, *7 BoMBELLi. 

To divide | into 5 parts fuch, that either part added' to tbc^ 
ube of I (hsdl be a.fquare ? 

^ » 

FiiiST Solution,. ^^^Limenus, Brutm, SomerfeU 

Let the five parts into which \ is required to be divided be 
defignated by a, h^ r, d^ and e^ and let the fquare numbers tch 
which thofe parts when feverally increafed by the cube of ^ or -^^ 
zf^ to be equal, be denoted by <*", /b*i 7*,.$* and e*, and we Ihall: 
i^imediately. have 

64 64 64 

64 64 

(T 2) WJicrcforf 
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Wherefore having determined a, fi, y, &c. the parts a, ^, c, gcc, 
will become known^ and the only reftri&ion dependent on thofe 
equations is thai a, /S, y, &c. be each ^eater than -J-, in order that 
all the parts may come out pofitive. The remaining condition is 

that the fum of the parts be -, ot that -^ z: a* + /S* -t- 7* -h 5* 

4 4 

+ 6«_^, or ~ =a»H-/3»-H7^H-S''+fi*. It Is therefore 
04 u4 

neceflkry to divide the fradion ^ into five fquares, and to effect 

fuch a divtfion it vfiM be requifite to afTume fome five numbers 
that poffefs that property, and then we (hall be enabled to obtain 
a general folution of the proMem. 

The denominator of -^r- is itfelf a fquare, and the numerator 21 

64 

being but fmall, it will readily be perceived that the only ways 
in which it is capable of being formed into five integral fquares 
are by the numbers 16, 4, 1, o, o; 9, 9, 1, 1, 1; andp^ 4,4, 4, o« 
And each of thefe fets will enable u$ to difcover an infinite num* 
ber of frafiions poffeffing the required property ; but that the 
-fame folution may be made applicable to them all, we will de« 
fignate the roots of one of the fets by m^ n^p^ q^ r« fo that 

Let V be fome intermediate quantity, and /, i, X, /x, y, other 
component parts of the fquares a*, |3*, 7*, 5*, e*, fuch that a = 
Iv '^ tn,fi zszkv'-^n^ 7 ssrXv— j>, SszT/xr'— ^, and 6=:v»— r. 

And by expanding the equation -r- zia* +■ iS* 4- 7* +S*+ €*, 

and dcduQing from it that of ^ =;: w* -J- n? +p^ +j* -H r\ 
there will refult 

and thence tj — ^^^ + 2«^ + fl/^X-H 2 7 a + g^v 
and thence v _ /a ,^ ^, ^ ^, ^^. ^^i 

# 

In this formula the quantities /, ^, X, fA, v are affumable at plca- 

fur«, and the quantities m, », ^, y, r, are to be determined by 

taking one of the fets of numbers before given. Having thus 

iound a value of v, the corrcfponding ones of «, /S, 7, &c. and 

thence the required pArts a, ^, c^ &c, will become known. 

By 
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By making ufeof the firft fet, andtsJcing /ssptg AtStzif 
X = — 1, 1M. r: Q, aiid vs=: 2» we (hall find » = ^, and the five 

parts in this cafe will be ^.. ^, ^, -M. and ^^. 

4095 4090 4096 4090 4090 

Alfoiif we take / = 3, ^ = 1, X z: — 2, pi =: 3, and v z= 2, 

then »:=-, and the fiVe parts will come out ^^r-* -^^t — ?^ • 
9 5184 5184* 5184' 

— 2- and — 2- * and Wkh the like facility may innumerable 
^184 5184. ^ ^ 

other folutions be^derived. 



Second Solution, by Mr. Cunliffe, R. M* College. 

Let the parts be denoted by a;, v^ at, y^ and z^ and by the 
fueftionput 

To+^ =iz% i^+-^=J«, H- L- c% v-|-j^=i»andz+ i-=^* 
64 64 64 . ^ 64 64 

By taking the fum of all the equations, 

04 4 04 , 
Now put 

|-mttz:fl, |-«a=*, |+/>tt=:c,|+ jtt=:i/, andg-J-ris:^; 

Then 

— = rt» + *»+«• + </» + c*. 

= (2-.«)V {l-nu)\ Q+;^«)V ("i +^«) + (g+r«y 

' From whence u = ^i^r^^lzif^ /J" ^A where m, n, 
^, ^, and r, may be taken at pleafure; but with this re{lri£Hon, 
|hat each of the quantities a, b^ c, d^ and ^, (hall exceed ^» 

* Example 
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lefs, hence it is evident that the loeus of the point C is a hyper* 
bola of which F is'a focus and EG the directrix. 

Cor. If upon AB any fegment of a circle be defcribed 
cutting the hyperbola which is the locus of the vertical angle in 
K, the part oi the circumference AKB will be hifefied in K. 
For join AK, BK» then the angle EBK being double the angle 
BAK, the circumference AK is double BK, therefore BK is 
one-third of BKA. . 

This queftion.and its application to the trifeftion of an arch 
conftitute Prop. 34, Book iv. of the Math. Colle6^. of Pappus, 



Second SaLUXiON, by Mr. W. Smith, Liverpool. 

Bifefl thebafe ABin E, and draw the indefinite perpendicelar 
EG ; divide EB in V, fo that BV = aEV ; with the focus B. 
vertex V, and diredrix.EG, defcribe a hyperbola, and it will be 
the locus required. 

Draw AC, BC to any point in the curve, and draw CH per- 
pendicular to EG, and produce it till HI = HA and join CI. 
Then by the property of the hyperbola EV : VB : : HC : CB, 
but VB = 2EV, therefore CB =t: fiCH = IC : but fince 
AE =: EB, IH =: HC, and EH perpendicular to AB and IC, it 
is obvious that AI is = to BC 5uid the angle BAI =: ABC ; 
therefore IC is = to AE and the angJe ICA (BAC) =: lAC ; 
and therefore the angle BAI or ABC is equal to twice the 
angle BACr 

This Queftionwas alfo anfwtredhy Mtjfrs. Bazfey, Boole, Collins, 
Elliott, Johnfon, Limenus, Myers, Pickering, and Simpfon. 



XIV. QUESTION 74, hy Mr. George Sanderson. 

Determine the value of — =—-, when >-— . = «, a givea 

col. \)/ lin, v{/ 

number, and (p -+- 4^= a, a given arch. 

First SoLUTioN,^ /^^Scoticus. 

'• cof» (b 
Suppofe — ~^ zz X, then cof. f zzx cof.>J/ and fin. (fzzn fin;>^, 

hence, putting P for cof. (p cof.vj/, and Q for fin. (p fin. \t, we have 
cof. <pn=;eP, fin.*9=r= nQ, nx cof.* 4^= wP, nx fin.*\}/ =: xQ, 
therefore xV + nO z= cof.*(p + fin.* (p= 1, (Ij 

and wP -4- xQ, = nx (cof.' %J/ + fin.'x^J = ««*i (^) 

The 
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The arithmetic of fines fur niflies this other equation, 

P — Q = cof. ((p -+• 4/J = cof, tf^ .•#««*.(9) 

From the firft and third of thefe equations we find 
(« -4- ;e) P == 1 + « cof. «, 

and from the fecond and thirds 

(» -+- «p) P ==* (« -t- cof. «). 

Therefore, * (« -^^ coL a) =: i 4* » col. «, 

t -4- w cof. « 



and ;r 



n -+- cof. m 



Second Solutiok, iyMr. J. Collins, Renfington^ 

Put i= fine of the archa, and c its cofine, the radius' being 
denoted by r. Alfo put x s= the fine of the arch (p, and> =s 
fine of the arch %{/• 

Then by known theorems. 

s X cof. ^ z:;:^ ry '^ ex 
s X cof. 4^ =:= ''^ -i- ^y^ 
From whence 

coT^^ry + rx^^ Z^^r±nc ^ ng^f^ 

€orr>)/ ^^ + O' ^» ^, ra + c ** 

y 

Solutions were alfo received from Meffrs, Bazlejr, Boole, Butter^ 
worth, Collins, Elliot, Myers, Pickering, Roville, and Simpfon. 

XV. QUESTION 75, by Nauticus. 

Itequired the reflificatioo of the line which it the projedion 
of a great circle paffing through a given point of the equator, 
and making with it a given angle in Mercator's Chart ? 

^ Solution, by Mr.Vf. Wallace, R.M. College. 

Retiininff the fame potation as in the fplution to queftion 46, 
in page 105 of the Repofltory. let u« put farther * for the length 
«f tte ciirve line whofc re&fication is required. Then Irom 
what has been flicwn in the Iblution referred to 

* ^ - ■ I« ■ a V cof.* <t> x_ •(i + a'J'P . 



Hence, drvidtn^both tinrterator and denominator liy 4/(1 4" «'^ 
i^d. puttings for the fine of the angle, which the great circle 

inaketwiththeequator,thatis, for -; — ~ — .„ we find 

* = •(i~!>cof,>yr """' '"''^"'^ « = 90^ - ?>. 

. — & 

Thii fluxion has feveral remarkable properties^ which have 
been confidered by Euler, Lagrange, and Legendre, particularly 
hytbc laft ijbei^tipned Auth6r in his Memtnrefur Us Transten* 
dantes ElUptiques. By a particular translformation its fluent 
4jidxziittof iiieinff exprefled in a- peculiar and very elegant manner. 
On this, fubjeft, fee the laft mentioned work, alfo a valuable 
papef, on the integration of Certain differential e^dpreffions by 
Mr. WooDHOusE of Cambridge, in the London TranfaSionS 
for 1804. I ^^^^ 0"'y ^4^» that the fluent may be exprefled by 
two elliptic arches, the fliix ion being the fame as that which has 
occurred in the folution of Qdeftion 16, in page 38 of this Vol. 
but it is proper to obferve, that in the 1 ith and 17th tines of that 
page, the word femi- conjugate feeras, in each, to have been put 
by miftake for femi-tranfverfe. 



XVi.'QUEStlON 76, ^j^Theodosius. 

Having giv(*n the bafe of a fpherical triangle upon the 
furface of the fphere and its area; required the locus of its 
yertex'? 



Solution, by Mr. Lowry, R. M. College. 

It has been ihewh in feveral places that the locus required is a 
fmall circle of the fphere, equal and parallel to afmall circle, de- 
fcribfed tfirou^' tTie extrefhiHei of the given bafe; and the truth 
of xhh has geifeftilly been proved,, by firft (hewing that fpherical 
parallelograms on <Ke fartie bafe, and between the fame equal and 
parallel circles, afe equal in area. This beautiful theorem is 
analogOustq the thirty-fifth propofition of the firft book of Euclid; 
tind jis a retnarka^jfe inftance of thje analogy wbich/freouently 
* fubfifts between fptierical and reftilineal figures.^ In' wKat Follbwa 
I fluJI determine the locus from, the properues of the fupple- 
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military triangle, as this raetbpd is nof only i/^^Xthf^RffSflc^ 
but leads to the difcovery of fome other local theory ms^ 

Let ABC (^.120, pi. ^.) b? a fpherical friangje 4:fcribecl 
oh the given bale AB, and having'its area, or wj^icn i$ toc fatne^ 
thefum of its three angles equal to a civen quantity* . Ahout tbf? 
angular points A, B, C, as poles, defcribe thp f^ppj^ine n tary 
triangle DEF, and continue the arc^ PF, ^fl till they qjeet as 
at G. Then it is well known that the fides DF, EFsand DE. kre 
the' fupplements of the angles B, A, C, refbeclively, and the angle^ 
DFE the fupplement of tne bale AB ; tW<efore when the bale 
AB and thefum of the three angles A, 3., C, areffiycn, the apgU 
pFE, and the fum of the three fides I>Fr £iJ?>, Ep (or the per}^ 
m^tet of the triangle DFE) are given. - ., . ,; ^ 
.Conceive a fmall circJe to tpucli the great circles DEt JOG, 
nd JIG at Q, P, and H ; let O be the pole of this circle,rapid j[jQij(^ 
)P, OH, OQ, and QC. ^'Then,' by the property ot teu;^in$,f 
the arc DO = DP, arc E^ == EH, and arc PF 4=;T?H j 
dicrefore 2x and FH are each equal to bajf the perimeter of tliC| 
triangle DEF, that is, equ^l to a'giv^n arc; and jtherqfor|e the 
poitUsH,.P, aregiv^n, andof cpnfeqqencc the^pplp^O*; jip;^ d^ 
radius OQ (OH or OP) are give^i. ^ t { „ .. </ r '. • ^ 

Alfo becaufe C is the pole of the arc DE^ *^ vs ^B^ffl^ ^^ ^^ 
locus of the point C will be the locus pi t|ip pp|e pftjiip fire lOE,; 
and fince DE touches the circle I3QH at jQ, the '^ 
perpendicular toDE^. and, confequently, 'OQ groiuced will, 
pafs through the pole C,' and 'QC will be a qu^dl^t'; thf reforej 
the arc OC, is equal to the arc OQ -+- a quadrant, jKat is. equal 
to a given arc ; and O is a given point : therefore the locus of. 
the point ^ is the circfe CI, whofe p9le is O^ ^hd radius OC 

Becaufe the arcs, HO, PO are perpendicuUr '\<i CxE, GD, 
they will pafs through the poles A, 6, of thofe cir9res, and. 
therefore the arcs AO, BO, are each the coraplcjaierit of the 
arc OQ, or the fupplement of the arc 0(J! \ .a^id, confecjuentiy,^ 
a circle defcribed aboutthe pole to pafs through, the points A^* 
B, wi'H be eq,ual and parallel to the circle Ct, ^ncf wUl bp the, 
locus of that point on the fpher^ whi(;h is diametri^a|ly oppo^tcr^ 

Now fince the great circle AB interfeS* one of the equal, 
parallel circles at A and B, it muft neceilarily interfe£l the 
other parallel on the oppofite fide of the fphere, . X*et this be at 
m and;?; then, when C* coincides with either of jthofe points, , 
Q will be either at H or I, and the three fid,?s ot the .trianglje^ 
ABC will coincide. ' Moreover, li C be beyond either of tbole ; 
'points, Q will then fall between H and I on the fide next to C, 
and the perimeter wilt be a variable quantity, which is contfary , 
to the bypothefis, and therefore the Ipcijs is limited t,o that par-^ 

• (U a) , ticular,, 
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ticular part tt ttie circle mCn whicl^is included between the 
points m and o. 

We may infer from hence, that when the vertical angle and 
perimeter of a fpherical triangle are given, the loci of the poles 
of the bafe will be two equal and parallel circles given in magni* 
tude and pofition. 

It is alio obvious that the arcs Am, Bn, are each equal to the 
fupplement of the bafe, and that the arc OF bire£ls the bafe AB 
at tf 

Again, if a fpherical triangle be defcribed on the given bafe 
AB, fo that the difference between the vertical angle and the fun^ 
of the angles at the bafe ma^ be equal to a given angle, the 
locus of the vertex will be a circle. 

I^t the fupplemental triazigle, DEF (Bg. 121, pL 6.) be 
defcribed as before, and let O be the pole of the circle PHQ 
inferred in the triangle, and join OQ, OP, OH, and OC ; then» 
%ecaufe the bafe arid the difference between the vertical angle and 
' the fum of the angles at the bafe are given, the ang;Ie DFE and 
the difference between the fum of the fides DF, £F« and the bafe 
DE will be given. Now the arc DP = DQ, arc EH =c: EQ. 
and arc FP = FH, therefore FH and FP are each equal to half 
the difference between the fum of the fides DF, £F, and the bafe 
DE, and therefore equal to a given arc Hence it appears, in 
the fame manner as before, that the point O and the arc OC are 
given; and, confequently, the locus of the point C is a circle 
whofe pole' is O, and radius OC^ 

The arcs OH, OP, produced will pafs through the poles A 
and B refpcSively, and the arcs AO, BO, are each equal to the 
complement of the radium OQ, or equal to the arc OC, and 
therefore the locus required is the circle which circumfcribes the 
triangle ACB. 

If the arcs AC, BC, b? prod.uced till they meet as at G» the 
locus of the point G will be a circle equal and parallel to that 
which is the locus of .the point C, and will therefore pafs^hrough 
the three points which are diametrically oppofite to the points A, 
B» C We may therefore infer, that if the vertical angle and 
the diflerenee between the fui^ of the fides and bafe are given, 
the loci of the polei of the bafe ari! two given circles equal and 
parallel to each other. 

The circle infcribed in the triangle DEF, and the circle cir*' 
cumfcribing the triangle ABC have the fame centre, and the 
radius of the one is the complement of the radius of the 
•ther. 

That the circumfcribing circle ii the locus of the vertex when 
the difference betvreen the vertical angle and the fum of the 
angles at the bafe i% a conftant quantity, may be proved in a 
sanxiar diSbent from the abovci and iiiggefts a very fimple 

metlm 



t »57 ) 



tnediod of determining tlie locus^ when the area is conftant, 
without having recourieto the properties «f the fupplementarjr 
triangle* 

Let ABC (fig. 19^2, pK 6.) be the triangle whofe bafe and 
area are given» and continue the fides C A, CB, till they meet at 
D, then it is evident that the angles D and C are equals and Z. 
CAB = 180^ — Z.DAB, and Z.CBA = iSo*' — /.DBA; 
therefore the fura of the angles A\ C, B, is equal to 360^ -*« 
(z.DAfi -f* Z.DBA} + Z.D = to a given quantity S, or 
yiDAB + iLDBA— jlD = 360°— S. 

Let O be the pole of a circle defcribed through the pointy , 
A, B»D, and draw the radii OA, OB, OD ; then, by reafon of 
the ifofceles triangles, Z.OBD = ODB, Z.OAD = ODA; 
therefore Z.D =: OBD -t-OAD ; and, confequently, /.D AB 
4- DBA — LDz= OAB +OBA = 2OAB = sec* — S; 
therefore OAB = 180° — 7S :;= the fupplement of half the 
given fum of the angles, and becaufe AB is given, it is obvious 
that the pole O and the radius OD (QA, or OB] are given ; 
therefore the locus of the pointD is the circle DAB* 

And fince the point C is always at the diftance of a femir 
circle from D, it is evident that the locus of C is a circle equal 
and parallel to that which is the locus of D. 

The celebrated Legendre, in the notes to his Elements d( 
G^ometrle^ alfo determines the locus to be a circle: but by 

{principles very d^e|:ent from the above* His invefiigation is a$ 
blloWs : 

Let ABC (fig. 123, pi. 6.) be a fpherical triangle defcribed 
on the given bafe AB, and having a given furface A -h B* 4- C 
— «=:S; » being =180*. 

Let the arc IPK be drawn perpendicular to the bafe AB fo as 
to bile6l it at I, and take IPt=:to a quadrant; then P will be the 
pole of the arc AB, and the arc PC, defcribed through P and C, 
will be perpendicular to AB. Put AB = c, lDz=:p^ CD=;^, 
AC=^,and BC = a; then AD zz p-hic^niUB^p^-^ic 
And from the right angled triangles ACD, BCD, we have 

eof, a s±: cof . g cof. {p — |^) and cof. i = cof. q coL Qf + |c)» 

•, . . ,, , , ,« cot. ^a cot. li cof. c 
But u IS well known that cot. fo:= — — ^ — .. ■ - - A **-» 

, , - . . . cof. c — cof. a cof. i 
and writuig for cof. c , tts value, -^ {' i ' * 

, •« I + cof. a + cof. i + cof. c 
we have cot. fS = ^,a^nJUC '♦ 

and by f^bffUuting in tbit<fennuia the valan cof. a cof. t=: a cof. 



^f-c<rf. /^ cof. f?» % 4- fsof; r = ii tof.« |ir, fla, ^ fin. <: tr fin. r 
^. 3 z;: ^ fin, ^^ qof* ic fin, Bt We fcave 



^ _^ cof. Ic -+■ cof. /^ cof. o 

cot. |5 3= r--fr-= p ■ ■ r ^. 

"^ lin. a fin. |c fin. B 

3ut in the right angled triangle BCD, fijn. a fin, B 

cof. fc -f- cof. /> cof. q 



therefore cot. |S 



= fin. f , 

or cof,^ cof, g zz 



"^ lin. |c tin* y 

cot* -JS fin. {c fin. y — cof. |c,' which is the relation, bet ween 6 
and ^, and fcrves to determine the line which 4s tfre locus of all 
the points C. 

* On IP produced take PK r=r ;r, and let the arc joining KC =z 
y^ then in the triangle PKC we have PC =r \n — q and the 
angle KPC ir n — q, and the fide KC found by the propipr 
formula is cof. KC =r cof. KPC fin. PK fin; PC — fin. jt cof. 
g cof. p, in which fubAituting for cof. p cof. q its value cot. x§ 



fame, cot. a; = got. |S fin. |r we ftiall have cof. y ±: fin. x cof. 
fcandthe value of jr conftant; ^ ^ 

Therefore, if PK be taken fuch that its cot. =r= co^ |S fin. ic\ 
rtie vertices of all the triangles d^cribed on the fame bafe c, and 
having the same.'futface S, are in the circumference of a fman 
Circle defcrifaed from the point K, as a centre, with thx? "polar difi 
jance CK^ fuch that cof.^KC .- fin., PK cof. i/:. ^^-W . ' 

Legendre adds, that this beautiful theorefe- is '4»ie to* licrfelL 
^ee Tom. V; Part I. de 'Nova A8a Peiropolitana,) 

• ■ i 
J ' 

Meffts. ButterWorth and Collins yjw/ S&lutions to this Quefiion.^ 



I- 



• XTII. QUESTION77,f;'^r. John Wright, Norle^. 

Required the fluent of i /[^ji^iL.]/ with the affift- 
ahce of the conic feSions ? 



(x +;c*)^:'\ 



i V :. . 



Solution, ^^ Afr. C,UNLiFrE,i?. M. College. 
In the firft place, 

Put 



'( 'tJ9 ) 



Put 1 + *« = - ; Aen v^ ^ -^^.i =•— „ and 

• * • . . . . 

uking the roots, /( i — ;c' H- a;*) =i — ^ ( i — ' — ) ': 

therefore ; ^ ,,, v/(i-**+^')= ^ /(i-^V 
By taking the fluxion of the equatioA i ■+• x' = — , we have 



• 



2XX =: 5 which gives vx zsz: , or — = — = — # 

V* ° I'^vx nx 1— »jr 

Alfo from the fame equation we get x = ^^ \ or 

vx :ss I — -|/(i — v^) ; hence i --^ vx— ^/(i — v*), and 

therefore — = -^ — z= ■ -, ^. , 

2X t^vx -/(i — x/*) 

. Confequently, - . •«« 

which is 9t once recognifed to be the fluxion of half the lei^b 
6f the arch of an ellipfis intercepted between the conjugate 

axis and a parallel ordinate at the difiance of i/ s=: « from 

^be centre ; the tranfverCe axis of the ellipfe beii^ 2^ and con*- 
jagaiei. ... 



Second Solution, iy Mr. Thomas Bazley. 
•Let the given expreflion be divided by i •+• ;t*'and it becomes 

reduce this to a form more convenient for integration, ^t 
1 + jc* z= - . ■• ; tlicn — T — ^ -. — 77 — ' — «r,, ahd by fub. 

flitution 



— z y/U 




•( 160 J 

llitution ike above expreffion beicomef , — — -n— ^ 

4 •(! — ^) . 
The fluent of which is the fourth part of the elliptic arc, reckoned 
from the extremity of the conjugate axii, whofe ordinale 
to the tranfverfe axe is z, femi-coojugate 1, and exceii«r 
tricity y^g. 



« 



XVIIL QUESTION 78. *yUii|A MiNOR- 
It is required to demonftrate, independently of fluxions, that 
when an arch of a circle ii fmall, twice the bne + the tangent 
cs threes times the arch nearly ? 



First SbLUTiON, fy Mr. Ivory, R. M. College* 

LEMMA. 

Let the fmall arc ACB (fig. 124, pi. 6.).bebife£led in C, and 
let AC he bife6led in D : then the triangle ACB will foe nearly 
equal to eight times the triangle ADC. 

For, draw CO, DO to the centre of the circle, and let CO ^'• 

meet AB in m, and DO meet AC in n : then, becaufc the arch 
BA is fmall the chord BA will be nearly double of the chord 
C A, and the chord CA nearly double of the chord DA : alfo, 
from the Jcnown property of the circle Cm ; Do :: CA! : DAf> 
or nearly as 4: 1 ; therefore Cm is nearly quadruple of Dn. Now 
the triangle BCA : triangle CDA :: BA X Cm : CA x Dir :: 

9X4* l^l**v« !• ••••••'•^•••••••••••••••'••« \J* J^* JJm 



DEMONSTRATION OF THE QUESTION. 

Let AB (fig.iftfi^pL 6.) be the fmall ari:h, and AD its tangent: 
take the arch BE = arch AB, and join AE meeting BO drawn 
to the cemreof the circle in C ; bifea AB, BE in F and G, and 
join AF, FB, BG, GE: in like manner bifea the arches 
AF, FB, BG, GE. and infcribe % fieurcof eight fides in the 
fegment ABE by drawing lines from the points of bifeftion to 
the points A, F, B, G, E : and fuppofc the infcribtng of figures, 

by means of cgminual bifeaiOnSi to kc cgminued ad infinitum. 

Then 



^% 



i i6t ) 

Then, by the Lemma, the triangle £AB :*r % yc trifogte 
BFA ; and the triangle BFA =: B X triangk in Ac 
fegment contained by the half of the arch FA ; and fo on, ad 
infinitum. But the circular fegment ABE is compofed of the A 
ABE -|- 2 X Zi AFB + 4 X A infcribed in the fegment AF 4- 
8 X A infcribed in the fegment bounded by half the arch AF» 
and fo OB, ad infinittim : dierefore the circular fegment ABE 

= AABEx(i+| + ^ + ^,+g? +&C. ad infinitwiO 

^=i X A ABE». Therefore the femi. fegment ABC as* 

X A ABC. But DO : OB :: OB : OC, therefore DB : BC :: 
OB : OC ; and becaufe the arch AB is fmall, therefore OB will 
differ little from OC ; and, confequeptly, DB =; BC nearly* 
Therefore AACD= 2 x A ABC : therefore femi-fcgmeD|t 
ACB =:^ X AACD. 

Therefore the outward fpacc AFBD z::Zx'^ ACD z: ^ iemu 

AO 
fegment ABC, but *he outward fpace AFBD =--- (AD — 

2 

AO 

arch AB): and the femi-fegment ABC = i— (arch AB-^ACj : 

32 

^terefore, arch AB — AC = ^ (AD — arch AB) : confe- 
quently, arch AB = — , or, to fpeak in ftrift geo- 

metrical language, the limit of the ratio of the fmall arch AB tdf 

sAC "H AD 

is the ratio of equality, and, the fmaller the arch 

3 
AB is, the more nearly equal will it be to the quaptity 

.JlCj^AD j^j^ 

3 ^ 



Second Solution, iy Mr. W. Wallace, R. M.Colkgt. 

Let 9 denote «k fmall arch of a eir<:let radius being unity, 

r^, , ^ fin.9^<r= fin. (p(i-rfin*(pr* 

Then tan. <p ^ -^(;_fi„»^^j J =fin.(p+ifm^(p+|:fm^p+&c. 

Now when the arch (pis fmall, the fifth and all hjgher ipowtniA 

• * AnctiiMSDts Jns runnned up Ais prt)greffioii» in tiit^tndiatQit of ih$ 
Bvibola. 

Vot.I.PARTl. (X) 
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■ 

its fine will be very fmall, therefore in inveftlgating au approx- ' — 
imation to the arch they may be neglefted, thus we have 

- tan. f c=: fin. (p -f- ^ fin,^ (p nearly, . 

or, fince fin.» (p= | fin. (p — ^ fin. 3(p, j 

. tan. <p ~ -V- fin. (p — -J- fin. 3 (p nearJy. ; h 

Let us affume fin. (p =: A(p -f- B(p* -f. C(p^ -f- Dip* ^ E<p* 4- &c. 
where A, B, C, D, &c. denote numbers which are independent 
of any particular value of (p, then, fince by the arithmetic of 
fines, when <p is negative its fine is alfo negative, we have 

— fin.cp =~ A(p + B(p* - C(p3-hD(p* — E<p5-f- &c. 
and, fubtrafting the latter equation from the former, and divid- 
ing both fides of the refulting equation by 2, 

fin. <p = A^ H- C(p3 + E(p5 -f- &c. . 
•hence it appears that B, D, &c., the coefficients of the even 
powers of (p, are each neceffarily z= o, and, therefore, that the 
leries for the fine muft confift only of the odd powers of the 
arch. 

Let us divide both fides of the feries by 9, and we have 

•^^ z=: A -^ C(p^ ir Ep^ + 8cc. 

Now when ^ zi o all the terms of the feries vanilh except A ; 
hence it follows, that A exprefles the limit of the ratio of the 
fine of an arch to the arch itfelf, when that arch is fuppofed 
continually diminiflied, but it may be rigidly demonftrated 
independent of the doftrine of fluxions, that the ratio in quef- 
tion is that of equality, therefore A = 1, and the feries for the 
fine may be exprefled thus, 

fin. (p=(p 4- B (p3 -f C(p * + &c. 
and fubflituting ^(p for ^ 

fin. 3(p = 3? + fi7B(p3 -h 2^3C(p5 + &c. 
fo that, rejeHing the fifth and all the higher powers of the arch, 
for the ,fame reafon as we have already rejefted the like powers 
of the fine, we haVe 

fin. (p zz (p + B(p^ nearly, 

fin. 39 == 3(p 4- ft7B(p» nearly, 

and fince tan. (p zz ^ fin. <p — - fin. ^p nearly, 

tan. 9 = ^ -?— •2B(p» nearly, 
hence, n being any number whatever, 
nixn, (p + tan. <p= {n + 1) (p4- (n — 2} B<p^ nearly. 

Here if we fuppole « = 2, the coefficient of (p^ will be =z o, 
and thus 2 fin. (p 4- tan; <p =: 3^ nearly. ^And as in obtaining this 
approximation we have rejetted no quantities of a lower order 
than the fifth power of the fine or of the arch, itn^aybe infer- 
red that the approximation is tolerably corre£l for fioaall arches. 

Thwd 



// 



J 



( «<?9 > 



Third Solution, by Mr. Thomas Bazley* 

It is dcmonftrated by writers on trigonometry, that if tf denotes 
the arc of a circle whofe radius is unity, the correfponding 

fine is zz a — '-7. -f — &c. = s 

6 120 

and 2 X fine is = 2a \- p- — Sec. r: 2S^ 

3 60 

and the tangent = a H 1- 1- &c. =: / 

^ 3 15 

and if the arc be very fmall all the terms after the fecond may be 

omitted as being extremely fmall in refpefl of the two firft ; 

hence by addition 2s + tzz 3^, which is the theorem in the 

queftion ? 



XIX. nQUESTION 79, iyMr. John Wright. ' 

Given thie difference of the angles at the bafe, and the letigth 
of a line drawn from the vertex to the middle of the bafe to 
conftru£l the triangle when the folid of the perimeter, the dif- 
ference between the fum of the fides and the bafe, and the per- 
pendicular let fall from the vertical angle upon the bafe is a 
maximum ? 



Solution, ^j^ Mr.]. Johttson, Birmingham. 

Analysis. Suppofe that ACB (fig. 126, pi. 7.) is the 
triangle required, IK the diameter of the circumfcribing circle 
perpendicular to and bifefting AB at D ; join KC, IC and DC, 
and draw CP parallel to AB meeting IK in P : then there is 
given DC, the angle CKI, (half the difference of the angles 
at the bafe), or its complement the angle CIK, and the folid 

(AC + CB+AB)(AC + CB-AB)DP:rj(AC + CB/-AB'^ 

X DP, a maximum. 
Now (AC -h CB)« = 4ID X PK and AB* = 4ID X DK, 

(X S) and 



{ *«♦ ) 

and their difference :::r 4ID' x DP, therefore ID x DP* muft 
be a maximum. 

On DC let a femi-circle be defcribed which will be the 
locus of the point P, alfo let a fegment of a eircle DCIL be 
defcribed upon DC, to contain an angle equal to the angle 
DICt or tie com|>lemem of half the difference ol tbe: angles 
at the bafct and this will be the locus of the point 1. We 
have therefore only to draw the chord DI, fo. that ID x DP' 
nay be a maxitnuoi. Let DH be the diameter of the circle 
DICL, then it is evident that both DI and DP will increafe till 
DI coincides with DH, and therefore the point I cannot be on 
the fame fide of DH that the point I is, but muft either be at 
H or between H and C. Now if it was at H the angle DCI 
would be equal to a right angle, and if between H and C 
greater than a right angle; that is, the angle DCI would be 
equal to or greater than the angle ICK, of which it is only 
apart, which is impoffible. Therefore no maximum can pro- 
perly take place, and of courfe the problem is unlimited. 

If it was required to draw DI fo that ID x DP* might be a 
maximum without having any regard to the triangle ABC. 
Let IC produced meet DB produced in R, and draw CQ pa- 
rallel to DP ; then it is maniieft that DRC t^ a given angle, and 
therefore CQ (= DP) has to CR a given ratio, and DI to DR 
a given ratio ; whereforef, when ID X DP* is a maximum, 
DR'CR^Vriil beamaximatn; wherefore in the triangle DCR, 
there are givem the fide DC, the oppofite angle DRC and DR X 
CR* a tnaxiiDinn* whkh is the fameas queftion 842, Gentle* 
mani' Diary* 

llUJfrs. Simpfon and W. Smith fent folutions to this qut/Hen^ 



XX. QUESTION 80, iyDy.O'RioRDAN. 
To this Quefiion na JatisfaBory anfwer has ban recditedm 

XXI. QUESTION ti, *;fjtfr. Thomas Bazley, Bolton. 

It is required to determine the figure of an orifice to be cut ift 
the vertical fide of a veffel or dam, whofe water is always of the 
fame conftant height; of fuch a nature, that the quantity of wa- 
ter iffuing below the ffiuttle fliall be always as the height of the 

opening 



( tfia ) 

opeBtng, and that when the wfaote orifice is ctpreik f cuhk ficet; 
(hall imie per fecond ; the top of the orifice being n, and the, 
bottom m feet, below the fuHacc ? 



First Solution, by Mr. Bazley, ik€. Prcfc/ir^ 

Let UR (fig. la/, pi. 7.) be the furface of the water, 
BoDErCB the orifice ; oDS£rIo the part below the fliuttlc}: 
AKIS the axis bifefling all the o^rdinatei olr pevpesMiic.uhiiHhrw 
the ordinates being parallel to the furidce of the water UAk* 
Put AK z: «, AS = w, AI :^ «, olr zz y, and c zi ^-3 agree* 
ably to the experiments of Boflut and othera. Then the vQlocit|F. 

o£ the effluent water at I, is cx'^^ and coofequently the Buxiqa 

of the quantity iffuing below the fhuttle is,. — cyxx^ rr — ^w? 1^ 

the nature of the queftion, where a is contaot ; hence cytx^ z: C|^ 

Or y zz — , the equation of the curve, which is of the hyperbolic 

kind. Now to determine a, let K — ax reprefent the correS 
fluent of — ai; and^ per question, when x zz m^ K — ax rs 
K — aw = o, fo that Kzz am; and when cr =: m, K — ax zzzs 

am — an zz a. whence a zi — 2 — ^:^ JL^ 

Moreover it appears that tHe general correflexpreflioo. for the 

—2 — [m^x)izj^ 



quantity ofeffluentwateris, am— ax= — ^— (ot— jif)~^ XSI. 



Second Solution, by Mr. Cunliffe, R. M. College. 

To make the confideration of this queftion as eafy as poffible, 
let us imagine the ordinates of the curve which bounds the 
orifice to be parallel to the horizon and perpendicular to the 
axis thereof. Alfo let us fuppofe the velocity of the effluent 
water at any depth, to be equal to thai generated by gravity in 
an heavy body falling freely the fame depth. Put^ zz 16-^ feet, 
and let^ denote the length of an ordinate at the depth x below the 
fuiface;- alfo let / denote the length of the lowermoft ordinate. 

Then by the hypothefis 2\/(gx) will exprefs the velocity of 
the effluent water at the ordinate^', and ^\^{gm} wiM -expreCs the 
velocity of the iffuing water at trhe hiatiom m the qi ifke or at the 
ordinate/. And as the quantify of water iiluing below the (hut- 
tie is to be always proportional to the height of the opening, it 

is 



1 



( 1^ ) 

18 evMent that the quantity iiTuing at every ordinate In equal 
times muft be the fame. 

Now the quantity of water iifuing at any ordinate in the fame 
time is proportional to the reflangle or produfl; of the ordinate 
and the velocity of the efflux; therefore ^y\/{g^) = 2l\/{gm) 
or y^x =3 Pmt which is an equation exprefling the nature of the 
curve which bounds the orifice. 

. It has already been obferved, that the quantity of water iffuing 
at every ordinate in equal times muft be the fame, and confe- 
quently the water iffuing through the whole orifice in a fecond 
when open, will be the fame as would iflue in the fame time 
through an horizontal re6langular hole whofe fides are s/ and 
flB — n at the depth m below the furface. 

Now the quantity of water which would iflue through an 
horizontal reftangular hole whofe fides are 2/ and m — n at the 
depth m below the furface of the water in a ferond of time will, 
by the known principles of hydroftatics, be cxprefTed by 
4! {m-^h) ^(gm)^ and this by the queftten is to be equal toy 
cubic feet, whence we get 

^ — * - - and v'jf zz t^w, zz. • ■ » 

^{m -- n) ^ {mg) ^ i6(w— t?)*/ 

Mr* Elliott Jcnt a Solution to Ms quejlion^ 



XXII. QUESTION 82, by Mr. W. Wallace. 

Given i^^^^f- %:^''i' t " /^Tofindcof.cpandcof.xJ/? 
^cof. 5f -i- cof. 5x1/ — /'^ . ^ 



First Solution, by ike Propqfer. 

* 

Let cof. p and cof. \J/ be denoted by x and y refpeftively, and 
let rad. = 1, then by the arithmetic of fines 

cof. gp zi i6:t* — 2ox^ + gXy 
cof. 5%}/ =; i6y' — 2oy' + 5jy ; 
and therefore, 
cof. 5 (p + cof, 5n|/ = i6(x^ -h y^) — 20 {x^ + y^)+ six+y)- 
Now if we put a iorx+y and v for xy^ it is evident that 

x^ '^y^ = «• — ^av. ' 

Let 



3' 



J 
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Let thefe values of x^ -^-y^, x^+y^ and x-^y be fubfti- 
tuted in the above expreffion for cof. g(p + cof. 5>J/, which by 
hypothefis is equal to a given number ^, and we have 

I zz i6a^ — 20fl^ + 5^ + (6oa — Sofl'jv -|- So^zi;*. 

The value of f , or of xy^ may now be found by the refolution 
of this quadratic equation^ and hence, and from the equation' 
X'^y znay the values of x and j/, or of cof. ^ and cof. \p, may 
be found by the refolution of another quadratic equation. 

Note. In like manner if befides cof. <p H- cof. 4^ there be 
given any one of thefe cof. 2(p -f cof. 2\J/, cof. 3(p + cof. 34/, 
cof. 4(p H- cof. 4\J/, the values of cof. (b and cof. \J/ may alfo be 
found by the refolution of quadratic equations : But if we ad* 
vance to cof. 6(p + cof. 64^, the equation to be refolved is a 
cubic. 



Second Solution, by Mr. G.Williams, Catrmarthcn^ 

Put iy =: cof. (p, and -^v = cof. 4'* Then, by the queftlon 
^ -4- t; == 2a, and by Simpfon's Algebra, p. 200, we have 

Therefore _y^ -\-v^ — 5y ^ 5^'.+ 5^4- 5^ ~ 2^, 
or becaufe 5^ + 51; =: lodf, 

Affume y — i; n 2z, then^ = ^ + 2, and i; z= a — 2 : 
Therefore j^^+r; 5 z:(d5 + z) 5 +(fl — z)^zz2a^ +2oa^z^'^ioaz^ 
Andgy^-^gv^ n 5(fl + z)^ -fr5(a — z)*' z: loa' ^-3oaz^ 
Hence, by tranfpofition, &c. 

z^ -{-{20^--^) z^zz a^ — ia^-ir 1, from which 

zz=\/{ 1/(^^+•?) r-p]. where p = ^~^, and ^ - 

6 

^« 

Then cof. (p = f;^ = and cof. 4^ = ^i^ = - ^ -^ 



jTAw Quijiion was anfwered by Mejrs. Collins, Myers, and 

Pickering, 



XXIIt 
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XXllI. QUESTION 83, hy Mr. Ivory, ft. M. College. 

Let A and,B be two points without a circle, of which O is the 
tentre, and let BO X OC = fqnare of radiun, at^ AO x 
OD rr: fquare of radius ; and let BD and AC meet in E. 
Then, if the chord FG be drawn through E, andAF, FB,BG, 
AG be joined, AF x FB : AG x GB :: FE : EG, Required 
tbe demonftration ? 



First Solution, *jy Afr. John Johnson, Birmwgkam. 

Fig. 128, pi. 7* Draw the radii OF, OG, and produce OE 
to H fo that OE X OH may be equal to the fquare of the radius 
OF, and join FH : then becaufe OE : OF :: OF : OH, and 
tbe «ngle €rt O coffiinon to the triangles FOH, FOE, tbev are 
fimilar, and confequently the angle OFG z= OHF ; but the 
aqgle OFG is z= to OGF (becaufe OF =z OG) ; therefore the 
angle OHF iz OGF, and tbe points O, G, H, F, are in a cir- 
cle; wherefore FE-EG IT OE-EH. Again, becaufe OE-OH 
= OD'OA r= OC'OB (each being «qual to the fquare of the 
radius), the points A, D, £, H,are in a circle, and fo are alfo 
the points A, D, C, B.5 therefore the A AHO = ODE 
= OCA, and confequently the points A, H, C, O, are in a 
circle ; and therefore AE-EC = OE'EH : but it has been fliewn 
above that FE-EG = OE-EH ; therefore AE'EC =z FE-EG, 
and the points A, F, C, G, are in a circle. 

Now finceOC'CB n the fquare of the radius, it is well 
known as a propofition of the Loci Plant that 

BF : CF :: BG : CG, or BF : BG :: CF : CG ; 
Therefore AF-BF :BG-AG :: CF-AF : CG-AG. 
But by the property of tlie circle and infcribed trapezium 

CF-AF : CGAG :: EF : EG; 
therefore AFBF : AG-BG :: EF : EG. 

Q.E.D. 

CoR. 1. AF-BF : AG-BG :: FH : HG. 

Cor. 2. CFDF : DQ-CG :; EF : EG :: FH : HG. 



Second Solution, by Mr. Wm. Simpson, Bolton. 

Fig. 128, pi. 7. Join FC, CG, and draw FP, GQ perpen- 
dicular to AC. Let OE be produced to meet the circle in I, 

and 



( i69 ) 

and draw AH meeting OE in H, fo that the angle EAH may be 
equal to the angle EOC. ^ 

Then becaufe the rectangles CO-OB, DO'OA afe each 
equal to the fquare of the radius, the points C, D; A, B, are 
in a circle, and therefore the angles at C and D are equal, and 
confequcmly the angle AHE = ECO =: £DO» and therefore 
the points D, E, H, A, are* in a circle* 

Wherefore DOOA, or (OI)«=EOOHr: (OEf+OEEH ; 
but the points A, H, C, O, are alfo in a circle; therefore 
OE-EH =:: AE-EC, and (OI)* zz (OE)» 4- AE-EC, or (OI}« 
— (OE)* = AE-EC. But (OI)» — (OE)* is = EK-EI, where- 
fore AE-EC = FE-EG, and the points A, F, C. O, are in a 
circle* 

Now becaufe OC*OB is equal to the fquare of the ndiiis 
FB : FC :: BG : CG (Playfair's Euclid, B. VI. P. P.), 
and by permutation FB :BG :: FC : CG; tbear^bre 
AFFB : AG-BG :: AFFC : AG-CG. 

But it has been fliewn that the points A, F, C, G, are in a 
circle, and (Prop. C. Ibid) the recbngles under the diameter 
of this circle and the perpendiculars FP, CQ, are refpeftively 
equal to the reflangles AF-CF, AG*CG ; therefore it i» evi* 
dent that 
AF-FB : AG-BG (:: FP : CQ) :: FE : EG (by fimilar triangles). 

IffgcnUui demonftrations were alfo receivedfrom Mejfrs. Ba2le/, 

Limenus, andVf. Smith* 



XXIV. QUESTION 84, by Mr. Bekjai^in BiVAJT* 
T^ this Queftion no anfwer has been received* 

XXV. QUESTION 85, by Dr. O'Riordan. 
To this Quejlion no fatisfaSory anfwer has been received. 



XXVI. QUESTION 86, byScotiCvs. 

If four ftraight lines interfed each other, and. fdftn fqur trl- 
angles, circles defcribed about each of thefe txiangles will pafs 
^hreugh one and tbe ftme point. Re^juired the demoBttra* 
Cion? 

VaWl, PaRTI. (Y) IXRIX 






First Solution, ^^'.Vf. George PickeriKg* 

Let AB, AC, GH, GC, (fig. 129, pi. 7,) be the four lines 
forming the four triangles AHE, ABC, QBE, and GHC. Let 
the circles AHE, EBG, circumfcribing the triangles AHE, 
£BG interfea in P. Then the circles ACB, HCG defcribed 
about the remaining triangles ABC, GHC, will alfo pafs through 
the points P. Join PA, PH, PE, PB, and PG. Becaufe the 
point P, E, B, G, are in a circle, the angle PGB is equal to 
the angle PEA ; but the angle PEA is equal to the angle PHA ; 
therefore the angle PGB or PGC is equal to the angle PHA : 
faence the points P, H, C, G, are in the circumference of the 
fame circle. 

Again the angle PAH is equal to the angle PEG, that is equal 
to the angle PBG ; confequently the points P, A, C, B, are in 
a circle. . Hence all the circles pafs through the same point P. 



Second Solution, l^y Mr. Johk Cavill, Beigkton. 

Let AF, AR, BF, and RC, (fig. 130, pi. 7.) be the four 
lines interfering each other in the points A, B, F, R» £, and 
G, and forming thereby the four triangles ABF, ARE, BGR, 
and EGF; about the triangles BGR and EGF, let circles be 
defcribed inter fefting again in D, draw ED, FD, BD, and RD; 
then the angle EGF =: EDF zr BGR - DBR, that is the angle 
EDF ziBDR, add the angle EDB to each, and we have the an- 
gle FDBn EDR; alfo the angle DEG zz DFG, confequently 
the triangles EDR, FDB are fimilar, and ED : FD :: DR 
: DB ; therefore the triangles BDR, FDC are fimilar, and the 
angle DRB =. FED. 

A^ain the angle AED z= EFD -f- EDF and AED -V- ARD 
r= EFD -j- EDF + FED = two right angles; confequently a 
circle will pafs through the points A, E, D,^ R. And fince the 
angle EDR = FDB, and the angle EAR -+- EDR (= two right 
angles) zz FABr+ FDB, therefore a circle will pafs through the 
points A, F, D, B. Therefore circles defcribed about the four 
triangles AFB, AER, BGR, and FEG, will all pafs through the 
fame point D, which was to be dcmonftrated. 

Meffrsn Bazley, Collins, Myers, Roville, Simpfon, W. Smith, 

flW Williams, anfwtrtdit. 

XXVIL 
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XXVII. QUESTIONS/, iy Mr. James North. 

From the three angular points of a given plane triangle to draw 
three right lines meeting in the circumference of a given circle fo 
as to have a given ratio to one another, th^ plane of the circle 
being perpendicular to the plane of the triangle. 



Solution, iy Mr. Lowry, R. M. College. 

Let ABC (fig. 131, pi. 7.) he the given triangle, and P a 
point above or below the plane ABC, fuch, that the lines AP, 
BP, CP, drawn from that point to the angular points of thetri* 
angle may have a given ratio. 

Tal^e the points E, F, and G, H, fuch, that AE may be to EB 
and AF to BF in the given ratio of AP to BP ; and that AG may 
be to GC and AH to, CH in the given ratio of AP to CP. 

Let two circles be defcribed on the diameters EF, GH, inter- 
fering each other in the points D, d, and join AD, A</, BD, Bd, 
CD and Cd; then it is well known (Apol. Loci Plani, Lib. 2, 
Prop. 2.) that if two lines be drawn from the points A,B, to any 
point in the circumference of the circle defcribed on EF, they 
will have the fame ratio as AE to EB, or AP to BP ; and alfo 
that two lines drawn from the points A, C, to any point in the 
circumference of the circle defcribed on GH, will have the fame 
ratio as AG to GC, or AP to CP; therefore it is obvious that the 
lines AD. BD, CD, and A^, B*/, Cd, hiave the famp ratio as the 
lines AP, BP, CP. 

Now if the points D, //, coincide, or the circles only touch 
each other, it is manifeft that the point of contaflt will be the only 
point from which lines can be drawn to the points A, B, C, fo as 
to have the given ratio. But when the circles interfeft each 
other as at D and d, let a circle be defcribed on the diameter D^, 
and have its plane perpendicular to the plane ABC, then the 
point required may be any where in the circumference of this 
circle. 

For let P be ariy point in the circumference, O the centre, 
and I the centre of the circle EDF. Join DI, OI, PI, and PO ; 
then becaufe Dd is bifefted in O, and the plane DP^ is perpen- 
dicular to ACB, 01, and OP, are both perpendicular to OD; - 
and OP is equal to OD, and 01 common to both the triangles 
lOD, lOP; therefore, IP is equal to ID=:= IE = IF; and, 
cpijfequently, the point P is in the circumference of a circle 

(Y t) whofe 
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whofc diameter fs EF; and, therefore, fibid.) AP will be to BP 
in the given ratio of AEto EB; and, in like manner, it is (hewn 
that AP 18 to CP in the given ratio of AG to GC ; therefore the 
lines drawn from the angular points A, B, C, to any point what- 
ever in the circumference DPi will be in the given ratio. 

It therefore appears that the pofition of the point P can only be 
jeiermined when the circumference of the circle DP^ happens 
to meet the circumference of the circle which is given by pofition, 
for in any other cafe the problem will be impoffible. 
. If the diftances AP, BP, CP are equal, the locus will be a 
ftraight line perpendicular to jhe plane of the triangle ABC, and 
pafllng through the centre of its circumfcribing circle. 

What has been faid will appear very evident if we conceive 

the two circles EDF, GDH, to revolve round their diameters fo as 

Co generate two fpherical fuperficies, for the mutual interfeSion 

of thofe fuperficies will be the circle* DP^, which is the locus of 

* the poin^ P. 

We may alfo from hence determine the pofition of a point 
fuch, that if lines be drawn from it to the four angular points 
of a given trapezium, they may have a given ratio. 



XXVIII. QUESTION 88, by Mr. James Ivory. 

Let there be an ellipfe of which AB is the greater, and ED 
tlie lefs axis and centre C. Take CH in ieithei axis equal tp 
the fum or difference of the two femi-axis CB and CD, and 
tipon CH let a circle be defcribed ; through B, the extremity 
of the axis, draw a flraight line to cut the circle in F and G, 
and through F and G draw two diameters of the ellipfe PC and 
QC. Then, the lineFG will be equal to the fum of the femi- 
diameters CQ and CP in the one cafe, and to their difference in 
the otbers and if any line LK» equal to FG, be interpofed 
between the diameters CP and CQ, and in LK (or in LK 

Soduced beyond the point K when CH is equal to the dif* 
rence of the two axis,) LM be taken equal to CP, the point 
M will be in the periphery of the ellipfci Required a de^ 
monftration? 



FiKST Solution, by the Proposer, 

This queftion will be beft demenfirated by premifing the 
following propofitions. " 

PROPOSITION 
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PROPOSITION I. THEOREM, Fig. » 3*, 133. pi. 7. 

Having dcfcribed a circle on CH, the fum or difference of 
the axis of an ellipfe as in the queftion,^ and having drawn C¥! 
to the extremity of any chord pafling through B ; then CP, the 
femi-diameter of the ellipfe, will be equal to BG. j 

Join CG, CH; draw BR parallel to CG, BS parallel 
to GH9 and PN perpendicular to AB. Then, on account oi 
limilar triangles, 

CB*:BH«::CS«:BR». 
But BH z: CD, and from the nature of the ellipfe 
CB« : CD* or BH» :: AN x NB : NP\ 
Therefore CS* : BR* :: AN x NB : NP 
and, by, alternation CS* : AN x NB :: BR« : NP*. 

Becaufe the angle CGH is a right angle, therefore BR, parallel 
to CG, is perpendicular to GH. And becaufe the angles PCN, 
BGR, in the fame fegment are equal to one another, therefore 
the right anjlcd triangles PCN and BGR are fimilar : 

Therefore GR» : CN* :: BR« : PN». 
Confequenrly, by what was before proved, 

CS* : AN X NB :: GR« or BS' : ON* - 

and, by alternation, CS* : BS* :: AN x NB : CN* 
by compofition, BC« : BS* :: BC* : CM' 

Therefore BS = GR = CN. Therefore the two trianglef 
CPN, BGR, are equal in all refpeBs. and PC = BG. 

Q. E. D. 
CoROL. If, in the line CF, CP be taken equal to BG, 
the point P will be in the circumference oi the enipfi% 



PROPOSITION II. LEMMA, Fig- 134, PL 7. 

m 

Let the two parts of the line AB, be refpeSively equal 
to the two parts of the line EG, viz. AC =z= £F and BC = 
FG; and further, let the angle ADC be equal to EHF, and 
the angle CDB to FHG : then will CD be equal to FH. 

Upon AC, EF, let two fegments of circles be defcribed, 
each to contain an angle equal to the two equal angles ADC, 
EHF ; and, in like manner, upon CB and FG, let fegments 
be defcribed, each to contain an angle equal to the two equal 
angles CDB and FHG. Then it is obvious that the circum- 
ferences of the two fegments upon AC, CB will interfeti one 

another 
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unothcr in C and D; and the two circumlerences of the feg* 
ments on EF, FG will interfeft one another in F and H. Now 
let the figure upon EF be applied to the figure on AB, fo that 
JE may be on A, and the line EG on the line AB; then will F be 
on C, and G on B ; and the circumference of the fegment an 
EF will coincide with the circumference of the fegment on AB 
(Eu. 24, III). And in like manner the circumference of the 
fegment on CD will coincide wjth the circumference of the 
fegment on FG: therefore fince F coincides with C, H necef- 
farily coincides with D (Eu. 10, in). Therefore FH coin- 
cides with CD^ and is equal to it. 

g. E. D. 



Demonstkation of the QuESTioNTFig. 132, 133, PI. 7. 

/ 

By Prop. 1, GB is equal to CP, and BF to CQ, therefore 
FG is equal to the fum of CP and CQ in the one cafe, and 
to the difference of CP and CQ in the other cafe. 

Join CM, meeting the circumference again in F^; draw the 
chord FBU and join FU, GU. Then it is eafy to demonftrate 
(21 and 22, Eu. ili») that the angle FUB is equal to the angle 
MCK, and the angle BUG to MCL : it .is alfo clear that 
LM=:CP=:BG, andMK=BF, therefore, by the Lemma 
CM =BU. Therefore (Cor. Prop. 1.) the point M is in the 
circumference of the ellipfe. 

SCHOUUM. 

Prop. tst. furniflies a good method of defcribing an elHpfe 
by finding an indefinite number of points in the periphery. 
For any chords as FG and TU, being drawn through B, if CF 
and CT be drawn, and CPj Cp be taken each equal to BG, and 
CM, Cm each equal to BU : then P, p^ M, and m will be points 
in the periphery of the ellipfe. 



Second Solution, ly Mr. Lowry. 

Fig. 135, 136, pi. 7. From Q, to the tranfverfe axis AB, 
apply QR equal to the femi -conjugate axis CD, and produce it 
to meet DE in I ; then it is proved by moft writers on conic 
feilions, (and is, in faft, the property on which the elliptical 
compaffes are conftrufted, fee Robenfon's Conies, Prop. 24, B 

II.) 



I ^76 ) 

11.) that IR IS equal to the fum or difference of the femi-axis 
CB, CD, that is, equal to Cti. Join GH, FH/and FC ; then 
the angles CFH, ICR, being right angles, and the angles HFB» 
HCQ equal (Eu. 21 and 22. iii.)t and CH = IR and CB = 
IQ, the triangles BCF, QCI will be equal in every refpeft as may 
be very easily proved; and, consequently, BF is equal to CQ« 
It may be proved in a like manner that BG is equal to CP, and 
therefore FG is equal to the fum or difference of CP and CQ. 

Again, let a circle be defcribed through the points C, L, K, 
cutting CB in O, and CD in T, and join TO, OM, OK, and 
LK. Then becaufe FG and LK are equal, and fubtend the 
fame angfe at C, the circles CGFH, CKL will be equal; and 
the angles FCH, OTK, on the fame arc OK, are equal. And 
the angles OTL, HCG, on the arc OL are equal, therefore; the 
angles OKM, HFB, are equal (Eu. 21 and 22, m.); and the 
triangles OKM, HFB, having the fide OK = HF, the fide 
KM =FB or CQ, and the angle OKMzzz HFB, will have 
OM = HB = CD, and the angle KOM =z FHB. Alfa 
the angle TOK is equal to the angle CHF, each being the 
complement of the angle OCF, and therefore the angles KOM, 
TOK, together arc equal to two right angles, and the pointi 
T, O, M, are in a ftraight line. But fince TCO is a right 
angle, TO is the diameter of the circle CKL, and e<[ual to 
CH ; and, confequently, TM and OM are refpeftively eq;jal 
to the axis'CB, CD, and therefore the point M is in the 
cUipfe by the propofition referred to above. 

It is evident from what has been already done, that the firft 
part of the propofition is true when AB, DE, are any two 
diameters whatever, if inftead of a circle being defcribed oa 
CH, as a diameter, a fegment CGFH be defcribed to contain 
an angle CFH equal to the angle £CB included between the 
diameters. 

It is alfo obvious, from hence, how the axis may be found 
when two diameters of an ellipfe are given. For if LK be in- 
terpofed between the diameters CP, CQ, and equal to their fum 
or difference, and KM be taken equal to CQ, and a circle be 
defcribed through the points C, L, K; then if MT be diawn 
through the centre of the circle meeting the circumference in O 
and T, MO and MT will be equal to the femi-axis, and their 
position will be determined by drawing CT and CO, and taking 
CB = MT, and CD = MO. 

Ingenious Solutions were alfo received from Meffrs. Bazley, 

Cavill, Simpfon, and W. Smith. 

XXIX. 
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XXIX. QUESTION 89, by Philomathis Oxonii^nsis* 

Required the fluent of ■ ^^^^ . , generated while x in- 
creafes from o to 2 ; and alfo the fluent of — *iL , generated 
vbilc X increafes >from -i^ to 2 ? 

First Solution^ by J. H. 

Thi J queftion contains two problems, the firft of which shzj 
befolved thus; 

Put v^ zzxi then ^x = v^. i/x = »S and * = 6o»«» and 
the given expreffion becomes ^^IJi—^ the fluent of which i« 
Cbvioufly r: ^r^^!~ + ^'9^'" i ^ 6'9'i2V^^ 

6'9'i2'i5t;'^ ^ J.J,, 
8-ii'i4-i7(i-f.t;5l«' ^* ^»^^«^«««» which fories will vanilh 

with If, and therefore heeds no correftion, and, wl^n o* =: 2 

k will converge by the powers of j^^^ = iV nearly, fo that 

its value may be obtained by computing a moderate number of 
terms. It may, however, be transformed into other feries which 
ftall converge much more fwiftly. (See the Philofophicat 
Tranfacttons for the year 1 798, Part I. Art. IX.) Or, the fluent 
Ot the above expreffion may be computed by a defcending feries 

which flball converge by the powers of - , ^ 3 ^ nearly. 

But, fince the fluent is eafily attainable by logram this and circu- 
lar arches, which are feries already computed, I fhall now treat 
©t that method. 

It is eafy to perceive that the fluent of r—^, may be taken 

iPthii form, viz. -:^^^ + -52!L^_ r Cw . .. 

the 




the coefficients A, B, and C, maybe computed with great facility. 
But a better form for numerical calculation may be derived from 
Madam AgntJUs Theorem in her Analytical In/HtuHons, Book 
III. Seft, I. Art. 56 ; obfervinjr, firft, that the indices of x^ in 
the numerator of the fraction which ihe affumes, will always be 
an arithmetical progreffion decreafng by the conflant diflFerence 
m : And, fecondly, that when n (ft ill ufing her notation] is greater 
than 7», let m be taken from n as often as it may, which call p. 
times, and put the remainder, n — fm zz r ; then will 

r- . — ■ , .. - . — ■ ^ 

J (;r^Hra'")u (xm -}- ^w«ju — i 

+ y ^ . — -9 from the fluxion of which equation the values 

of A, B, C, D, &c. will eafily be found, and then no more re- 
mains to be done than to compute the fluent of the term 

A.XX 
' . ^ by the well known method of logarithms and circular 

arches. ' 

Now, by means of this equation we fliali find 

^(r+:^^^^'^^=-.i(r±^3-j. and 

fince the corre£l fluent of 

i-»-i/' ^ 1-1- 1; ^^^+cir. a.^'"'* 2 **^tang,+x, 

we have the correS: 

-T- ^ ^ (+ Circa. J 2 l«ang+4' 

And when zf* = 8, thcfe terms, cxprefled in numbers (accord- 
ing to my calculation) are as below. 

8i/« + 5t;« 

10 j^ J }/{t — V + tw) ■— 0764 642 

9 ' * 1 •+- 1; — 1-940144 

- fio ( the two ) -4- 2*267023 

g ^ ^circ. archei^ — + o-266"879=thevahierequired. 
A folution of the fecond problem contained in this queftion^ 
in algebraic terms, is attainable by Art. 61 of the lit Sett, of the 
lK)ok above referred to, thug : 

V^L*I. ParxI. (2) Put 
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* 

Putjr'*^ t:=zzx^; then, *'= ■ ■ ■ . i 

1 — z 



(I--Z)T 



a -__£_,,*»-,=: ^. and (*»--x)^= ^ 



by fubftitution, ^-^ = ■ ^1 ■ - x ■ ^. x ^* ^^- — 

-—» the fluent of which is— — -; and fincc z = *^ — 5-i.the 

fluent is - if-T^)* = ~ -—"TV ^"^' ^^^^ * = 
--, the fluent ought to be =: o ; therefore the correft fluent is 

^33* \ — *■■ ; which, when x becomes = si» 

. 331/ 4(^'— 1)* 

will bcs= * (iMiy~ -^ = i*299882 the value required, 
4\33^/ (7r 



Second Solution, iy Limenus, Bruton. 
Beginning with the fir ft expreflion, put v^ •=: *, and thcil 

A X fluentof ^,-B^-C,..-^=flucntof ;^1^ 
taking the fluxions and dividing by J, 

multiplying by ( 1 -+- v')% 

At;(i +»')*+ B(i;* _fltA)(t4-p)+ C(»^— ^5»*) = 6t^^ 
expanding the expreflion and colle£ling the homologous terms, 
»5 (A + 3 + C~6) + t^*(2A-.B-^5C) + t;(A- aB) 
=: o, and by making the coefficients of the homologous terms 
= 0| we get 
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A=«BjC=:f^=?=-2^; A+B + C=3B4 81=1^=6; 

5 5 5 o 

whence B = ^ ; A = 2B = — ; and C=^ zi i : andtherc. 

3 35 

fore fluent of ^-^-^^^3= fluent of ^--L—-^—^,--;^^,. 

Again aflume 
D X b. 1. (1 —tr + i^)— Fx h. 1. (i +i^+E x iiu.'^—^—^:=zBii.:^^^ 

taking the fluxions and dividing by t^ we get 

^ 5 = r ; multiplying by 1 + v\ 

^« X {2D — F) + t; X (D + E+F) + E — D— Fz=i;, 
or»* x(£D-F) + f x(D + E+F-i)4-E-D-Fz:o; and making 
thcr coefficients of the homologous terms = o, there will be 
had 2D=F; E=i:Dh-F = 3D; and D -h E •+- F == 6D 
— 1 ; whence D = i, E = 3D = -1^ F = 2D = f , and 
therefore 

fluentof -j^3=i X h.l.(l-»+o»)-i X h-Ul+fl+flu-^-j^pj;; 

where R denotes the length of a circular arch radius 1, and 
tangent ^^.^ ; and, confequently, 

. 6i/'w 10 a ^^ ^^ ^* ^ 

i. ui L±il^*P?V3_i!!!._..i^ 

= -266866 in the prefent cafe where ^ = 2, or 

« d 

V = *"''=2^=l*122462. 

Proceeding now to the fecoiid cxpreffion* put jnT^i ^^^ '^ • 

and Ukbg the fluxions /-^^\% = Z^'v, or / ^_^^ - y, =—»»»; 

(Z 2) sifo 



glfo '■ , r: » ; muUiplyfag thcfe two expreflions together, 

**- ^ = — v^^ 9 therefore fluent of zr — -. 

— — = 1*5986011, when X z=: — 

•— — = o»2987i87, when x = s, 
4 

therefore 1*2998824, or 1*3 nearly the diSerenco of the pra» 

t^^ • x^ X 
ceding values of is the fluent of ;,, generated 

w)iilft X from — increafes to f • 

10 



^ 



Third Solution, by Mr. Griffith Williams* 
^. To find the fluent of *^* 



(1 +/Jr)»* 

Aflumej^y^^thenyx^ip*, i/Af=p*,and/ ^. - \3 =:/— r-X. 

'^ (i-i-v;ifj (i+©5)* 

By Form. 7, Cafe 2, of Emerfon's Fluxions, the fluent of 

— i — i IS = -SL-^ X circ. arc. rad. t and fine -: — \ — it 

t^rr 3 |/(i — v-+-t^»} 

s: - X h, 1. t/(i -^ i^ + t;*) X h. 1. (1 + v) : put this 

3 3 

fluent =5 A; then by forms 12 and 14 of the fame book, the 

fluent of ; ; =T- is = — A — 2 x —, 7 ; rr« » 

(1 -4- v'}3 3 3 ^ i4.t;3 (1 + i;8J»' 

which expreflion vanifhes when * = o, and when X =ac; 2, the 
required fluent is = *266992. 

x^x 



9* To find the fluent of 



(*» - 1)^' 



v' Jt' X * 

Aflume *» 5= -- — ; then : , =: — »i p, the fluent of 

[jr — 1)^ 

which 
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which is -^ — ; hence the corre£l fluent in this cafe is i*ft 

4 
nearty. 



XXX. PRIZE QUESTION 90, *y Edinburqensis*, 

Suppofe a horfe to move with a ^iven velocity in the cir- 
cumference of a given circle. Required the angle which the 
body of the horfe will make with the horizon by leaning towards 
•*the centre ? 

First Solution, iy Mr. Thomas Bazley. 

This queftion appears to be equivalent to the following one. 
AGB (fig. 137, pi. 7,) is a given circle", and its centre is C ; 
CE an axis perpendicHlarto the plane of the circle at C : AP is 
a right line loaded with a weight in the given point P : this right 
line is moveable upon the point A in ^ vertical plane pafling 
through CE. Now when the right line AP is revolved in the 
circle AGB with a given velocitv, it is required to determine 
the angle which AP makes with the plane or the circle, fo that 
it may remain in equilibrio with refpeft to CB. 

Draw the diameter ACB and EPF ptrallel thereto, drop the 
perpendicular PD on CA, and draw AF parallel to PD to meet 
EPF in F. Then it is plain from the compofm|)n of forfei, that 
if PF is to PD, as the centrifugal force at P, to the force of gra- 
vity; then, PA has the required pofition. 

This being premifed, put C A = r, AP = a, CD = jr, and 
g == i6tt f'^^^ ^^^ ^ = velocity of the point A. The velo- 
city of A is to the velocity of P :: CA : CD or EP ; hence; 

the velocity of P = — . By the laws of central forces, we 
have, as the force of gr^vity'ijjto the centrifugal force at P fo it 
2^ : ^ ^PD:PF orDArr/Ja*- (^— *)*J ir — xi 
hence we obtain 

and by redu£lion 

From 
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From this equation, x being determined, DP and DA become 
known; and, confequently, the angle DAP which was required. 



Second Solution, ^^PhilomathesOxonij^nsis.' 

If the radius of the circle defcribed by the centre of gravity 
©f the horse's body be denoted by a^ the length of the arch of 
the circle dcffcribed by the aforefaid centre of gravity in one 
fecond, by i, and the force of gravity byy*; then^by mechanics *, 
the centrifugal force of the aforefaid centre of gravity wiH be to 

the force of gravity as — to^*. Now, if the fine of the angle 

of the horfe's inclination to the horizon be called jf, we fliall 
have, by the refulution of forces, and the condition of the 



bbx 



queflion, thii equation, viz. — zzf y/i — ;ifx; and thence^ 

Cm 

^U—xx) ~ bb' *^ ^*"Sen« of the angle required. 

Example. If the radius of the circle be t^ feet, and the 
horfe's Ipeed at the rate of 5 mile* per hour, b will be = 

— ; and finceyisr:32^, the tangent of the horfe's inclination 
o 

to the horizon will be = ? — ^-^ iz 8*072ii, anfwer- 

ing to 83° 38'tV nearly. 

According to one or other of ihefe methods zvere the Solutions 
given by Me/frs. Codling, Collins, Jones, Myers, Pickering, 

Roville, Senex, an^ Wilton. 

Senex is requejled to fend to Mr. Glenjdinninc'j for the 

Medal for folving the Prize Queftion. 



* See the Ladiei' Diary for 1783, p. 39. 
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NOTICES 

RELATING TO MATHEMATICS. 



L D£ATH OF Dr. Robisom* 

IT is with regret that we announce the death of that juftly 
celebrated mathematician and phiiofopher, Dr. John Robifon, 
Profeffor of Natural Philofophy in the Univerfity of Edinburgh. 
This event took place on the 30th of January laft ♦. A few 
months before his death he gave to the world the firft volume 
of a work, entitled, Elements of Mechanical Philoso- 
PHY, being the* fubftance of aCourfeof LeSures which be had 
delivered annually in the difcharge of his academical duty, ever 
* fince the year 1774. Such as have had the pleafure of hearing 

thefe LeQures, or have read the numerous and valuable articles 
which he has contributed to the laft edition of the Encyclopedia 
Britannica, will naturally fuppofe that this work muft poflefs 
no common degree of excellence, and that it will far tranfceud 
V moft of the treatifes that have appeared under the name of 

Elements of Natural Philofophy for many years paft in this 
country. We venture toafTure them, that upon perufing it they 
will not find their expeftations difappointed. A fecond volume 
of the work we underftand was in the prefs when the Author 
died; and it will be publifhed in the courfe of the prefent 
fummer. 

X Dr. Robifon has been fucceeded in the Profeflbrfhip of 

Natural Philofophy by Mr. John Playfair, Profeffor of Mathe- 
matics in the fame Univerfity, with whofe merits as a Mathema- 
tician and Phiiofopher, as well as an elegant and correft writer, 
we cannot fuppofe any of our readers to be unacquainted. 

Mr. PlayfaiT has been fucceeded in the Mathematical Chair 
by John Leflie, Efq. a gentleman of great Mathematical emi- 
nence, and Author of an Experimental Inquiry into the Nature 
and Propap^ation of Heat ^ a work which has juftly acquired him 
great celebrity as an Experimental Philofupncr, and for which 
the Royal Society of London has awarded to him the biennial gold 
medal placed at their difpofal by the munificence of Count 

Rumford* 

* 

* We {uppoTe hit age to have been about 6 j. " 

II 
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II. Mathematical Works lu the Press^ 

IT has often been remarked as a fingular circumllance, that du- 
ring the laft half century, while the pra£lice of mechanics and 
the ftru£lure and operation of machines have received fo many 
and fuch valuable improvements in this country, we have onIy» 
had one treatife (that by Emerfon) into which we can look for 
information both on the theory and the afluai conftruQion 
of machinery. Mr. Gregory of the Royal Military Academy, 
Woolwich, has endeavoured to fupply the deficiency juft advert^ 
ed to, and has now in the prefs a general Treatife of Mechanics, 
which is intended to be comprized in two volumes, oflavo. The 
firft volume will be devoted chiefly to the theory, and will be 
tdivided into five books, under the feveral heads 01 Statics, Dyna« 
mics, Hydroflatics, Hydrodynamics, and Pneumatics. The fc- 
cond volume will be chiefly appropriated to the defcription of ,• 
machinery, and will commence with fome pra£lical remarks on 
the application, improvement, and Amplification of mechanical 
contrivances; on friflion, the^^iShess of ropes, the energy of 
different firft movers, &c. And thefe will be followed by ac« . 
counts, arranged alphabetically, of about one hundred of the 
moft curious, ufeful, and important machines. In this latter 
part Mr. Gregory has been promifed the afliftance of fame cele- 
brated civil engineers ; and the alphabetical arrangement (the onljF 
unfinifhed part of the work,] will be completed m the courfe of 
the month of July, when he hopes he fhall have viewed tha 
communications of thefe gentlemen, or of any others who may 
favour him with defcriptions of new and ufeful machines* 
The work is intended to be publiflied before the endof the p^efen^ 
year. 
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ARTICLE IVi. 
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Soluiiaks to -Qnejiians proposed tu Number JIL 
I. QUESTION 91, 5>'C^//. Geo, GoRRy. 

1 

Paffing along a ftraiglit and level road, near a very laUy 
towet, and on the fame horizontal plane with its bafe, 'I wlfhed 
to afcertain its height; but being prevented by fences from 
quitting the road, and having no' inftrument but one for taking 
Vertical angles, I proceeded thus : at a convenient ^oint on the 
road, I found the angle of elevation of the top ol the tower, 
30^ 4^'; then meafuring 60 yatds along the road,. I found a fe- 
cond angle of elevation' 40** 33'; at the end 6f another iSo yards 
in the fame direftion, I intended taking a third angl6 of eleva- 
tion, but the tower was hidden by a high wall; I therefore 
meafured on to 72 yards from the fccond ftation, ^nd there 
found the angle of elevation of the top of the tower, 50° 23*, 
From thefe data, the height of the tower, and its neareft diftancQ 
from each of the tteee (lations ore required ? ' ' * 



^ First Solution, by Mr^ Wm. Mellor, London. . 

Suppofe AED (fig. 164. pi. 9.) the horizontal plane, EF the 
lower perpendicular thereto ; let A, B, C be the three places q£ 
obfervation. Join AE, BE, CE; AF, BF, CF; and on AC 
demit the perpendicular ED. Then we have given AB zz €0 
and BC zz 72 yards; the angle FCE zi 30** 2^'j the aagle 
FEE z= 40° 33', and. the angle FAE = 30^ 48', to find the 
idiftances AE, BE, CE; and EF the height of the tower. 

Since the triangle^ AEF^ B£F, CEf are all right angeled 
at E, it is obvious that the diftances AE, BE, CE "will be as the 
co-tangents of the given angks FAE, FBE, FCE: let thefe cor 
tangents be reprefented By a, i, c refpeftively ; Ih'en we have 
to determine the point E fuch that the lines AE, BE; CE may 
have the fame ratio as a, ^ ^. 

This may be effeSed a variety of ways, but ai fimple « method 
is anyisthajL in S^is^pfoA'^ Sele6l ^pFcifefij '|)agea3p; which 
is nearly as follows. 

Take BM equal to BC, BN to AB, and make 
MG : BM (BCj :: a : ^, and- 
BN (AB) : 'KG :: b : c. ' 

VoL.L Pai^tL a A With 
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WMi Aelinci MN. MG, NG form the tn angle MNG, an<f , 
join BGt Draw A£ to make the an^Ie £AB =: MOB, meet* ' 
log BG produced in E the point required. 
For hy the fimilar triangles AEB, GMB/ 

AE : BE :: MG : MB ii.a : t; and 
BE : BA ,BN) :: MB : BG. 

Therefore the triangles BEC, BG}} are similar, and therefore 
BE : EC :: BN : NG :: b i c; wherefore it is manifell 
ihat^ the dijla^iccss AE, BE, C£ 9re r^fpeSively 9s a. t^ c. 

The calculation follow^ very ^fily from the conftruSion ; 
for in the triangle MGN all the fidi*$ are given to find the angle 
OMN» which 111 equal to the ^pglc AEB i then, ia the triangle 
Ji^GB two fides and the included angle are given to find the 
^gle MQBj. which is equal to the angle EAB* Hence in the 
triangle AEB we find A£ = I59'qS7« BE = iio'8414 ; and 
then CE =: 78*507 yards. Finally, in the right-angled triangle 
AEF we haye the side AE and the angle FAE, tp find ]&F<| the 
height Qt the tower, e^oal tp 94*835 yards. 



8scoK0 Solution, ly Mfn BAiPi.£yt Boiioiin 

Let AB =- 60 = r, BC =r 79 = / ; ^Ifo fet the cotangents of 
the angles FAE (30*48'), TBE Uo^'ss'). fCE (50'' 23'j. be 
ireprefented by the letters a, b, c relpefiively. 

Then, by trigonometry, putting EF == jc, we have, 
t\a:ixiax:!z. AE, 1 :v :: x : bx zz BE, 1 : ciixicx =. C£; 
and, Euc. 12. 11. a*;if* — b^y^ -^r^ '\'%r x BD} hence 

BD = ■ ♦ In like m?inner 

ar 

*V-rV-j. ^-. , -.^ b^x^^c^ x^^^ 

r ■ ■■ ■ ■ sr BD— j; whence BD =: ■■■ . 

Thcrefpre -, — ► z= —- • — . Hence 

^ = liiM^lT[b'7cty ^^ *- V ,-^*-A*;-r(A».?)=9*'*3« 

yards. AlTo AE s= 159*^87^ BEss 110-841^1, and CE ss: 

78 •507' y aids. ^ 

The Prifpofir alfo anjwtrci iu 
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U. QUESTION 92, fy Negotiator. 

A felh goods to B« on condition to allow 10 per cent. dif. 
count, if he paid in fix months.— What difcoun^ ouffht A to 
aliow, if payment bemade Jiim in two months ; intereft of mo« 
ney being 5 per cent, per annum, fimpl^ intereft ? 

r 

First Solutiok, by Mr. BazIey. 

If s be put to 4enote the value of the goods, hen the dif- 

Counted'fum paid at the end of fix months is -S. j. JLet x be 

10 

the fum which B ought to pay if the goods be paid for at the 
end of two months; then it is plain that x at fimple interest for 

the remaining fonr months should amount to -^ 5 : that is (by 

(he rate of intereft given by the queftion, 

X Q 

60 10 

From this equation we have x zz ^ ; and, confequemtly^ 
s --^ xssz ^, or ^ii'4754 per cent, the difcount required* 

Second Solution, iy A. M. 

Since B is to pay only 90 per cent* for his goods if he psiya 
A in fix months, therefore the fum per cent, which B Ought to 

Say if payment be made to A in two months, is fueb a fum as 
eing put out at j per cent, fimpie intereft for four months will 
amount to 90 j£. Hence 90 -i- (-a x '05) + 1 =88*5ft4 j^v 
r=: 88 jS» io5t s^d. per cent. B ought to give A for, his goodt 
if payment t>e made in two months, or 100 £• — 88^. 10 5. 3^* 
:p=z it ^. 95. 6^^. percent, is the dif count required. 

Mr. Melior anfwtnd this quifiicn* • - 

IIL QUESTION 93, by Mr. Wm, SimI^son. Solioh. 

If a circle be defcribed through the two foci of an etiipfe, and 
any point in the conjugate axis produced ; then a right Ime being 
drawn from that point, to one of the points where thf circle 
cuts the ellipfe, will be a tanjpat tt that poim« Rtquirad 
the demon&iatioa ? 

'€m> *v a 
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Sol UT te n, iy Mr. J. Joh n s o n , Brnningjiam. 

^' Kg; 165. pi, g> Let a drtle vrliich paflts through the foci 
y, F„meet the conjuj^ate axw int E and -H and- die eUipiis in P, 
and drawy"P, FP, HP, and let EP produced meet the tranfverfe 
axis in G. Thepit i* evident that^f he arc/HF is bifefted in H, 
therefore the' angle FPH is equal to the angle SPff ; knd the an- 
ises HPG, HPE are^.eachof them, right angles. If the former 
angles be taken from the latter, the remaining angle FPG will 
be equal b the remaining aogiejfPE, thsreface EP is ji tafigf at to 
the ellipfe as is proved by all the writers on conic feftionsk 

Several properties of the ellipfe may be imnjediately deduced 
from the known properties of the trikngleyTF and its circum- 
fcribiag circle FPE/1 We feloft. a few of the mQ$43bviou&* 

1. /P:FP::/K:FK. 

2. /P-PF n KP-PH = IC-HE. 

g/ Let HL be drawn perpendicular to^P. Then LP = the 
femi-tranfverfe axis = half the fum ofyp, PF ; and FI^ 
•■ -n half the difference of /P,PF. '^ ' - 

' 4» If LC be <]|rawn to the centre, it will be parallel to the 

• .'• tangent at PI ■ 

5. Let PI be parallel and PO perpendicular to AB. 

Then/P + PF Qi AB :. /F :: 2CO ; /P — PF ; 
orAfi^:/T::CO:/L. 
. .6- AC*s=Lf?::;: HI-EC. , . 

,.7, {J^^VTi)\zz CH-iE,. . • 
8. AC* : CD* ti HP : PK. 

M0^ B*2leyt Melloi, and A. M* likewijefent folutions to this 



IV. QUESTION S4»^ by CfiNraoBARicos. 

Suppofe a cone, whofe.axis 15 10, and diameter 8 inches, be 
nia*de to vibrate, itB^vertex beiiig the point of fcrfi)enfioa; it is 
Jrequif^d^ to afpegrta^i at what iiJUnce from ita vertex, on. the 
;fianifid4y it nnift &ri}ce aa i^iqioveable oblldcle« fo that all its 
asgi^av kneiioit ihall be deAroyed, qx that its point ^/ufpenfion 
iMi^oibe|diEiiaed^<t|p$ibr9ke? . . 
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. Solution, ^j Mr. Bazley. • 

Let ABC (fig. 166. plw 9^) be the cone whofe vertex is C, 
and akis CD> then if O be the centre of p6rcuffion and OP per* 
pendicular to the (ide CB» it is plain from the principles of 
mechanics (Eraerfon's Mechanics 4,.tQprop« $.) that Pis there- 
quired point. 

Now it is fb^wn by the writers on fluxions that the diftance 

CO = i^^lt^/ and by the fimilar triangles COP. 

CDB, we have 

CB : CD :: CO : CP:: i22!+^ : iS^L^^. 

5CD 5CB 

In the prefent cafeCD sr 10, DB= 4, CB=: v^(ioo+ 16) 

= 1077033 and Cr :;= ^ gCfl ' " "^ ^^^ 77*5 inches, 

the difuDC^ required. ^ • 

'. ' - ' 

V. QUESTION 95f *y Diophantus. 

It is required to find three rational numbers, x^ y^ ?tnd 2, 
fuch that the fermuta 

may all be iquare^ i 



I , 



SoLUTION/ij'Jtfr. CUNLirJEi iJ;-Af. ColUgt. 

Put z + ^'^-n :z x^ and z + m ^^, then 
**+>*+ 22*::z4z*4- 22(2j»-Hii)-i-«»'+2;«»-+^«* z= afquarc, and 
jf*+2*+2^*=:42*+2z (3m-hii)-l- 3»i'-+-fiOT»+n* =: afquare. 
Affume 22 + r for the root of th^ former; and 22 -fr j for the m 
root of the latter of these expreflions, that is, put 

4z*4-2x(8»i-J-w)+a»»*4-«w«+n'*r:(22+r)*=42*+4f2+r*,an4 

42*-f-22(3WJ4-«)+3»*'+2W«+n*^(22+5/=:42*+4J2+i?*, 

Irom whence , 

2m'+ 2;«« + n* — r* ^m^ + 2;«« 4- «*— -j* 

2 (2r — 2m — n) 2 (2^ ?— 3» — n)^ 

equating the numerator and denoi^tinators of thefe fra^ions to 
make them identical, we ihall thence obtain 

dividing^ 
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dividing the former of thefe by the (attef, jr 4- r s^ fim } whenee 
Stsz^; and r =2: §2, and by mcan» of thefe 

10 (to + 2») 

Omitting the common denominator — 16 (wi + art) we 
Ifiajrtake 

z rr: 2Qm^ -+- Q^mn + 16»*, 

y = 7m' + 1672* and ' 

« = 7^* — iGmn — i6«*; 
Aefe values make the two firft of the proposed _expreffion« 
Iquares. Therefore there only remains the laft of the faid 
eiLpreffions, viz. y* -f- g* + 2x\ to be made a fquare. 

By wiiting for jtr, y and z the values juft deduced, we Ihall 
|iavc»j?* + ^*+ 2^* 

=:(7»»^+i6«Y+(2377i«+32»iwH-i6«*)*+2(7«»'— «fi»»«- i6«V 
=: 676^?^ -+- 1024^^ n -+. 2048i»' »* 4- fl048»i«* + io24«* ' 

= 4 X (iGgm^-h 2g6m^n '^ giam^n* + s^^mn^ ^^r 25611*) 

=1 a fquare. Therefore 

169791^ + 2^6m^'n -i- 5i2»i*«* -J" fi^st;!!©' rh a£6«* :^'a fquare, - 

AITume 13^1' H ;??» + i6«* for its root; that iS|, put 

3 

r=,69,«4^.fi567«'7.+^ii^^44i6p7.V4.^^ 

irhich after proper reduftion gives — == —-, take m =: 208* 

ihenw == If and hence - 

X r= 7m* — i€?«« — i6«* == 16 >C 18719 
. y r=7«»'4- J6«*=:l6 X 18929 

c =; 83w^ +■ S^'W +• i6»' s: 16 X 6*€op. 

Ao4 
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And agthefe numbers are all divifible by %&^ \ifi may idik^ 

X — 18719, jy ^=: *8f2j> ^iz^z;;:;, 6^69.9, 



VI. QUESTION 96, by Mr. John Pa\Ves, J^rmingham^ 

In Mr. Watt's ftea^i engine, the reciprocating rooljonof the 
engine, is converted into a circular motion by a peculis^r cent 
triVance, confilling of two. equal wheels that work into one 
another : it is required to demonftrate that the centr<^I wheel 
will turn round twice for every revolution of the planet wheel 
about it^ or for every complete ftroke of the engine ; and alfo to 
define what will be the motioit of the central wheel when it is 
pot equal to the plai^et vbee}» but ti\ any given proportioQ. to it ? 



First Sqwjtion^ iy Mr. D.awi:s, t^ Profq/ir^ 

The ratio of the times of revolution of the central and planets 
wheels, is equal ta the ratia of the radius of the central wb^el^ 
^ndthe fum. of the radii of the central apd planet wheels. 

Let C, (fig. 167. pi. 9.) reprefbnt the central, and P, L, A, N, 
four pofitions of the phr\et-iwheel ; then, it is evident that the 
centre of the planet-wheel revolves in a circle whofe radius is 
equal ta the fum of th^ radii of the central and planet-wbeeU; 
and (Emerfon's Algebra, page 450) the locus of any point (p) in 
the circui^ferenc€ of the pls^net wh^l (which has no ^lotion 
round its own axis) is a circle equal to that which is the locus of 
the centre of the faid wheeb ; but as both wheels, auhe point of 
contact, move with the fame velocity, it follows that any two 
points, one in the periphery of each wheel, muft move through 
the fame Ipace in equal times ; therefore, in equal times, it will 
be inverfely, as the revolutions of the central, is to the ciicum- 
volutions oi the planet, fo is the radius of the central, to the 
radius of the circle formed by either the centire or any point in 
the extremity of the planet.wheel, Q- £. i^« 

Oi/ervation* The above demonftration is upoB the fuppofition 
that the conne3ing rod which fufpends the planet, wheel, always 
moves paralle] to itfelf ; but in reallity the end is connededto 
the beam, which moves upon a fixt fulcrum, therefore it cannot 
nciove parallel to itfelf, but makes an angle at the end of the beam 
which dcilroys much of the power of t^ engine. 



4 
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Second Solution, ^;^itfr.3AztEY. 

Let CAF (fig. 168, pi. 9.) be the central-wheel, C the centre, 
AOB, a diameter of the revolving or planet.wberi, O, its cen- 
tre which defcribes the circle OE, concentric to AF. Suppofe 
the wheels faftened together at their point of conta£l A, and let 
the motion commence at the pofition CAB. Now if the who^e 
thus fixed be conceived to defcribe round C the angle BCD, 
then It is plain that the diameter AB will have come to the po* 
iition FD. But by the nature of the queftion the diameter AB 
is moved always parallel to itfelf; and therefore that FD may, 
have the pofition ba^ parallel to BA, it is evident that the arc ar ' 
of the planet-wheel mull impel the central-wheel through an 
equal arc ; fo that the arc through which the central-wheel has 
pafled, whilft the centre of the planet- wheel has defcribed the 
arc OE,- is AF + Va : and it remains to find the angle anfwering 
to that arc of the central- wheel. Put 2AC — <2, AB zz. b^ and 
the iC-OEC zz fEa n ACF = n ; then, by the nature of the 

' bn 

circle, a : b :: n : -*- = theande of the central wbofe arc is 

. a ° 

£=f^; hence, whilft the revolving wheel has pafled through the 

/.??, the central-wheel has defcribed the 46 («-{ — j=i;-;_ x n$ 

fo that whilft the planet wheel makes one revolution, the central. 

It 
whceJ makes » " ' turns on its axis* If 4 and i, are equal, 

=: 2. 

a 



VII. QUESTION 97, fr^m Geometm Dcfcriptive, by Mongb. 

If fo^r unequal fpheresbe any how fituated in fpace, and every 
two of them be circumfcribed by a cone, fo that its verte^x may 
be on the fame fide of the centres of the fpheres ; the vertices 
of the fix cones thus conflituted fiiall be at the interfefiions of 
four ftraight lines fituated in a plane: and. if every two of ifae 
fpheres be circumfcribed by another cone, having ita vertex be- 
tween the centres of the fpheres^ the vertioesitf thefe cones, 
taken three by three, fliall be in the £uite plane as durce of the 
former* Required the demanfipation ? 

' ^ Solution* 



( t^i) 
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t',», »J»« .. ' i , ' '■ . . ' 

et A, B, C, Di (fig. t6g\ pL g;) be the centf^s of four un- 

fei^iial fphferes any how fltu^tell in fpajce ; Py ^j ^f S, T/ U, the 
ircrtice«of the coiies circiimfcribing every two of them taken in 
the ord^r A« B ; A» C ; A, D) 3tc» each vertex being on the fame 
(i3e of the centres of the fphergi^ map^ ^/r, j, i, u^ the yerti<:es » 
oT the circi^mfcriblog . cones, taken in the fame order^ but; 
fituated between tlie centres of the fpheres. , 

Then, it is evident that each of thefe vertices is in the ftraight 
line joining the centjces of the two fpheres- which are circum- 
fcribed b'y the rcfpledive cbries^ Let the h'nes P'BA, RDA, 
T^bB^ Be drawn from^ the x^eftices P, JS, 'f , to the centres of the 
fpheres A, B,'D,* artt cortceive a plarie to pafs through the points, . 
A, B, D ; then it is evident that the vertices, P, R, T» will alfo 
be in that^planc. . Join PR, TR, and draw BV parallel to AD 
ineetirig PR in V, and let the radii of the fphere whofe centres 
are A, B, (2, p, be denoted hf h, i, c; J, reipeSivclf . 

Then by tl/e property of tangent?, . ' 

a :bv. AP : BP :: AR : BV, aiid 
a : d. :: AR : DR;- therefore 
i :d:: BV : DR; but 
bid:: BT : DT ; tlierefore 
. BV : DR :: BT : DT. Ffom whfence it is evident 
ihat the points P, V, R, T, are in a ftraight line. 

Hencci it fdUqws^ that if three uneqftal fpheres be ainy how 
iituated in fpace, and every two of them be circumfcribed by 
a eone, th? vertices of the three cones thos c^iMituted \^ill be iri 
the fame ftraight line^ 

. From this we may i^rifer that the vertices P, Q, S, of the cone^ 
'circumfctibing tbe* fphere^ A, B; C, arc ih the ftraight line PS ; 
that the vertiees U,QiR, of the cones circumfcf ibing the fpheres 
A» C, Di ajre in the ftraight line URj and thit thfc Vertices? 
U, S, T, of the cones circumfcribing the fphereij B, C, D, are 
in the ftraiglu liiie UTv Therefore theTerticds of the fix cir- 
cumfcribing coneys . are act iht inteffeHions of the four ftraight 
li»c5 i^T, PS,. UR. and UT. 

And thefe ftraight lines are al) in the fame ptaife : f6¥ }f a plane' 
^ be conceived to pafs thr(nightne|pintil P, T, U, the poifitts R, S, 
will neceffarily be in th^t plane, arid confequentiy the foint ■ Q • 
wiilalibbein that.plane. - ^ 

A^n, it: BV meet Pr in.i;; it.wiH appear, exaftly as In the 
fifft part of the d^mon fixation^ that the vertices' P, /, r, are iri 
the ftraight line P^, and that the vertices T,r, J), are«fti theL 






BB, 



J. ftraight 
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ftraight line Tp ; therefore It is obvious that the vertices p^ A r, 
are in the fame plane as the vertices P» T, R, or in the plane 
paffing through th( cer^tres A, B^ D« In the faine mannier it 
appears th^.the vertices p^ q, s^ are in the fame plane a& the 
vertices P,.,Q, S ; that the vertices », ^ 5, are iji the fame phine 
as the Vcrlit^y^TJ*, (>^S ; arid, finafly, that the vertices u^ j, /, are 
'in the femfe plane » the vertices U, S^T. 

CdRO L. It follows immeJiately from the above^ that ** If ther 
tangents drawn to everv two of three unequal Circles be prc^- 
dueed tilkhey meet, tne points of interfection will be a in right 
line/' 

> • 

The next, Ten Quepions^ taken from the Qmhridge" Univerfify 
Calendar^' are fehBed from the Senate Houfe Problems ^ propqfed 
to Candidates for the Degree of^^ A^ in jmu4ry, 1804* 



Vin. QUESTION g8, fr/fm the Camb- Un. CAt- 

Three known reftilinear object*, placed contiguous, and in 
the fame right line» appeared to the eye of afpeftafcor of the 
fame length ; find his poiition ? 



. FiRST.SpLUTiCN, iyMr.MELLOVf^t l0ndonr. 

L^t. A^,.BC, CD, (fig- 170, pL g.) veprefent the three 
re£lilinear obje£ls, placed contiguous and in the fame ftraight 
Kp^. Afl4 let E be the pdfxtion of the fpeflator's eye when the. 
objeQs appear of the &me length. Braw AE, BE, CE, DE. 
Th^n by the principles of optks, the objeSs AB, B-C» CD, will 
b^ apparently of the lame length when the fublended angles^ 
AEB, B^CT G£D. arc equal. 

Therefore, Euc. vi. 3, AE : GR ::: AB : BC 

and BE :. DE r: BC : CD: 
Produce AC to G, fo that CG : AG :: BC : AB, and onBGas 
adiam^er defcribe a circle B« E, G, E^ which is well kndwn to 
be the locus of £, when AE haft to GE the fame ratio a» AB to 
BC. Affain produce BD to H, fo thai DH : BH :: BC : GD, 
and a circle delcribed on the diameter CH will be the locus of 
the point; £ when BE has to ED the fame ratio as BC to GD; 
therefore th9 inter feflion of thefe ckcles will determine the 
point Et. 

U 
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« 

If a circle be dercribccl on the line E E', which join* the 
points of interfeSion of the circles, as a diameter,, and having its 
plane perpendicular to the line AH, it il obvious that at anypoint 
M*atcver in the circumference of this circle the three objcfts 
ivill appear of the fame length. 



f Second Solutiok» iy Mr. Bazley. 

Put AB = a. BC = ^. CD = c. AE =: v, BE = x, 
CE = ;^, and DE •= z. 

Then a : b ::v :y =: — , and b : c ii^i z zz ^i 
Alfo (by Plajrfair'i Euclid* prop,*B, bookvi.) 

vy=zab^x*=z 5 hence v* = ' ■ ' v . Again 

zx =z be '\' y^f or -j- = be +'— t" ^bc+ ■ ; or 

ra*" = ab*c + fl^' + b^x* : whence x = A/ ri- ; 

V ca-^ b* ' 

from which it appears that if b* exceeds cOf that is, if BC be 

greater than AB x CD, the thin§ is impoffible. 



IX, QUESTION g^, from the Camb. Un. Cal. 

Shew how the circilmference of an ellipfe mair be com- 

Sated, of which the excentricity is '99, the femi«axni major 
cing 1 ? 



Solution, 

In confequence of the ferief^s commonty given; In our Trea*. 
tifes of Fluxions, &c* for findihg the perimeter of an ellipfe, 
convejtging (b very Qowjy when the excentricity is-gjreat as to be 
entirely ufelefs, Mathiematicians have been inauced to confider 
the fuDJefi; at greater lesgth, which has led tjo the difcovery of 
Jevcral feries thstt converge quickly for every degree of excen- 
tricity that can polSble take place. As fome of thefe feries may 
probably h% unknown ta many o£- the readcM -of the Aepofitoc)!:. 
it may not be improper to fele£t; fuch of them as are mod re- 
Hiafkablt for their elegance or prafiical tftiliiy« 
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TiRST Series* by Mr. Ivory, iprerted in the 4thf Vol, of 
the Tianfa&ons of the Royal Society of Edinburgh. 

Half the perimeter = 
1 + al 2* 2*. 4* 2?. 4*. 6* ^ 

1 "— c 

where t and care the femiraxes, d:=: ■ ■■■ , and t = 3*14159. 

This feries converges with great rapidity when the excentricity 
is fmalL 

Second Series, given by Legendre in Memdc (*Acadi 
and by Euler, Novi Comm. Pefrof, Tom. xviii. 

One fourth of the perimeter = 

r\ 2/2C 2.4- 2.4.6.52.^- J 

where ^ is the CKCcntricity, aqfl c zz — ^. 

2 ^—t 

This feries is not very commodious for arithmetical compu- 
lation when e is nearly eaual to i. 

Third ^^^i^^* given by Euler in his Ammadvcrsienex m 
ReSificationum SMip/eos^ which forms a pan of the fecou^ 
volume of bis Opufcula. 

One fourth of the perimeter is =: 
^ 4^ 4.02.4 4.6.02.4.0 ' 

feyp- log- -^ 

4 * \12 2.3.4/ 

4.6 * 2 . 4 V«o a • 3 • 4 4 • o • 6/ 

— 8-5-7 > -3->5 ^8/'«P « 4 .. ' > \ 

4.6.8' 2.4.6 \28 s • d^* 4 ' 4 • 5 -^ |b .7.8/ 

where 1 and c are the femi-tnanfverfe andfemi-cpnjfigate axes. 

This 



MM»**«i«W«>MMMM«W»i^«»M*«k*to 



* Mr. Ivory's P^per, irfiidi contains the .iovf?«t{g^(iop.of (his .._ , 
;fe-puhpsbed in the m^t part of the Matiieioaticd iVa^b and Selections. 
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This if 9 very uM\A feries, aiid converges io snuch t|M fidScr 

as the cxccntricity i$ raofe nearly eqj)?l to 4Lf 
-'"'•.'* .' ■ .' ' .. , ■' .' . . • 

^o UPITH Series, given by lAx. ^^all^cp, \a ^ 5th ypluw^ 
fi>\ the Edinburgh TraiuafKons. 

Half the perimeter is =«»• P (x ---.^Q). 

Where c ^ the expe^tricity, it =: 3*14 1£9 



andO ==- + — + +-^ — --ii-+&c, 

Or, , ^ 

if «e be an arc fuch that fint « = f, 

then ^= tang.' -r, and 1 + c'=:sec.* -• 



Again, by taking a' fuch that fin. a* z=i < , 



we have ij' z= tang.* — , afnd 1 + ^^ == f?^-' "^J ^ ^J 

2 '2 

^continuing in this mariner as £ar as may be nec^ITary we have 

P = fec.» - . fee* -' • fep.*^\ &c, 
2 2 2 \ 

-.y fin. a , fin. « • fin. at , fin. a . fin. «' . fin. a' " -T 

"*^ 2 ' 2.2 2,2,2 *, 

Where the values of P ar^d Q may be computed with great fa<« 
cility by means of the common trigonometrical tables. 

This feries has the advantage of conveiging quickly in cvenF 
cafe of excentficity that can occur, but more efp^ciajly whep it 
does not exceed v^ J. 

Fifth Series^ by Nir. Woodhouse, inferted in the Tranf- 
^ctionsof the Royal Society of London, for the ytar 1894. 
One fourth of the perimeter is zz 

f2,2 2.2.2.2 \ 2m ^ (»»)j^ 

Where 1 and b are the femi-axes, / 

'? = (!+ 'i) (1 +» (1 + "*) (1 + (3), 



^and'^^, Ac term oFthtEJ ferics *b, % "'*, &t. after whicli, with- 
out feniible error, each fttcceeding term' may be taken equal to 
the fqu^e of the preceding term. This formula, like the pre- 
'ceding, is generkily applica&te, and particularly when the excen- 
tricity exceeds y^A. ^ 

For the investigation of these feries, we must refer the reader 
to the refpeQive wbrfcs already cited, or to the learned memoir 
of the laft-montioaed author, whfre the fev^al invefiigations are ' 
•given, and their mutmal relation to each other pointed.out. 

We shall tioW exhibit the computation of the periphery of 
an ellipfe, whoie etcetitrldty i« '9^ and te]pi.^xi< niajor 1 , as 
required by the quefiion. 

And firft by the third Series. 
^=l-(-99)«=*oig9; | c*=; •9994485; g^c* ^'0000019; 

^c^z: -0049750; ^\ I c*=: '0000804 ; ? . ^c* = •90Q0012; 

f * 

and byp. log; of -ys. :s9 1'fiye^oSi, Hence • 

t + {c*-h |c* + g^ <:•) X &. 1. 4|r = + ro335324 



^■^■dMafc* 



one*fouTtb of the peri|Jhpry ;=: 1 'G2 84758 

jWuhiptyhy 4 



»ii I* ■ 



i^mi theperimeterof the ellipfe h ;^ 4*11 39032^. 

.. ^ ■ I. I mm, I n il I I* ■' I 

Secondly, by the fourth feries, 

». Calculation of the logarithms of ^, i-H«', i+^'*» &c, 

liOgarithms. 

0^ = '99 == fin, a =3 fin, 8;" 53'^c5"'a3 ^•995^5» 

e* =5; tan.' ? it= fin^ a i±; fin. 4^ 49* ^glf-^a ,x-8766476 

" •* . . ■ . 

c'^sss tam^ ^ i<: ih^,'flif^ == fin, la** 53*^ 26'*'44 1*3139620 

^. ' . . •• . . 

•■ .... 

« ^1 

1 +«'== fee.*-- , &o^tQ6^6 



.a 



^'"zi 



M 



if^ss tan.* - = En, a" 

2 
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' Logarithms. 

s fin, o^ 37^ 17^*06 2*0352326 * 



1+^ 



2 



^▼=: tan. 



»* 






eiT- 



2 



fill, a.^*" 



I . Computation ©f gr P ( r, — ^^> 

SI J 

^* ^ 

2 .2 
2.2. ft 



•4900500' 
-18444 »» 



2.2,&. 2* 



rQ:t90o.t6 

•000^1030 



*^"^"'? 



(f— ^Q)=: •3064042' 
gr P ( J. — e Q) = 2-056952 



Fierimeter as 4r 11 39.04. 
ThHrdry,,by the fifth feries. 
^ = ^{t — (•99)'>= •Hio6:?3 

= '00000631:^ 



•* 



"^ 






^99- 






» T. 



©•obc/oriS*^ 



2*6902404 



)i 



J"*a65858<^ 

■ • ' . « 

5;sye8790a 

4*012992^ * 



»> 



r-4862947 
• 0*2437 i;as 

- o.aSjbge^ 

- 0*0046846 

. 0*0000129- 

- 0-497 1499& 
^'3132242 



•0050251 



{i + V^(i-'*^)} 



^1% 



hnt — = -0000063 1 25^ which differs from "b only in tlie ninth 

place 



. . ■ ■' ^ ■ . „ ^i« 

^lace of decimal$; tblcrctore "6 may be taken fequal — ^ wltlx(»tf 
fenfible error; and confequentljr (pOb zz *ii ox m zz i. 

'F zzx + t^zzt-^ — = — - 

199 19^ . . .- > 

lyp. log. I = hy{>. log. 796 = 6-67959g» 

~- . 'I*. 'Q. hyp* it)g. I = -0334^18. 

'Hence 1 — '065-+- •0334818 iff i -0284808, and the w.bpl4f 
perimeter 38= 1*0284808 X 4 = 4*ii39«32i nearly. 



X. QUESTION too, from the Camb. Un. Cal. 

• 

Shew that the re£{ificatrbn of the hyperbola may be deductTc! 
feoat that of th«l ellipfe? 



J*iR!fT Solution^ 

fut i for the femi-tranfVerfe axis, e for the excentricity,^ ^ 
the abfciffa, reckoned from the centre on the tranfverfe axis, H 
the hyperbolic m^oreckoned from the extremities of the ordinaie 
and traiifverfe sl^L 

/ (^ ^ • i\ 

Then H == ^ 4/ { ~rzi — ). ^^l to affign the fluent of 

this exprefTion l)y &eans of elliptic arcs^ put 4? = , 



V V • / and - =: m ; 

Kt — z"/ e 



then 



A 



e* X*— X (t — m')% * 



4 . 

I t ' " ■ > ' ■ ■■■■ ' ' ' 4( ^ 



*» 



Now 



Nonr, when z^^ xu zz u and when 9 ae v i* ii<si'(x? 
thorefere the [fluent of i^ (l/ I ^^ ■■■■J bctweeft the values b{ 

x zr 1 and « =>><00 is equal to the fluent of * ^ , ^ ■ n 

between the values of 2 = o and z = i. 

'" • v/(^f=^ = '> 

then taking the fluxions we have 

thereforeH = F-i a/C-=^^ + Z'-^^^* 

But the fluent of 2 y ( ^ —m^t \ j^^ \^^jj ^^own to be 

equal to the length of the elliptic arc whofe femi-tnmfverfe axis 
it i» excentricity m and abfcifl*a z. 
Callthisarc £• Then 

.H = F — E + flucntof ^*~***) .^ 



To find the fluent of this bft tenn p|it 






then the fluent of 



ss amz — fluent of a (i + »») i' 4/ ( ' iTV^ '"} "t^^ 

But thefluemof « y^(ij^^j^) is the elliptic arc E' whofe 
femi-tianfvarfeaxit is i , ex«eiitrkky m aod abfciffii li^ - 

8p that the length of an )(|f:perbolic arc ti a^^ad by.jptani ^ 
two elliptic arcs and an algebraical quantity. , 

VouLfAKtU CC Thif 



Hence H 

z 
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- This difpDverjr .was firft made by Mr. Landeh, and pub. 
liilied in the Philofophical Tranfafiions for 17751 and afterwards 
in his Mensoirs*; but the fubftance of the above folutioo is 
taken from Mr. Woodhouse*s I^aper, referred to in the preced- 
ing lolutiott. 



Second SolutioMj by M. C. Bqssut. 

Let 1 denote the femi-tranfverfe axis, and b the femt-conjugate 
axis of anelHpfe; and £^n arch of this ellipfe intercepted be- 
tween t;he conjugate axis and an ordinate parallel thereto at the 
diAaace x from the ceatfe. 

then it is w«ll kaown that E = i -^ j * ~"^^J_~/*^* |. 
Put 1 ~ (i — 4») X* =: K», then ^ = -j/ (jEt*) ' *'^^ 

•* Let • 



ir u 



=: y, and the laft equation will be transformed Into 

tlier abridged by putting i-f-i'src', x-f-^ssr, » — c^»; 
forth«n - 

E=^^ . , ^'*~f'lt -, _. Let us now affume 

c*—y« At/(T*— >«) , Bi/(y*— y*) 

Bjf moans of this equsitien'A -f- B =: i. At* -+• B«* = ^* 

^ ■ c* «' T* c* 

and. cpnfequently.A = ji^"v ^ = , ^ ; fo that 

» £ _ A Wi/Tt* ^ y*) _ B r yi/fy'-— >») 

* "» Mr. £aiiilen*9 Memoir i? ripriflted in ttc earfj numbers of the Old 

Series of tte Repository/ . » . 

ff: ' T . la 



In order to find the fluent of ^^— ^^^^. put ■»* — >• = «*j 

vt* — y ) 

which IS known to represent the arch of an clHpfe intercepted 
between the conjugate axis and an ordinate parallel thereto^ at 

the diftance -^-^f-r jr- from the centre. ' ! 

Call this arch E'. 

And to find the fluent of ^L)^_'\y put «» — >* is ^'; 

But the fluent of ^^^^.r/^! ^(^'^ t'-,-) "P"*^** **•* 

arch of an hyperbola of which the semi-axes are « and V{t^ — «0t 
and abfcifla, reckoned from the 6enlre» on the axis «, 

^•(^ + ^' — «') 

Call this arch H. 

Hence it appears, that 

y A^^. B ^ i/(>-^)>i/(/*+r>-^) B 
E=-|=~xE-^X — +ir ^"5 

and, confequently, 

„ gE . y . Ax E\ VU — n > V(^^- ^•~-»') 

H = B-+ b"^ ""T-^ i • 



XI. QUESTION ioi,^^i»^A«CAMBiUN. Cal. 

In the lemnifcata, whofe equation is (x* + v*)' = i*' — >S A 
is required to aflign two arcs equal to one another. 

CO a First 



(^a«4 ) 



First Solution, by Mr. Wallace, J?, M. College. 

1. Let CPA (fig. 171, pi. 9,) be the Icmnifcata,^ C its centre, 
CA Its femi-axis, and PB an ordinate at any point Pm the curve; 
then CB = *, PB zr y. Join CP arid put r for the variable 
lineCP, and a for the femi-axis CA^then, the given ec^uation 
(*• ^y*y = X* — y may be exprefled thai, i 

Put ^ for the variable angle PCA, then, becaufe x z= r cof. p 
and y n r fin. ^, this laft equation l^ecomes r* r: ar\/(co{.^ rp _ 
fin.* (p), which, by fubfiituting cof. 2^ for its equal cof/ (p — fia^* 
9, and dividing by r becomes 

r = d/(cof. ^?>) (1.) 

Draw Cp indefinitely near to CP. andj^ytperp^fendicplar to CP„ 
than, if z be put for AP, the arch of the curve, it i& maniieft 
tbati= \^{rf+pqy 

But Pq is the fluxion of r, ©r of a /(cof. 2p)^ which is 

' |/(cof> a<p) • -^^ " ^^"^' *^ '':^* ^ ^^ "^^ a(p/(cof. 2<p), 

therefore fubftituting for Pq, md pq^ thefe v^lne^avid pittUog 
Z for fin.* 2(p -i- cof.' 2(J), we have 

*"" v/(C0f. 2(p) .-.•.(») 

This fluxionary expreffion, although very, fin^ple.io its form, 
does notadnyit of an algebraic integral, nor even of one involving 
circular aris or logarithms only. The integral may however be 
exprefled in a finite form by means of tv^o elliptic arcs;^ but the 
indefinite re£lification pf ^e curve is not the object otioiir pie« 
femt enquiry* ^ 

8. Leaving for the present the confideration of the lemnifcata« 
let us fuppofe that 9 and >|/ are two angles fo related to each other 
that the produ£l of their confines, or cof. 9 ct)f. %}/ is a confiant 
number, then^ taking the fluxion of the produ3» we fliall have 

9 fin, (p cof. 4^ + ^ fin. %}/ cof. $ n: 0, 

Let us next fuppofe that the conflant number is the cofine 
rf 45*, or that 

cof. f cof. >}/ =r y^ j 

then, by taking the fquares of each fide of this equation and put- 
ting 1 . — fin.* (f for cof.* f we^get; 

(l — fin,«<p) cof.^*=f 

and 



and 4 (a cof.*>l'— t) = fin.'ip cof.'^J': 
but 2 cof .* 4" — 1 = cof. 2p 
therefore y^i cof. 2^) =: fih,^ cof. %f/, 
and, finite <f> and >J/ enter precifely alike into the aflbmed eqiia* 
tion cof. (p cof. %J/ iz y^i we have alfo 

-y/d cof. 24^) = fint 4^ oof, (p. 
Let thcfe values of fin. <p caf, 4* wd fin. \l/ cof, <p be fubftttu-^ 
ted in the laft fluxionary eijuation and it becomes 

(p /(i cof, 2 4^) 4- 4^ \/(i cof, 2?) =: o 

Hence we learn that whatever values be giv^n to the anffle3 
f and 4', provided the prodwft of their cofntes is y/J, the uim 

of the fluents of the two exprcflious -■ y if. — ^ and - y ^ ■ ; , 

'^ y'(cor. 2(p) v^Ccof. 24/ 

under whatever form they may be exhibited, or that fum multii. 
plied by any coqilaat quantity, muil necefllirily be a ^onftant 
quantity, 

3. Let us now recur to the lemnifcata and fuppofe that CP, 
CQf are two flraight lines drawn from the centre meeting the 
curve in P and Q, and that the angles PCA, QCA which' we 
fhall denote by (p and 4^ refpedively, are fuch that the produfl of 
the cofines is equal to y/| or to the cofine of half a right angle, 
then as from equation (2] the fluxion of the arch AP will 

be -r — ? r and that of the arch AQ —77 — 7 — ; \ it is mani- 

V^(cof. 29) ^ V (.cof, 24^; 

feft that the fumofthe arches AP, AQ, will have the fame 
property as the fum of the fluents of the two quantities which 
^onfiitute the fluxtoiiKry equation (q), that i«, the fum of ths 
archiSjiP^ AQ^y will be ^qual to a CQnJtant quantity. 

To determine this quantity we have only to give determinate 
values to the angles <p and 4^9 and the conilant quantity will 
evidently be the fum of the arches of the lemnifcata correfponding 
to thefe values. Let us therefore j^ffume 4^ r: o, and confe* 
quently cof, 4^ = ^% then from the equation cof, <p cof. 4^ =;; 
cof. 45" we have 9 == 45** 5 ^^^ when 4^ =: 0, the arch of the 
curve correfponding to 9 vani(hes, and when $ zz 43®, it appears 
from the equation (1) which exprefles the nature of the curve 
that the correfponding arch of the lemnifcata is its quadranf 
APC*. Therefore the confiant' quantity to- which. tl)e fum of 
the arches AP, and AQ is always equal is the quadrant APQC, 
This property of the curve n vei^ remarkable, and furnill e$ 

dircfcUy 
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direflly a folutiontothe quell ion; for fince tlie quadiant APQC 
is equal to the fum of the arches AQ, AP, from each take away 
the common arch AP and the arch AQ reckoned from the one 
extremity of the femi-axis will be equal to the arch CP reckoned 
from the other extremity. This property of the curve which 
anfwers the queilton may be flated in the form of a theorem : thus, 

I^ C be the centre and CA the femi-axis of the lemnifcata ; 
from (^ kt there be drawn two chords CP, CQ, meeting the 
curve ito P and Q, and let the angles ACP, ACQ, be fuch that 
the produ£l of their cofines is equal to the cofinc of half a right 
angle, then the arches of the curve, reckoned from the points 
F» Q« to the nearelt extremities of the axis, are equal to each 
other. 

This tl^orem, which is analogous to thofe relating to arches 
of conic fe£lions given in Art. 3, Part II. Vol. I. of the Repofi« 
tory is capable of being rendered more general. 

If we luppofe the ar<:hes f and >}/ equal to each other, then the 
points P andQ will coincide at a point R: let RC be the pofition 
m which the lines CP, CQ, coincide and let B denote the angle 
RCA, then as cof. ip cof. >J/ becomes cof.* 6 we have cof.* Q 
r: v^|, therefore the angle 9 ii^ given, and confequently the 
point R, that is the middle bf the quadrantal arch CRQ, is 
given. Thus it appears that the quadrant of the lemnifcata like 
itie quadrant of a circle admits ot being bife£led geometrically. 
It may alfo like the circle be divided into any number of equal 
parts }ff the refolution of equations, but I fhall not profecute 
this fubjefi at prefent any further. 



3£C0ND Solution, iyMr* Ivory, R. M. College. 
The equation of the lemnifcata will be fatisfied by putting 

that is, by putting * = 7^^ V^(^ + ^*) 

Let w be the arch of the curve correfponding to the co-ordi^ 
nates x and y : then 

' 'And 



( fi07 ) 

And if x^ and y be any other two co-ordinates » and vf the cor» 
refpondiog arch of the curve; and if 



z 

X zz 



75 (»-*-^") 



z 



I 



y = 71 1/('' - -") 



2» 



then in like manner w = -; r-v* 

-/li — z^) 

Suppofe now that z and z' are fo related that 
2;*= rorz =: \/ (-- — -);thcnz'zr x 

and c/(i — z'*) rr — ^: therefore -77 r- = >. r: ; 

^^ ^ 14-2 V^(l— 2*j -/(l— 2^>/ 

• > • • 

that is, a>' ==r — w^ or w + wz=:zo\ and taking the fluents 
vy -^wz^z C, where C is a conftant quantity. 

From the equation of the lemnifcata it is apparent, that while 
x' increafes from o to 1, ^' firft increafes to a maximum value, 
and then decreafes to o. Therefore taking all poOible values of 
-f X, between the limits o and H- i» upon an axis, there will 
correfpond to each value of -4- x^ a double ordinate + y* one 
on one fide of the axis, and one on the other fide of it : and thus 
an oval (hapcd figure will be completed on one fide of the origin 
of X. And, ia like manner, taking all poffible values of — Jc, be^ 
tween the limits o and — 1, upon the (ame axis, an equal and 
fimilar oval (haped figure will be formed on the other fide of the 
origin of x. Thus the lemuifcata confifts of two equal and fimi- 
lar oval fiiaped curves, joined together in the origin of x^ 
refembling the numerical chara£ler 8> as the figure AnmBitxyAC A 
(fig. 172.pl, 9.; 

Let Aq z=z ;c, qn z=z y; alfo Ap = x' and pm zzzy' : then 
to r=: arch An, and 11/*=: arch Am : and the equation zu''-+ wzzzC^ 
fhewi that arch An -f- arch Am is a confiant quantit). The re- 
lation between 2 and 2' ftiews that 2' n;; 1 when .2 ^^ o; and 
hence y =: i, y z-r o, when x r= o and y = q : therefore the 
arch Am is equal to the femi-oval AnmB, when the arch An i$ 
equal to e. rience it is obvious that the femiT0V<il AnmB is 
equal to the conftant quantity C, Therefore the two arcs An 
and Am are conftantly equal to the femi-oval AnmB. There- 
fore the arch An is equal to the arch Bm ; and thus an iivfiait^ 
number of equal arches may be afligned on the lemuifcata^ reck* 
pned from oppofit^ ends of th^ f(^mi*ovaU 

Since 
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Since z*? = i^^, therefore z* ^ ' "7 \ ; but z* = 

«• + /, and ^ = -- ■■ >, ; therefore *» +/ = ^rt- Hence 

this geometrical coriflruSion *or finding equal arcs on the 
lemnifcata : draw BD perpendicular to AB aod take BO =: the 
chord An, then join AO cutting the curve in m ; and the arch 
All is equal to the arch Bm. 



Third Solution, fy P. Q. o/C. C. C* 

Put V for *• •+- y*» then by the queftion v^ will be equal to 
«^ — ^*, aad consequently 

Now we arc told by the very ingenious Mr. Landen, in the 
firft Theorem of his 1 11 Table of Fluents given at the end of his 
Mathematical Nkmoirs, (fee alfo vol. l.p.6o, of the Mathe- 

V 

matical Repofitory, Old Series) that the fluent of - y^ .. jt 

generated whilft v from o becomes equal to 9nv quantity c is 
equal to the fluent of the fame fluxion generatea whilft v from 



1 — c 



- becomes equal to 1. From this property of the fluent we 

immediately derive a folution of the queftion. For the figure 
of the lemnifcata being fuppofed known, let C (fig. 173* pi. 9.) 
be the point in which the curve interfe6ls itfelf, and C A its femi« 
axis, which in the queftion is fuppofed = i, alfo CO and DP 
any abfcifla and its correfponding ordinate, then the fquare of 
the chord drawn from C to P will reprefent v : let us now i\ip- 
pofe, that another chord CP' is drawn, and that thjs. two chords 
CP, CP, are fo related to each other that CP being put equal 

to c, CP' may beequsd to \/ ( ZI^a ]» ^^'^^ ^^ ^^ obvious 

that 
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tliat the arches CP, P'A, may be confidered as fluents generated, 
according to the conditions of the theorem, they will therefore 
be equal to each other, and in this way may any number of 
equal arches be found agreeably to what is required in the 
queftton. 

It perhaps may not be amifs to obferve, that the firft theorem 
of Mr. Landen's table (fee as before his Memoirs, ,or the ift- 
vol. of the Maihemaiical Repofitory) exhibits the reftification of 
any arch of the lemnifcata by means of arches of two ellipfes, 
and the third and fourth theorems give the redification 01 the 
whole curve; and it is particularly worthy of remark, that the 
whole curve may be reftified by means of the perimeters of the 
circle and of one ellipfe only, namely, that whiph has itt excen^ 
O-icity equal to half its conjugate axis. 



XIL QUESTION 102^ from the p amb. Un. C al. 

On a given flraight line, perpendicular to the horizon, de- 
fcribe a circle, and draw a tangent at its higher extremity ; if 
any point be affumed in this tangent, and a flraight line be drawn: 
from it parallel to the diameter, cutting the circle in two points, 
and chords be drawn from thofe points perpendicular to the di- 
ameter, the times of defcribing the parts of this line, together 
with the times of defcribing the correfponding chords with the 
velocities acquired at their extremities Ihall be equal ? 



FiKST Solution, ^yMr. Bazley. 

Let AB (fig. 174, pi. 9.) be the vertical diameter of the cir- 
cle AFBK ; draw the tangent AG and G£F parallel to AB 
cutting the circle inE and F; draw the chords £1, FK, parallel 
to AQ, cutting the diameter in C and D. Put g = i6x^ feet; 
thea by the laws of falling bodies, we have, the time of defcribing 
OE or AC zz i/(AC -r-^)i and the velocity acquired at C or 
E=«|/(^xACi. NowEl=:2v/(ACxCB)z:2v^rACxAD), 
and the time of defcribing it, by uniform motiqn, is 2 v (AC X AD) 
~ £y^(^xACJ— v^iAD -~ ^); which is evidently the time of 
defcribing AD; therefore the velocity at D or F=i2y^(^ x A^)* 
Again, fince FK z: EI 3 2 v/(AC x AD), the time of de- 
fcribing FK, by uniform motion, is =: a y^(AC >C AD) -J- 

. Vol, I. Part I. DD s/ 



( sio ) 

B i/(g'xAD) = t/(AC -i-^), which is evidently the time of 
defcribing AC. Hence the time of defcribing AC or GE, toge- 
th^ with the time of defcribing EI is equal to the time of de- 
ferring AC, together with the time of defcribing AD ; that is, 
equal to the time of defcribing AD or GF, together with the 
time of defcribing FK. 



Second Solution, iy Afr. W. Mellob, London. 

Put EG = *, FG = J-, and g = t6-^ ; then, by the property 
of the circle EI = FK = a \/(xy). Now the time of defcribing 
the diflance x is v'{x-~g), and the velocity is then = 2 y^(gx); 
wherefore the time of defcribing EI with this velocity is 
— t/(xv-^£x) = v^(y-^g)i *>«'!<=« '*>^ whole time ot delcn- 
bingEG + EI is =v^(x4-^)-<- V'y -^^)- Again the time 
ofdefcribingthediftance^isrr ^{y^g) mdthe velocity is 
then = 2^(gy)- Wherelore, the t.me ot defcribing the chord 
FK with this velocity is = V{xy'^^) = ^J'',-f-S}- .^ 
the whole time of defcribing GF -f- FK is — Vix-^-g) -t 
V(y -T-^); tl* very fame as before. 



XIII. QUESTION 10$, from the Camb. Un. Cal. 

Let the compreOive force be fuppofed. proportional to the 
fquare of the denfity. and the force of gravity inverfely pro- 
portional to the fquare of the diflance from the earth s centre, 
it igrequiredto find the law, of denfity in the aimofphere ? 



Solution, ^^ Afr. Bazley. 



To render the folution as perfpicuous as ™?y *»«;'<* J 
ffi? 17«!, Pl. q.) be the earth's centre, CA its radius, and con- 
Se^is'tole the axis of a cylinder of the .tmofphe^ wjiofe 
bafe is unity and its height indefinite. Put CA = r. ^^ r" J; 
thedenfity at £=>. the denfity at A==^. ^^^Jf t.J^"/'^^ 

height ot a column of air of the »°»f<>'^"l j^^"^^. fe 2^1 
wejht equal to « columa of mcrcuJy upon the fame bafe 29* 

inches high. • • 

' . •- - Novr 
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Now let the curve BG be of fuch a nature that the ordinate 
GE may reprefent the denfny at any-point£; drtiw another 
ordinate IF indefinitely near to GE;' and if two fe£lions of the 
cylinder perpendicular to CS be conceived to pafs through 
GEFI, it is plain that the quantity of air included between tbefe 
fe6lions is yx^ that is, the magnitude into the denfity, and this 

drawn into the force of 'gravity ^t E gives — -—- for the flux* 

X 

ion of the weight, or prefTure, which is negative, becaufe the 
weight or preffure decreafes as x increafes. But by hypoth#fis, 
the prefTure is as the fqiiare of the denfity, and confequently 

T yx 

— — 5- : ^yy is a conftant ratio, which, by the doftrine of flux- 
ions, is the fame as the ratio of their fluents ; and, at the earth's 
furface A^ this ratio is pd : rf*, that is as the weight to the 
fquare of the denfity. 

Hence, ^^ : ^/* :: 1- : ay/, and therefore 2py xz^ -^ ; 

X X 

and the fluents are iipy = — : but when y = d^^xzsz r^ 

dr* 
therefore, by correQion, ^p {d — y):=:dr ; whence, 

^ 2p 2pX* 

By following the fame method, the law of denfity upon any 
other hypothefis of gravity and compreffion may be readily 
found : — Thus, if the denfity be as the compreiEon and the 
force of gravity uniform, we have, pd \ d :: — yx :^, whence, 

/^ = — yx, or«—.^r=K; and the fluents are j> x hyp. log. 

- =jf; and, by correflioii, p X hyp. log. - = * — r, which 
agrees with the rule ufually given by writers on pneumatics. 



XIV. QUESTION 104, from the Cam>. Uii. Cal. 

A body revolving in a given circle, aftecj on by a force, 
which is inverfely proportional to the fquare of the diftance from 
the centre, in confequence of an impulfe in the dire6Hon of its 
motion, begins to defcribe an orbit of a given exceatricity ; find 
the velocity communicated to it by the impulfe? 

D D 2 First 
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First Solution, by Mr. Bazley, 

Let S (fig. 176, pi. p.') be the centre of force, A the pofnt 
of impa£t. Since the clire6lion of the body*^ motion at A is 
perpendicular to the axis AB, and its velocity (by the queftion,) 

Sreater than that wherewith it defcribed a circle at the fame 
iftanc^ SA ; it is plain, from the. laws of central forces, that A is 
th#lowter apfc. Let F be the other focu*, C x,\\t centre, V the 
velocity in the circle. Then, by Emerfon'^s cetitripeul forces* 
prop. 14, cor. i, t/(FA) : i/(CA) :: vel. in the ellipfe : vd* 
m the circle =: V» hence^ the velocity in the ellipfe at A is = 

VJ(FA-r-CA) X V^; where FA and CA are given, be, 

caufe SA and CS are given. Whence the velpcity comnauni^ 
cated is 



Secoi^d Solution, by Mr. R. Simfsow^ 

Let S be the centre, and SA the radius of the given circfej 
then, finee the body is afled on by a force which isinverfely 
proportional to the fquare of the diftance from the centre, the 
orbit defcribed by the body muft be a conic feflion. Let SF be 
taken on AS produced equal to twice the given excentricity, 
and make FBnzAS; then,, becaufe the body,, when at A,, is 
impelled by a force ading perpendicularly to AS, ii is obvious 
that AB will be the tranlverfe axis of the feftion,. and A will 
rbe the place where the body is neareft to the centrtf,^ and B the 

Slace where the body is at the greateft diftance from the centre* 
[ow pot V for the velocity in the circle at A, and V for that 
in the conic feflion, r :== the radius AS, and p = the parame- 
ter, which is given, becaufe AS and the excenCrici^y aie given. 
Then, by prop. xvi. cor. 3^ Principia, 

V IV :: V^^) • i/(^'')5 or V ==1; t/^^ -r ar); and . therefore 

V — w = t; < V'Cj^-i- 2r) — 1 1 r tbe velocity required^ 

Or, if e be put for the excentricity, we have 



V-v = i.|y/('^")-i^ 



XV. 
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XV. QUESTION 105,/r^M^CAMB. UxV. «AL. 

Two bodies whofe weights are known, lying on a fmootb 
horizontal plaae^ are conneiled by a flexible line, pafling through 
a fmall ring fixed at a given point between them ; in this porujoft 
a given velocity is communicated to one of them in a dircftioit 
perpendicular to the line that joins their centres, and the other 
body is made ta move direSly towards the ring : ihveftigatc the 
motion of the projeftcd body, and find the angle defcribed when 
the other body arrives at the ring. 



First Solution, ly Afr, CuNLiTFE. 

Let A and B (fig. 177, pi. ^.Vreprefent the two bodie* at 
the commencement of motion, AB the line or firing connefting 
them pafling through the ring at C. Let the body B, be that to 
vhich ibe given velocity of y feet per fecond is communicated 
na direftion perpendicular to CB. 'Let the curve BB' rq)rc* 
fent the track of the body B, the point br another pofition ox S^ 
indefinitely near to B': join CB', Cb and with the centre C and 
^-adius CB' defcribe a fmall arch Wd cutting Cb in d. 

Put CB = a, CB' = s, then db zz s\ alio let z denote the 
arch of a circle (radius a) intercepted between CB, CB'. Let 
the velocity of B at B' in the direftion CB' be denoted by i/, and 
let the time of defcrib-ing BF be denoted by t; the weights of 
the bodies A and B being denoted by A and B refpeftively. 

Then we (hall obvbufljr have a :i:i s i — ±r B V» and 

db : Bd :: v: — 77 — =— r =: the velocity m the direction 

^^ as ^ 

B'd; tlierefore — :- is the centrifugal force of the body 

B at B'. 

Again, db : B'^ :: v : — ^T — ^==^ ^^^ velocity of the boify d 

in the dire6lion of the curve B'^, and by the known property of 

tangents B'^ iB'd:: BC: - p, • s= the Jength of a per- 
pendicular 
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' The centripetal force f a6ling in the dire^lion of the radius 
▼eSor may be rcfolved into two other forces ; viz. one = - xj^ 
afiing parallel to x, and tending to diminifli x; and another = 
^ X/f aSing parallel toy^ and tending to diminifli j^: but the 



X 



farces tending to diminifli x and^» are meafured by — -r- , and 

*• •• 

-*-V ; therefore, we have thefe two equations— r =: - x^iand 
^-^zz 4 X /: or putting:!;. X ^ for/, 



X . ^' ^ ^ T rs 

r^M X-rX-r-=:o 



-' r \. JL 



>.• (O 



X ^ X -^ = o 



Let the firft of thefe equations be multiplied by 2j^, and the 
fecond by 2^ ; then, adding .them together, and remarking that 
^ — X* '^y* and 2?? = 2*x-i- zyy^ we get 



• •• 






and, taking the fluents. 



*• H->- + ±' X f- 



T* " 



e being a confiant quantity. To determine r, I remark that, at 
the commencement of the motion, or whenr — o, that-T zso; 

T 

for the body is projeSed from reft in a direftion perpendicular 
to the radius vedor, and, in the firft inftant of time, it» velocity 

to or from the ring is = : therefore, when r = o, — 7-^ z=z 

*^" 

€ : but - . . ■ i*. manifeftly tjre square of the velocity in (he 

trajectory, and therefore zr ^*, when t s=o : therefore i* =: rj 
The laft equa.ion, then, is 



^ 
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Multiply the firft of the equations (i) by ;if, and the fecond by 
y ; then having added them together, we get 



• • 



T T 

And this equation- being added to the cquatioB (a), there 
refults 



•• •• 






<^ T» 



• • •< 



Butff zzxi-^-yyznAi^'^iS zzix^+y*^ xx-ir yy^ 

therefore by fubftitution, 
• •• 

c* + g ? w 






' X ^. 



And, taking the fluents 



y ft/ "T" <w 



no conftant quantity being necelTary becaufe 4- =:^ o, when r 

rr o. And taking the fluents again 
» = a* -h --— ; X T» 

* 0/ + ft;' 



or g = a X 4/1 4 ?: — ^ X *- T*. 

•^ . ft; -+• ft/ <*■ 

Again mukiply the firft of the equations (1) by 7, and the fe- 

cond by jp, and fubtraft the one from the other, then 

• • • • 

yx ^ xy 

<, ', ^ ZZ O. 

And taking the fluents 

yk — xy 

; ' = c 

T 

c being a conftant quantity. To detcarmine c, it is obvious that 
yx — xy is the small area defcribcd by the radius vcftor in the 

time T, which arca^ when t =: o, is manifcftly =: « X ^ X t^ 
Vofc. I. Pakt I. EE Thtrefore 
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Therefore c ^=. n x h: and 

r 

Let <p = angle that ^ makes with the line from which the mo- 
tion commences (reckoned on the periphery of the circle whafc 
radius = i J then *• = ? fm. 9 and^ — t cof. (p: And the ktft 
equation becomes, by fubftitution, 

f* 9 = ab T, 
thcMfore ^ = i"" = - X xi — : hence 






» + T— T— > X -i '^ 



C = X arc. tan, - t \/ -— ^|. 

XVI. QUESTION io6,/r^mM^CAMB.UN. Cal. 

If a body, fufpended by a ftring, ofcillates through a quadrant 
(the extremity of the quadrant being the lowed point,) the force 
llretching the ftring at the loweft point is three times that which 
is due to the weight of the body. Required proof? 



First SoLUtioN, ^^^ Mr. Bazley. 

Put rrrr radius of the quadrant, and^ =16^ feet; and if 
the force of grs^vity be meafured by 2^, we (hall have the centri- 
fugal force znv* '^ r\ but at the loweft point of the quadrant the 
velocity v is 2|/(^r), and the centrifugal force there z= r/* -i- r 
=:4^, Hence 2^ : 4^ t: W, the weight of the body : 2W= 
the tenfion of the ftring due to the centrifugal force; to which add 
the weight of the body itfelf, and we have the whole tenfion of 
the string z: 3W. 



Second Solution, ^^ Mr, Johnson, hirmingham* 

Let C, (&g. 178, pi. g.) be the point of fufpenfion, and 
ADB the quadrant defcribed by the ofcillating body, AC being 
parallel, and BC perpendicular to the horizon. Then to find 
the force which ftretches the ftring at any point D, put r = AC» 
Wtbe length of the ilring; 0^=5 the weight of the body;y^=:3«i- 
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feet, the force of gravity ; a = the angle ACD defcribed by 
th^ body ; t; = the velocity at D ; and draw DE perpendi- 
cular to AC. Then, the force afting on the ftrin^ at D arife« 
jointly from the centrifugal force in the direftion DC, and the 
force of gravity in the fame direftion : but the centrifugal force 
at D is to the force of gravity as v* ^ r to i, and the velocity 
in defcending through the arc AD is equdl to the velocity in 
dttfcending through DE, or t;=: i/(2^-DE)= |/(2^rfin. a); 
therefore, i;"-f- r = 2^ fin. a ; or the centrifugal force is to the 
force of gravity as 2 Im. ^z to 1 ; and, confequently, the eflFeft 
pF the centrifugal force at D in the dire6lion DC is equal to 
w X 2 fin. a. Again, fince the force of gravity afls in the 
direfiion ED, its effefl in the dire£lion DC will be equal to 
w X fin. a ; and therefore the whole force ftretching the firing 
will be equal to w X 3 fin, tf. But when the body arrives at 
B, fin fl = 1; and, confequently, the whole force at the loweft 
point is = 30^* 



XVIL QUESTION 107, from the Camb. Un. Cau 

Let two weights faftened to two equal firings, (/, /,) move in 
a vertical plane, the one ofcillating, the other revolving ; and 
at the loweft points let the velocities due to the heights A, k\ be 

h ol 

fuch, that — , = T/ = in\ then the time of the revolution of 
2/ A' . 

the one weight, is to the time of the ofcillation of the other, 
a3 7W to !• Required proof ?. 



Solution, ^v Mr. Cunliffe. 



In the cafe of the revolving weight 

2g2 y/ ( h'—x) y/{2 Ix — X ') 

will cxprcfs the fluxion of the time ; and in the cafe of the 

ofcillating weight — ; : will exprefs the 

2f "^ VcA — i;) V(2/u— 1;») 

fluxion of the time of ofcillation. Now what is required is the 
ratio of the fluent of the former expreflion, generated whilfi a 
from b becomes »/, to the fluent of the latter expreffion, gene- 

E E 2 rated 
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rated whilft v from o, becomes h'. or the ratio of the fluent: 
* h,%, \ /( / — a ^ gc>^J^2i^cd whilft jc from o , becomes 2/, 

to the iluen( of y^rj^ ' 1 ■ \ generated whilft z; from 

o becomes h. 

From what is done at page 538, art. 460, vol. 2. of 

Simpfon's Fluxions, it appears that the fluent of -^-r; — , — 5- 

when X r=: 2/, is 

^^V 2 .2,A''*'2.2.4.4.A'* "^ 2.2.4.4.6.6. A'*"*" 7 

where ^ denotes the length of the quadrantal arc of a circle 
whofe radius is i. 

a 

Alfo the fluent of ^(^_^j ^^g/„_^.j generated wlaltt v , 
from o becomes k is 

4/(2/) ^V "^2.2.2/^2.2.4.4.(2/) ^ 2.2.4.4.6.6.(2/)^"^ 7 

Now it is evident by mere infpeftion, that if we put 

-i = T} the two feries will become identical, and therefore the 

2/ rl 

ratio of the two fluents in the before mentioned circumftanccs 
will be barely that of -yu • /[ h •• V F = ^ : i- 

g. £. 2). 



XVIII. QUESTION 108, *y Mr. James Cunliffe. 

It is required to find two fquare numbers, a*, i% and a 
certain number n, which being either added to, or fubtraficd 
from either of the fquares a*j b*, the fums ai:d dliTerenccs thence 
arifing fliall all be rational fquares. 



Solution, 



{ «" > 



Solution, i;^ Mr. CuNLiFFE, thePropoJir. 

By the quefiion we fliall have 

a* -+- n m d" 
fl« — n = «• 

i' + n —f 

The fum of the two firft equations gives 2a* = d* + c\ and 

//* * 
their difference 2/1 =r rf* — tf*, or w r=: - 



9 



Whence it appears that «', a^ and ^, are three fquares 
in arithmetical progreffion, whofe common difference is n =s 

d* — — f 

; wherefore we may put • 

^z=y* — p* + ^pq, a = /*-*- q*t and d^=^p^ — y'-J- 2/j. 

Whence n = = /^pq (/>• — Y)* 

Again, by adding the third and fourth equations together we 
get 2b*::^J* ^ g*\ and taking their difference ^nzrzj^ — ^% 

/ — ^* 
or n =:-^ 2. , 

2 
Whence it appears that ^^ 6\ and y, are alfo three fquares \n 

arithmetical progreffion whofe common difference is n = -^ — 2- j 

wherefore we may again put 

^ = i* — r* + 2^Jf ^ = »^ + J' and y = r* — j* + 2rjr. 

Whence «=: "^^ 2. ^^r 4rf (r' — j*), Confequently, 

4pq (p* — ?') = 4^J (r* — i'), Pf />^ (/>• - ^•) = rs (r' — j"). 
Take pz^zr^ and the preceding expreffion will become 

rq(r* — q*) := rs(r' — s*) ; from whence r*=:-^^ =r: j*+ qs+s^; 

put r z= -^ — ^, then r*zsz (— — ^ ) ss — — ^-ii • ^« —-, 
' V ' \v ^ J V* V ^ 

whence s = ^■ ^^_ , ■■* : take f = /• — i;*, then j = t;'+2/t; ; 

/ whence 



} 



- ts - 

whence pr=z r:zr: az=zt* + tv + v% 

* = r* + j« == (/« -j- ^2^ + ^')' + (^' + 2i?r;)*, 
and « = 4/»qf (/>* — j') = 4 (^' — w") (^ + /y + r;*) >r 

where / and t/ may be expounded by any numbers at pleafure. 

Example. Take ^ z= 2, and r/ = 1 ; then 
a = 7' + 3' = 49 -+- 9 = 68, or tf* = (58)* -z 3364; 
^ =7* + 3'=49 + 25 = 74» or A* =z= (74^* =zz 5476 ; and 
fi =: 12 X 7 X 40 1= 3360, and becaufe thcfe values of a*,b\ 
and w, are all divifible by the fquare number 4, we may take 
a* =: 841, i* = 1369, and n = 840. 

Solutions were alfo received from Mejfrs. Barley and A. M, 



XIX. QUESTION 109, ^^Marloviensis. 

In Counsellor Cooper's. Letters on the Slave trade, wc meet 
with the following queftion, and an algebraic y^rw^/a annexed, 
exhibiting a general folution thereto. 

** It is required to (hew the average annual import of negro 
(hives (and the whole number imported), having given the annual 
decrement, or proportion of deaths to the whole ftock, and the 
number of ex ifting ftock at the end of agiyen term? 



•* General Solution. 

ha 



wm 



zz the average annual import* 



id — \)x{a —(^ — 1) ) 

*• Where n denotes the given interval in years. 

b^ the ftock exifting at the end of that, term, 
tf, the reciprocal of the annual decrement. 
** Example. The firft export of negro fl^^ves from Africa 
was in the year 1*503, and in 1770, being an interval of 2715 years, 
it was found, from a pretty exaQ eftimate, that the,n.ujnber of 
negro flaves then exifting in the European, &c, powers, was 
five millions : the proportion of deaths among them: was alfo. 
determined from a feries of obfervaiions to be about 1 in fio, 

Thefc 



J 
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TThefe nutnbefs fubftituted in the above formula, give 

the average annual import . '. 263,158 

the total imported (in 276 year) 70>263,i86 !^ 

Andj we may add, if eftimated to the prefent (time, we be* 
hold nearSo millions of the human fpecies, the innocent viftinas 
oPavarice, cruelty, , and wretchednefs, by this diabolical traffic I 
an inveftigation of the dhowcformula is required ? 



First Solution, ^7 Jiff. Lowry. 

Put X for the number of flavts imported annually, c = 1 — 
- :=z — -J — , (1 inai or -, being the annual decrement) ; 

Then 

ex, will be the number lemafining at the endof the flrft year; * 
X -+- ex, the augmented stock ; 

ex + c^ X4 the nuftiber remaining at the end of the fecond year; 
x + cx-^-c^ X, the augmented ftoek ; 

cx-\- c^ x+ c^ X, the number remaining at the end of the third 
year and fo on. Confequently, 

ex'+c^ X ^c^x^ xn X, will be the number re- 
maining at the end of n years. 

Or, ex (1 +€ -h c^ + c^ 4^&c. . . . .f ) zi i: 

but the fum of the geometrical feries i + f+c*4-c'4-.,.. 

«— 1 



IS 

1 
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Therefore ex X ) -^ C = t. Henci 

n 

b\\ — c) ha 

* — TJ- - «-w = — Jl^ -.. the given 

formula. 

Second Solution, ^^Mr.BAznY. 

^ This formula may be invcftigat^d by- induftioo, as fbilowi. 
Put the average annual imp6rt = ^;. then by the oatcm of the 
queCioni the flock cxiftiog at the end of the firft year is 



f ««4 ) 



Now for the fecond year, the increafed ftock is 
X _, 2ax — * 

a a 

and this decreafed by the deaths is 

%ax — X 2ax — X 2a' x — aax H- jf , a i. 
^^ ,, 5 — ;--; „. Q zz V zz ftock 

at the end of two years; hence we find 



Again, for the third year, the increafed ftock is 

aa* X — ^ax 4* x ^a* x — ^ax -f- x 
? + * = « JS » 

and this decreafed by the deaths as before, is 

Kia^x — aax+ X aa*x — a^jf-f-x 3a';r+6a**+4aA: — x 
fl* a* a* 

= ^ = ftock at the end of three years ; and hence 
ba^ ia^ 

And thus we may proceed for any number (h) of years and 
fiiall find, 

ba 



(a— t)x {/— («— i)"} 



Third Solution, ^^^ Marloviensis. 

Let X denote the dumber of annual exports, - i^^ j the given 

decrement, n (276) the number of years in the given interval, 
aud b (5600000) the exifting flock at the end of the given term ; 
then, by laking the decrement from the firft annual export, and 

continualljf 



I 

If 
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continually adding the fame export, and deducing the decrement 
of each fucccflivc year's fiock as per queft. we have (by reducing 
the arifing terms,) the exi (ling flock at the end of the fist. 2d. 
3d, 4th, &c. years refpeftively expreffed by 

(4^' — 6a' + 4tf — 1) X ^ ^ f &c. and therefore gene* 

u 

„ . , «— * n.n — 1 «— * . «.«^i.fi— 2 
rally for n years, by na — '■ a + ' «■ ^ 

«— 3 ^ Ml • • V • (^ t) X 

fi (till It termmates) x into ■. 



But this feries, continued to any affigned value of n^ appears 

(by Clarke's Sum. of Series, p. 1 j7») to be equal to a 
^ence. We have 

a — (<^ — I) J X s~"^^» — *» ^^^^ whence 



; or, which is eafier for com* 



/ n n\ 

(a — i) xU —(a— 1); 
nutation, (n being here a large number,) 



1 /a — i\ 



(by fubftituting the given numbers) 263158, the medium annual 
export; 4nd therefore 70263186 the total number pf Africans 
fold for flaves to the year 1770. 



^X* QUEwSTlON no, ^;f Mr. Wm. Smith, Liverpool. 

If a plane triangle be placed, fo tfa^t two of its angular points 
|nay always be on two flraight lines given by pofltion; it i$ re* 
Quired to determine the lpcu$ of the remaining angle ? 

Vol. I. Pai^t ?.. FT First 



( 226' ) 



r'-r*- 



First Solution, hy Mr. Cunliffe. 



Case i. When the angular point is turned from the intei> 
fe£lion of the two right lines given by pofition. 

Let ACB (fig. 179.pl. 9.) be the given triangle, DA, DB 
the two right lines given by pofition ; draw AEto meet BC in E, 
and make the angle AEB equal to the fupplement of the angle 
ADB, and join DE. 

Then becaufe the angles ADB, AEB are together equal to 
two right angles, a circle will pafs through the points A^E, B, D, 
and therefore the angle BDE is equal to the angle BAE, that is 
equal to a given angle ; therefore the right line DE is given by 
pofition^ and the point E will always be found in the right line 

3DE. 

Now BE is a right line of a given length intercepted between 
two right lines DB, DE, given by pofition, and C is another 
given point in the right line BE ; therefore the locus of C is a 
given ellipfis, whofe centre is D, as appears from Prop. 1^3, Book 
fid. of De L'Hofpitars Conic Se3ipnsw 

Cor- 1. When the angle ACB is equal to the fupplement 
of the angle ADB, the locus of C will be a right line* 

CoR*s. The locus of C will be a circle when BDE is. a 
right angle, and C is the middle of BE; this is obvious from 
a known genefis of the circle. 

Case 2. When the angular poinjt is turned towards the in* 
tcrfe£lion of the two right lin^s given by pofition. 

Produce BC, (fig. i8p, pi. 9.) till the angle BEA be equal to 
the angle BDA, and draw the right line DE, then a circle wiU 
evidently pafs through the points A, E, D, B ; and therefore the 
angle EDA is equal to the angle EBA, that is equal to ^, given 
angle; therefore DE is given by pofition, and BE is given in 
length. And for the very fame reafcms as before, the locuj of 
C will be a given eUipfis^ having p for its centre. 

Cor, !• When the angle BCA is jequal to the angle BDA,. 
the locus of C will be a right line paifing through D. 

Cor. 2. When BDE is a right angle, and C bifeSs BE, the 
locus of C will be a circle whofe centre is D, and diameter 
equal to BE, as appears from a known genefis of the ^ircie. 

Second 
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Second Solution, ^;/ ilfr. Johnson. 

Let DX, DY, be the ftraight lines given by pofition, and 
ABC the given triangle, having its angular points A, B, placed 
'on the given ftraight lines. 

Draw DE to make the angle ADE equal to the given angle 
ABC, meeting BC produced if neceflary in E, and join AE. 
Then becaufe the angle ADE is equal to the angle ABE, the 
points A, D, B, £, are in the circumference of a circle, and 
conrequently the angle AEB is equal to the angle ADB in fig* 
180, or equal to its fupplemcnt in fig. 179. In cither cafe AE 
is drav^n to make a given angle with BC, and AC and the angle 
ACE are given in magnitude, therefore CE is alfo given iii 
magnitude. It is therefore obvious that the ftraight line DE 
will alivays pafs through the fame given point £ in the fide 
BC, or in that fide produced ; or which is the fame, the locuf 
of the given point E is the ftraight line DE. But DE is given 
in pofition becaufe it makes a given angle with DX, which is 
given in pofition; and DY is given in pofition, and BC, CE, 
are given in magnitude ; therefore the locus of the point C is 
^n ellipfe bv the latter part of Mr. Ivory's Theorem (queft, 88). 

When the points C, E, coincide, it is evident that the locus 
of the point C is the ftraight line DE; and when the angle BDE 
is a right angle, and BC =: CE, the locus of C will be a circle ; 
for in this cafe DC will be equal to BC = CE = to a given 
line. 



XXI. QUESTION 111, byPorus. 

Required to infcribe, geometrically, the maximum ellipfis 
in a given trapezium ? 



Solution, ^;^ Mr. Z(7a;ry, 

Let ABCD (fig. 181, pi. 9.) be the given trapezium, Othe 
centre, and POI a diameter of the required ellipfe, drawn from 
P, the point where th(e ellipfe touches the fide AB. Produce 
4he oppofite fides of the trapezium till they meet in G and H, 
and through I, the extremity of the diameter PI, draw the tan- 
gent FIL meeting BC in F, CD in E, and AH in L; then FL 
will be parallel to AB. 

F F 2 Let 
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Let OK be the femi-conjugate to PI, and draw VON per^ 
pcndicular to AB ; then the reSanglc ON x OK is equal to 
the reftangte ol' the femi-axes, (Prop. xxi. book iii. Robertfon's 
Conies,) and confequently, when the ellipfe is a maximum, 
the teftangle ON x OK will be a maximum ; or, fince OI is 
equal to OP, ON will be e^ual to O V and VN to 2ON ; and, 
becaufe the angle FBA is given, it is obvious that BFhas to VN 
(Fn) or 2ON a given ratio; therefore when the ellipfe is 4 
maximum the reftangle BF x OK will be a maximum. 

Now the reaangles BP x FI. AP x IL, PG x IE are 
equal, each being equal to the fquare of the femi-conjugate 
CK (Robertfon's Conic«, p. ix. b. ii.) ; therefore 

PA : BP :: FI : IL, and by compofition 

AB : BP :: FL: IL; but by fimilar triangles 

BH : AB :: FH : FL; therefore 

BH : BP :: FH : IL :: FH >c AP : IL x AP. 

In a fimilar way it is ihewn that 
BP : BC :: IE' X PG : CF >^ PG: 
• but IL X AP n IE X PG; therefore 
BH : BC :: FH ^ AP : CF x PG, or 
BH X AP : BC X AP ;: FH x AP : CF x PG: 

but CF X PG = CF X AP+ CF x AG; 

therefore, by permutation and converfion 
BH X AP : BF X AP :: BC X AP : BF x AP— CF X AG; 

end again, by permutation and converfion 
BH : CH :: BF x AP : CF x AG. 

Find the point Q in AG produced fuch, that CH : BH :: 
AG : AQ, then AQ will be given in magnitude, and thereSan- 
gle BF X'AP will be equal to the reftangle AQ x CF. 

Let each of thefe reftangles be taken from the rcftangle BFx 
AB ; then the reaangle BF x BP will be equal to the diffe- 
Tenceofthere£langlcsBFxAB, CFxAQ, that is equal to the 
difference of the redangles ABxBC, BQxCF, (becaufe 
BC — BF is equal to CF). 

On BC take RC fucb, that the reaangle RC X BQ may be 
equal to the reaangle AB X BC; then R will be a given point, 
and the difference of the reaangles AB X BC, BQ X CF, 
will be equal to the reaangle RC X RF. 

Therefore, the reaangle BF x BP is equal to the reaangle 
RC X ^^ 

or, BP:RC :: RF : BF; 

but the reaangles BPxFI, APxIL, being equal, FI will be 
toAPasILtoBP; ^ ^ 

And by compofition, and fimilar triangles, as in the firft part 
of the analy fis, • we have 

FI 
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FI : FH :: AP : BH, or 
n : FH :: AP x BF =z AQ x CF : BH x BF; 
but k is fliewn above that 

BP: RC ::RF:BF; 

therefore, by compounding tbcfetwo proportions, we have 

FIxBP=(OK)^ : FHxRC:: AQxCFxRF:BHx(BF)^ 
Now, fince RCi AQ, and BH are given magnitudes, it it 
evident that the reftartgle OKxBF will be a maximum whea 
the folid FH xCF xRF is a maximum ; or if FS be drawn per-, 
pendicular to HF to meet a femicircle defcribed on HR in S^ 
then FH x RF will be equal to (FS)% and the folid CFx(FSJ* 
a maximum* 

Let SX be a tangfent fo the circle at S, and draw ST to th« 
centre T; then ^hen CF x (FS,' is a maximum, the fub- 
tangent XT is equal to 2FC (fee Simpfon on tlie Maxima et 
Minima) : 

But 2FC= sFT— 2CT; therefore XT = 3FT — aCT; and 
XTxTFzr (3FT-^2CT)xFT-(ST)% Euc. vi, 8 Cor. 

Therefore TF may be found fEuc. vi. 29), and then the po- 
rtion of FL feecomes known, and the ellipfe may be defcribed 
by prop, xxvii. bookiv. Robertfon's Conies. 

Or, fince BF and CF are known, and the reSangle BF x AP 
equal to the rcflangle AQ x CF ; AP may be found and alfo BP, 
FI, andIL; then the femi-conjugate diameters OI, OK, will 
be given in magnitude and pofuion to defcribe the ellipfe, and 
the method of doing this is well known. 

When the trapezium becomes a trapezoid the analyfis given 
^ove fails; and in this cafe if BFLA be tlie given trapezoid 
having the iides FL, AB, parallel; then BF being given the 
4ellipfe will be a maximum when the femi-diameter OK is a 
maximum, or when the reftangle AP x IL is a maximum, or 
(fince BP has to IL a given ratio) when the reftangle APxBP 
is a maximum, which is well known to be the cafe when AB is 
bifeftedin P^ and then FL will be bifefled in I, and the diameter 
PI will pafs through the point of interfcftioii I. 

When BFLA is a parallelogram, it is evident that the fide* 
will be bifeQed in the points of conta£l. 



XXII. QUESTION 112, *>PoRUs. 

♦ 

If one end of a ftring be fixed to the extremity 'of a body, 
placed on a perfeflly poliflied plane, and the other to a point in 
the plane, and any force be imprefled upon the body, it is re- 
quired 10 determine its motion ? 

Solution, 
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Solution, ty Mr. Lowky^ 

Fig. 182, pi. 9. Let ^ be the angle which the given plane 
Brfakes with the horizontal plane, C the point to which the end 
of the firing is faftened, and P the place of the body when it i» 
at reft, or is at the loweft point of the plane to which the 
firing will fuffer it to defcend. Then, whatever force is im- 
preflfed on the body, the curve defcribed thereby muft neceffa- 
lily be a circle for part of a circle) whoTe centre is C, and 
radius CP the length of the ftring; and fincethe body is afted 
upon by a conftant accelerative force, vi£, that of gravity di^ 
minifhed in the proportion of radius to the fine of q, the motion 
of the body in the circle on the inclined plane wilLbe analogous^ 
to that of a body moving in a circle placed on a vertical plahe« 
This being premifed, let the force imprefled on the body at P 
be confidered as afting perpendicularly to CP, fince it may 
always be reduced to a force a£ling in th^t direction, and let 
V be the velocity communicated 10 the body at P by the 
imprefled force. On the diameter Pp (produced if neceflary) 
take DP equal to the diftance which a body muft defcend on 
the plane to acquire the velocity V at the point P; then, if 
D be within the circle, let the chord FDG be drawn perpen- 
dicular to CP, and then F or G willbe the point in the circle 
to which the body will afcend before its velocity is entirely 
deftroyed, and the body will continue to ofcillate in the arc 
FPG: but when D coincides with ^, or the velocity acquired 
in defcending through the diameter Dp is equal to V, the body 
will afcend to p, and will continue to afcend and defcend 
in the fcroicircles PF^, PGp; and, laftly, when D is in the di- 
awieter produced, the body will continue to revolve in the cir- 
cle, and have the fame velocity at p as would be acquired in de- 
fcending through Dp. 

To find the velocity (v) of the body at any point H in the 
circle, and the time {£) of defcribing the arc FH, let HI be 
drawn perpendicular to CP, and put g zz 32^ the force of gra- 
vity, r n CP the length of the firing, a =: DP, z := the arch 
FH and X :r: PI ; then, fmcethe velocity acquired in defcending 
through the archFH is equal to that acquired in defcending through 

DI, we have v = y^i^g* fin, q. DI) =: \/\2g. fin. q. (a — x)i 

and therefore 

.• —i — -g r . ^^ 

t z=. —~- =: — J — ; or, fmce z x -77- jr* 

^ is =: 
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< is = - ; therefore, 

, y/| 2^. fin. y. (a—x) (srx— **) ^ 



V'^ .r 



* '^.fin.^ ^ (j y/(aA!-A;') ar 2.4 4r* 

and the fluent from ^ = o to ;ic = a gives 

th^ time of a reTni-.ofcillatio.n when D is within the circle, p 
being the length of a femi-circle wliofe radius is i . 

Alfo the fluent from ;c iz o to ,;v iz 2 r gives 



the time of a femi-revolution when D is without the circle, cl 
being equal to PD. 

And when a (a') 12 ar, we hav« 

2 V ^. Im. J ^ ^*' \2.4/ \2.4.6/ ^ 

the time of afcending through the femi-circie PF^, 

If the fopce be imprefled on the body at any given point H 
in the circle inftead of at P, it is evident that a given velocity 
will be communicated to the body at H, and it will move either 
in the circle towards F, or in the direftion HA of the imprefled 
force till it comes to the circle at A, when the velocity will be 
the fame as at H. In either cafe the points F,^, to which the 
body will afc6nd may be eafily determined, and the circum- 
^ncesof the motion will then I;>e precifely the fame 9s before. 



XXin, QUESTION 113. ^iyScoTicus. 

Let EF, a ftraight line given in magnitude, be interpofed be- 
tween AC, BC, two ftraight lines given in pofition ; let G be 
a given point in that line, then it is known th^t the locus of G 
is a given ellipfe. Praw ED, FD, perpendicular to tie 'ines 
civen by pofition meeting in D, and join DG, then DG fliall 
be perpehdicplar to a tangent to the ellipfe at G. Required the 
4emonftration ? 



First ^ 
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First Solution, ly itfr. Lowrt. 

t diall firft confider the cafe in which the ftraight lines AC, 
CB, are at jight angles to each other, as this will alFifl: us in 
demonftrating the propo&tion when the lines are placed in any 
Other pofition. 

Let the ellipfe which is the locus of the point G (fig. 183 and 
184. pi. %o,) meet AC in A and CB in B; then AC will be 
equal to FG, and CB to EG, that is equal to the tranfverfc 
and conjugate axes. Lei GD meet CA in H, and CB in I, 
and draw GP perpendicular to \C. Then by fimilar triangle? 

AC (FG) : CB (EG) :: GD : GH, and 
AC (FG) : CB (EG) :: GI : GD ; therefore 

AC« : CB* :: GI : GH :: CP : HP ; and it follows from co/, 1, 
prop. xi. Emerfon's Conies, that HG js perpendicular tp, the 
taijgent at G« 

Now let the lines be placed in any other pofition ^^ 185, 
1. 10.), and through the points F, C, E defcribe a circle, and 
ct the diameter OT be drawn through the point G ; and draw 
CO, CT, to meet the ellipfe in I and K ; then i^ is evident, from 
the latter part of my folution to the 88th queftion, that CI 
(z:TG) and CK (zz CG) will be the femi-tr^nfverfe and femi- 
conjugate axes of the curve. Join CD, PO, DF; then be- 
caufe the angles CFD, CED, are right angles, CD is a di- 
ameter of the circle, and confequently DQ is perpendicular 
to CD, and DT perpendicular to CT. Therefore between the 
Uraight lines CO, CT, which are at right angles to each other, 
TO is interpofed fo that TG, GO, are refpeflively equal to the 
femi-axes CI, CK: and OD, TD, are drawn perpendicular to 
the lines CO, CT; confequently DG is perpendicular to the? 
tangent at G by the -firft part of the demonltration above. 

When the angle FCE is aright angle, and EF isbifefted in 
G, the ellipfe becomes a circle whofe radius is GC =1 FG =r GE ; 
and in this cafe the truth of the propofition is evident from the 
natureof the circle. 

The properties of the ellipfe which have been demonftrited iit 
this and the 88th queftion may be elegantly applied to the folu^ 
tion of fome ufeful ftatical problems. We feleft the following 
one as an example. • , 

To place a given beam or rod loaded with a weight, fo as tc^ 
reft in equilibrio when fuftained by two inclined planes given 
by pofition. 

Let AC, CBy (fig. ]86, pi. 10.) be the two inclined planes, 

making 
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making given angles with the horizontal plane XCY, EF the 
beam or rod reding in equilibrio, and G the centre of gravity, or 
the place in which the weight is fuppofed to be concentrated. 
Then EG, FG, will be given in magnitude, and by the 88th 
•queftion the locus of the centre of gravity G, will be an ellipfe 
whofe centre is C. Let this ellipfe bedefciibed; then (by 
a very obvious principle of ftatics,) the beam or rod can only 
reft in equilibrio when the centre of gravity is either at the high- 
•eft or loweft point to which it can poffibly get; and it is evident 
in the prefent cafe that the centre of gravity muft be at the 
higheft point when an equilibrium takes place, for otherwife 
the beam or rod would not be at reft, but its centre of gravity 
nvould continue to defcend till it came to one of the inclined 
planes; < and then the beam would lie wholly on that plane. 

The point G, muft therefore be that point in the ellipfe which 
is at the greateft diftance from the horizontal line XC Y, or the 
point where a tangent parallel to that line touches the curve. 

Draw ED, FD, perpendicular to the inclined planes AC, 
CB, and let DG be produced to meet XY in P. Then, by the 
propofition Avhichhas been demonftrated, DG will be perpen« 
dicular to the tangent at G, or DGP will be perpendicular to the 
iiorizontal KneXCYto which the tangent is parallel; it is there- 
fore manifeft that if ED, FD, be drawn perpendicular to the 
inclined planes at the extremities of the beam or rod, and a line 
DP be drawn from the point of interfeSion, perpendicular to 
the horizontal plane, it will pafs through the centre of gravity of 
theheamorrod when it refts in equilibrio. 

This conclufion agrees with prop. 53, of Emerfon's Mecha- 
nics, and may ferveas a confirmation of the truth of that pro- 
pofition deduced from the moft unexceptionable principles. 

Let KDL be drawn parallel to YX meeting the planes in K 
and L; then becaufe DG is perpendicular to KL and YX, the 
angle FDG is the complement of the angle FDK, or equal to 
the angle FKD, that is equal to the given angle FCY; and in 
the fame manner it appears that the angle EDG is equal to the 
^iven angle ECX ; therefore in the triangle FDE, the parts FG, 
£G, and the angles at the vertex made by DG are given. From 
whence the other parts of the triangle are readily found, and the 
pofition of the beam eafily determined. 

Mr. Samuel Clark has confidered this problem at page 37 of 
his Introdu6lion to the Theory and Praftice of Mechanics, where 
he afferts that Mr. Emerfon^'s propofition cannot poffibly be 
true, unlefs in fome very particular cafes there fpecified. 

Mr. Clark has, however, been too hafty in cen Turing Emerfon, 
and it may not be improper to (hew, that the refult in the two fo- 
lutions is precifely the fame, when. Clark's iaveftigation of 
tht problem is completed. 

VoL^I. Part I, GG Let 
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Let s = the fine of the angle FCY^ 

a = the fine of the angle ECX^ 

mz=z the ftne > c , , -,^- 

, ^ Vofthe angle EC F, 
n = the cofine ^ ° 

p =z= FG, and q =z EG. 

Then in the cafe of an equilibrium, Clark deduces thi> 
analogy. 

FC : EC :: qs + pna ipafn^+ nqs '\'pn^ai, hence 

EC fin. CFE ^^^ pam^ *4" nqs H" pn^a nqs -^ pit 

FC fin. CEF y J -+- pna q s -^pna* 

Therefore, by queflion 74 of the Repofitory, and reduction, 

cof. CFE _ fin. DFE DE qs —gsn* qsm} ^j; 

cof. CEF fin. DEF — D-F — ap—pan^ — pam^ — fo. 

,. DE fin. FDG X q 

DF — fin. EDO x p' 

- f qs fin. FDG x q 

therefore I— == r ttfc?^ \ I 

pa fin. EDG x p* 

^ s fin. FDG 

^^' a — fin. EDG' 

Now the fum of the anglei FDG, EDG is equal to the fun> 
of the angles whofe fines are s and j, and, confequently, the angl<r 
FDG is eoual to the angle whofe fine is 5, or equal to the angle 
FC Y ; ana the angle EDG is equal to the angle whofe fine is a^ 
t)r equal to the angle ECX ; or if KDL be drawn parallel to YX, 
then the angle FDG is equal to the angle FKD, and the fum of 
the angles FDK, FKD is a right angle ; therefore the fum of 
the angles FDK, FDG, or the angle CDK is a right angle, and 
confequently DG is perpendicular to YCX. 

The diameter Gg being drawn, the point g will be the loweft 
point in the ellipfe; and would be the place of the centre of gra- 
vity of the beam or rod when it was in equilibrio if its ends were 
conftrained to move in the lines cb^ ck ; and the method of calcu-- 
lation in this cafe wouM be exa£lly the fame as the preceding one. 



Second Solution, by Mr. Cunliffe, R. M. College. 

Fig. 187, pi. 1^. Join CD, and draw CQ perpendicular to 
DG, and upon CQ take Cm = DG. The angles CQD. 
CED, and CFD being all right angles, a circle whofe diameter 
is CD will pafs through the points C, Q, E, D, F : moreover 

the 
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the diameter CD if given» becaufe F£ and the angle FCE are 
both given. 

Bifea CD in O, and join OF, OG. and OE, then the ifof- 
celes triangle FOE is entirely given, as alfo the line OG. 

By Prop. 28, Book 2d, Emerfon's Geometry, 
(CG)*+ (DG)* = (CG»j« + (CM)»= 2(OC)« + 2(0G)« 
:^ a given magnitude, becaufe CO, and OG are both given. 

Again, fince the points Q, £, D, F, C are in the circumfe. 
rence of the fame circle. 

DG X GQ z= Cot X GQ = FG X GE = a given magnitude, 
becaufe FG and GE are both given. 

Now we have found 
(CG)* + (Cot)* = a giv«A magnitude, and 

-Cot X GQ = a given magnitude, 
which are known properties of an ellipfe, whofe centre is C, and 
one pair of conjugate femi-diameters CG and Cm; fee Props. 34 
and 37, Book tft. of Emerfon's Conies. 

Hence, Cot, being the femi-diameter conjugate to CG, is pa- 
rallel to a tangent at G., as is very well known ; confequently DG 
is perpendicular to a tangent to the ellipfe at G. Q^. £. D. 

The lengths of the principal femi-axes are CO + OG, and 
CO— OG; this is evident enough from what has been deduced^ 
and the generation of the curve. 

It is furthermore pretty obvious, that the fum of the two prin« 
cipal axes of any ellipfe is lefs than the fum of any other pair of 
conjugate diameters. 

For CD is the fum of the principal femi-axes which is lefs than 
CG + DG, the fum of another pair of conjugate femi-diamcters, 
becs^ufe any fide of a plane triangle is lefs than the fum of the 
other two. 

The length and inclination of that pair of conjugate diameters 
whofe fum is a maximum, may be readily determined. In that 
cafe OG will be perpendicular to CD, and confequently CGand 
jDG equal to each other. 

The angle of inclination of any two conjugate diameters, is 
the complement of QGC» which in the cafe iafl*mentioned be« 
4:omes known* 

XXIV. QUESTION 114, iyAfr. Ivory, R. M. College. 

LetAB, CD, be two ftraight lines, cutting one another in 6, 
•and terminating in an ellipfe, of which F is one focus, and 
draw AF, FB, FC, FD ; then will 
AF >c BG + BF X AG : DG X FC + FD X GC :: AB : CD. 

Required the demonftration? 

GGa Solution, 
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Solution, ty Mr. Lomvky. 

This property Is general for all the conic feflions, and may be 
demonftrated as follows. 

Fig. 188. pi. lo. Let AI, BN, CM, DL and GK, be drawn 
perpendicular to the direftrix of the feftion, and draw NG to 
meet lA produced if neceflary in V. Then, by the general pro- 
perty of the fefiions, 

AF : BF :: AI : BN, and by fimilar trianglai 

GB : AG:; BN: AV, (*); therefore 

AF X GB : BF X AG :: AI : AV ; and by compofition 

AF.GB + BF.AG : BF,AG :: IV : AV :: IV.GB : AV.GB. 

But by fimilar triangles, 
IV : GK :: VN : GN :: AB : GB, or 
IV.GB = KG.AB, and AV.GB = BN.AG (♦); 

therefore, the proportion above becomes, 

AF.GB + BF.AG : KG.AB :: BF.AG : BN.AG :: BF : BN. 

And, in the lame manner, it is ihewn that, 

FC.DG + DF.CG : KG.CD :: aF : AI, or BF : BN, (whkh 

is the fame.) Therefore 

AF.GB + BF.AG : FC.DG + DF.CG :: KG.AB : KG.CD:: 

AB : CD. 

Mr* Bazley alfo anjwtrcd this Que/Hon. 



XXV. QUESTION iisJy Mr. Wallace, R. M. CotUgew 

Required the locus of the angles of a'parallelogram, formed by 
drawing tangents at the vertices of any two conjugate diameters of 
a given ellipfe ? 



First Solution, iyHvPATiA. 

As an eJlipfe maybe conceived t(> be the orthographic proje£lion 
of a circle, a parallelogram formed by tangents at the vertices of 
any two conjugate diameters of the ellipfe will be the orthographic 
projeflion of a fquare defcribed about the circle, and a flraight 
line drawn from the centre of the ellipfe to any angle of the pa- 
rallelogram will be the orthographical proje£lion of a ftraight line 
drawn from the centre of the circle to tne correiponding angle 

of 
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of the fquare, and the former of thefe lines will have to the feg*. 
ment of it intercepted between the centre and the ellipfe the same 
ratio that the latter hag to the radius of the circle, which ratio 
being given, namely that of y/\ to i, the locus of the angle of 
the parallelogram circumfcribing the ellipfe will evidently be a 
fimilar concentric ellipfe, having its axes to ihofe of the other 

ellipfe in the ratio of y^2 to i. 



Second Solution, i;^ ilfr. Lowry. 

Let ABCD (fig. 189. pi. 10,) be a parallelogram formed by 
tangents, drawn at the extremities of any t\>-o conjugate diarn^- 
xkx% EG, FH, and draw the diagonals AC, DB, which bifeS 
each other in O the centre of the ellipfe, as is too evident to need 
any demonfiration is this place. Let AC meet the ellipfe in a 
and r, and let BD meet the ellipfe in h and d^ and draw FG 
meeting OB in V ; then becaufe AF = FB and CG = BG, 
FG will be parallel to AC, and O V = VB = |OB ; alfo FG 
is ordinately applied to the diameter Ob. And, by Prop. vii. 
Book 2d, Robertfon*s Conies 

OV (|OB) : O* r: O* : OB; therefore 

Ob^ = iOB\ or 20b' =: OB« : wherefore 

OB : O* (:: OD : Od) :: x/2 : j. 

In the very fame way it is (hewn, that 

AO : Oa (;: OC : Or) :: /iT : 1. 

Therefore every femi-diameter in the required curve, has a 
conftant ratio to the correfponding femi-diameter in the ellipfe ; 
and confequently the locus required is an ellipfe fimilar and con« 
centric to the given one. 

Mr. Bazley likcwife anfwered this Queftion^ 



XXVL QUESTION 116, by Marloviensis. 

Suppofe the river Thames, oppofite Canvey Ifland, fituated 
due eaft and weft, to be two miles broad at high- water, and one at 
.low, and that the tide ebbs, at certain times, fix hours, the 
breadth decrcafing from each fide equal fpaces in equal times. Sup- 
pofe alfo the velocity of the water in the middle ot ihe.ftream, to 
increafe as the time for the fiirft three hours, when it then moves 
. fix knots per hour ; and that the velocity in the middle is to that 

in 
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in anjr other part, as the femi-breadth of the water* to the near. 
«ft difiance of that part to the adjacent fides. Thefe granted, 
what courfe, and how many knots per hour, muft a boat fail from 
the Kcntifli (here direftly oppofite Bowley^ on the EfTex fide, at 
high water, to make Scar Houfe^ on Canvey Ifland, after a three 
hours trip, which is exaflly three miles to the caftward of the 
place failed from ? 



First Solution, by ]. R. o/MancheJer^ 

By two approximating proceCfes, which immediately arife 
from the nature of the queftion, it may be found, ift, that when 
the veflel arrives in the middle of the flream, which is in t hour 
5-7ths, the tide will then have fet her 1*88246 miles down the 
ftream, which is due east: and, 2dly, from that time till (he 
comes to ground on the oppofite fliore, which is in 1 hour 
t-7ths, it will have fet her 2*89039 miles more to the eaft. 
The fum of thefe is 4'77^^5> ^^^ whole diftance the tide has 
fet her eaft. If from this be taken 3 miles, the remainder is 
177285, the wetting (he mutt make to gain the propofed place. 
There are therefore given this, her wetting, and alfo her north- 
ing, 175 miles (the breadth from high water to half ebb) to 
find her courfe and diftance. The firft is north 45 deg. 22 
itiin. wefterly, arid the other 2*48998, which divided by 3, 
lier time of tailing, quotes '89999 miles pit hour, her ra^e of 
failing. 



Second Solution, by the Propofer Marloviznsis^ 

Let AB (fig. iQO. pi. 10,) reprefent the breadth of the rivef 
at high water, B,Bowley, S, Scar Houfe, P, the middle of the 
flream, C the place of the velfel at the end of any given time t 
from the commencement of her motion at A (which is at prefent 
fuppofed to be in the right line AB direSly acrofs the river), 
and DA the decreafe of PA at the fame time. 

From the conditions of the queftion we have thefe analogies—^ 

as 6 ho. : i mile (decreafe of PA) :: / ho. : -^ = PA ; and as 3 

* 12 ^ 

Tio, : 6 knots, or miles :: / ho. : 2^, the velocity of the water 

at P. 

Put PC (the diftance of the boat from the middle of the ftream 

at 
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at the time t) =: x, then will CD, its diftance from the adjacent 
fide, be expreffcd by i *, becaufe PD = i , and 

CD=:PD- PC;and,|&^rqueft. i— i : i_ i. — ;^ :: 2/ : 



12 12 



(• - r. - ') « 



24/ •— 2t^ — t^tX 



/ 12 — / 

1 — — 
18 

a general exprelTion for the velocity of the current in miles per 
hour, at any given time /. 

Again, fince the veflel is to fail at an uniform rate, and to 
make ground on the oppofite Ihore at the time of half ebb| 
we have 

AO (li miles) : 3 ho. :: AP (1 m,) : — l^o. (which call a), the 

lime Ihe comes to the middle of the ftream, therefore, fince 

a : AP (1) ::/:- = AC, and PA — AC = PO, x wiU be 

a 

truly expreffed by 1 =1 , till flie arrives at P. And 

in like manner it appears that x will = , while the Jveffel 

fails from P to the oppofite Ihore at O, Hence, by fuh- 
fiituting thefe values of x in the above general expreflion for v,. 
we have 

24 — 2tf ^ 1 21* 

X — » or, r: v, 

a 12 — / 12 — / 

the velocity of the current till x from AP becomes o ; and 

i i* 
48 •— -—16 • = V, 

till X from q becomes PO, or '75. 

Let nowj^ denote the drift, or diftance the veflel would bit 
carried by the current from her fuppofed dire£l place at the end 

of the time ^, and in the general fluxionary equation y =z vt 
(from principles well known) let the two latter values of z; be 
written^ and there will refutt from the former 

V = 12 . ' ■ ; the fluent of which is^ 
-^ 12 — # 

while 
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while / from o becomes — , 

7 

IS . (144 hyp. 1. —- — |/* — 12O zr 

in Its ultimate value, i*8826 zz y (iz PF), the diftance the tide 
has fet the veflel down the ftream, or fo much due eaft, when 
(he arrives at the middle of the water. And from the latter 
value of Vf arifes 

tt tH 
yzzA% . 16 . ', the fluent of which is (while 

/ from -i- [a) becomes 3) when cori:e£led by confideriag when 

jr z: o, ^ is :=: tf, 

48.ft2h.L — 1^ — ^_(i2.h.l. -i^ a)\ 

^ \ 12 — i ^ 12 — a J 

— 16.( i44h.l. , — |/* — 12/— (r44h.!. —- |a*-i2a) | 

\ ^^ 12 — / * ^^ i2 — a ^ J 

=z (in its final value) 2"889 = y (=: NK), the diftance the tide 
has fet the veflel farther eaft when (he makes the oppofite fide ot 
the river. The fum of thefe is 47716 ir OK, the whole drift 
cafterly. But, by the queft. the veflel is to arrive at I (S), 
Vhich is only three miles to the eaft of O (B); therefore, take 
OH zr (OK — OI) IK = 4-7716 — 3 = 17716, and it is 
evidently the wefting'flie muft make to counteraft the tide» 
and be three miles to the eaft of the place flie failed from. 

Hence, /(AO» + OH«) = AH = /(175* + 17716^)= 
2*4901 is the whole diftance, which divided by 3, the time of 
failing, gives '83 m. the uniform rate per hour ; and her courfe 
(Z.BAH) north 45^21' wefterly. And had the boat's deftination 
been the fame dillance to the ueft inftead of the eafioithe. place 
failed trom, her wefting would evidently have been 77716; 
and thence her diftance 7*966, rate of failing 2*655 miles per 
hour, and courfe north jy° lof wefterly. 

Rem. 1. This folutionis manifeftly founded on this eftabliflied 
principle — '* a body afted upon by two forces at the; fame time in 
different direftions, either equably or uniformly accelerated or 
retarded, will pafs through the fame point at the end of any given 
time, as it would do if the two forces were each to a^l fepa- 
rately and fucceflively for the faid time" — which affords a more 
diretl procefs in this cafe, than by inveftigating the nature of 
the curve, or veflers real track ARI (ER being obviou fly zzPF) 
by means ot an equation. 

2. The conetlion of the fluent for finding the drift from the 

' middle 
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ftliddle of the river to the oppofite fide. Would haVe been linne- 
teffary, had j' and t been fuppofed to commence from o at F, and 

therefore * =: — , and the final value of i been taken =: " ir i 

12 7 

ho, " 9 the time of failing from thenCe to K* 
7 

3. An approximate folution, independant of aiiy ftuxionaiy 
confideration, may be obtained from the above firft general 
expreffion for i/, by dividing the given interval (3 hours) into any 
number of parts, and finding the cotemporary values of / and x; 
the fum of the refulting Values of t> will exhibit the veffers drifb 
Jtoia htr direS place at thfe end of any afiigned thne t\ in which, 
it is evident, the greater nlitnber of divifions, or the fmaller the 
intervals of time are> the kiearer will the refult approach to the 
Uiith% 



XXVil. QUESTION 117, by HYPAf lA. 

Three circles being given by pofition, it is required to draw 
a tangent to each of them, fo as to interfeft in the fame point, 
and have the fegments between that point and the points of con? 
xaB. in a given ratio to each other? 



SoLUTiON, ly Mr. LOWRY. 

In order to fimplify the folution of this problem as much as 
poflible, we fliall firft find the locus of the point of interfe£lion 
of tangents drawn to two circles given in magnitude and pofition, 
when thefe tangents have a given ratio. 

Fig. 191, pi. 10. Let ID, HD, be two tangents interfefting 
in D; A and B the centres^ and AI, BH, radii of the given 
circles drawn to th6 points of conta£l. Join A, D ; B, D, and 
draw DV to make the angle VDI equal to the angle BDH ; then 
the right-angled triangles IVD, HBD, will be fimilar, and IV 
will be to BH, and VD to BD in the given ratio of ID to HD ; 
therefore the fquare of VD will have to the fquare of BD a given 
ratio: let AC be taken to BC in this ratio, and join DC ; through 
the point B let a circle be defcribed to touch CD at D and mee( 

Vol. I. Part I. HH AD 
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AD in E, and AB in F; join BE, and draw AL parallel to DC/ 
meeting DB produced in L. Then becaufe CD is a tangent at 
D, the angle BED is equal to the angle BDC (Euc. 32. iii.) ; 
that is, to the angle ALB (Euc. 29. i.); therefore the points £, 
B, L, A, are in the circumference of a cirqle : therefore 

ED. DA — BD.DL: but by fimilar triangles 

BC : BD :: AB : BL, and by permutation and compofition, 

BC : AC :: BD : DL :: (BD)* : DL-BD; and, byi}ypothefis, 

BC : AC :: (BD)» : (VD)^ therefore 

DL-DB(= ED DA) = {VD)\ 

Now. (Euc. 47. u) (VD)»— (IV/:= (ID)»= (AD)«— (IA)»; 

therefore 

(VD)» i=(AD)»— J(IA)»— (IV)» J, andcottfequcntly 

ED-DA = (AD)"— JdA)*— (IV)']: 

let each of thefe be taken from (AD)*, and we have 

AE-AD = (IA)« — (IV)*,or AF-AB = (IA)* — (IV)*r 

but I A and IV are given in magnitude, therefore the reftangle 
AF • AB is given, and confequently the point F is given. Now 
the points F, B, C, hieing given, the reftanglc BC-CF, or its 
equal the fquare of DC (Euc. 36. iii.) will be given; therefore 
DC will be given, and the locus of the point D is a circle whofe 
centre is C and radius CD. 

The conftruBion as well as the compofition \s obvious from 
theanalyfis given above; but'it is necenary to remark that when 
ID is lefs than DH, the point C muft be taken on AB produced 
beyond A; and when ID ts greater than DH, the point C muft 
be ^akcn on AB produced beyond B: alfo when ID is equal to 
DH, the locus is a ilraight 'line; for then DV is equal to DB, 

or (DVj* - (DB)S that is, (AD)* — {(lA)' — (IV)*} = 

(DB)« ; therefore (AD)* — (DB)* - (lA)* — (IV)*, a given 
magnitude, and the locus of D is a ftraight line perpendicular to 
AB, as is well known. 

If the circle which is the locus of the point D, meets AB in D, 
and two points P and R be taken in AC fuch, that the reftangle 
RC'CP may be equal to the fquare of the radius C^, and P^ to 
Rflf in the given ratio of ID to HD ; then if PD, RD, be drawn 
they will have the fame ratio as the tangents ID, HD, (Playfair's 
Euc. prop. F. B. vi.} and P and R will be given points. 

For 
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For by hypothcfis CP : Cd :: Cd : RC. 

and by divifion Pd : Cd :: Rd : RC, 

and by permutation P^ : R^ :: Cd : RC : 

but the ratio of Fd to Rd is given, and Cdis given, therefoiFc RC 
is given, and confequently CP is given ; and therefore the points 
P and R are given. From hence we derive the following 



PORISM. 

If two circles be given in magnitude and pofition, and tan- 
gents DIf DH, be drawn from any point to the circles fo as to 
have a given ratio; two points P and R may be found fuch, that 
the ftraight lines PD, RD, being drawn from thefe points to the 
interfeftion of the tangents (hall always have the fame ratio as the 
tangents DI,DH. 

A fohition to ttie problem j^opofed is immediately dcducible 
from what has been done above. For let A, B, O, be the cen- 
tres of the given circles, and ID, HD, KD, tbe tangents drawn 
as required ; then^ becaufe ID has to HD a given ratio, the locus 
of the point of interfeflion of thefe tangents will be a circle given 
in magnitude and pofition : alfo, becaufe DH has to DK a given 
ratio, the locus of the point ofinterfeftion of thefe tangents will 
jikewife be a jcircle given in magnitude and pofition. Conr 
fequently if thefe loci be defcribed, as (hewn in the analy fis, 
their iBterfe£Uon will give the point required* 



XXVIII. QUESTION 118, by A. B, 

Let C be a body of a given weight, (fuppofe 875 grains), 
placed on a fmooth and poliflied horizontal plane; let a thread or 
firing perfeftly unelaftic and inextenfiblc be attached to the body 
C, and after pafling through two fmall r'uv\s, A and B, (fo as 
to aft on the body in a dire6kion parallel to the horizontal plane), 
fall down in a vertical direftion : to the extremities of the thread, 
let two equal weights, P and Q (fuppofe each = 3500 grains), 
be fJEiilened ; then, it is required to define the motion of the body 
C, and to afcertain its place at the end of any given time, 
fuppofing it to begin to move from a given place, equally dlllant 
from the two rings, abftrafling from the weight of the ftring, 
friQion, and the refiilanceof the air ? 



H Ha Solution, 
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SoLUTiOM, fyMr. CoNLirrE, H. M. CoUegt^ 

Fig. 492, pi. 10. Join AB and draw CB perpendicular ta 
\u Then the body C, being urged by two equal forces in the 
dire6lions CB, CA, by the comp.o(ition of forces, will move 
along the diagonal of the rhoipbus formed by the lines CB, CA| 
that is, the bodv C will move along the perpendicular CD, 
and the circumftances of the motion will be precifely the fame 
9S if only half the weight C was to be drawn along the fmooth 
inflexible rod or line CD by the defcent of the weight Q. 

Put DB — a, BC — X, g zz j6xV f«et, the velocity wit^i 
which Q defcends zz v^ and the conteinporaneous velocity o.t 
C zz u. Then from what is deduced in the (plution to th^ 

prizie queftion in the Gentleman's Diary for 1788, ? — A will 

yv 

exprcfs the inertia of |C in the direftion CB or BQ, and there- 

fore Q + 1^-^ is the whole inertia in that direftipn. 
vv 

Again 2^Q is the motive force by which the fyflem is urged in th^ 
dircaionCB. therefore 2^Q-^(q 4- i^") = 4^Q^^ \ 

expreffes the acceler^tive force of the fyftem in the di, 
reflion CB, 

Then by a known theorem ~^S^^^^ ^ ^^ whence — 

2Qw+ Cuu 

4gQx = qQvv -f- Cttf/, and taking the fluents SgQ (^ — ;c) = 
«Q»' + Ctt«, where i denotes the value of BC at the com, 
mencement of the motion. 

Again we fhall obviously have v* : «* :: CD* 2 CB*, whence 



«• = »' X 



CB« «V 



Q32 — ^TT^t. and therefore 8^Q X {6 — ^) 
sQt/» + Ctt^=: 2Qt,» + ^!lf^ ^hicb gives v^ = 

8^Q 
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ting m == r?v3rT<» whence v = — 77-^ ^, 



Moreover we Ihall have 



** , 



=i = -*'v/'' 



• /^ /(* — *) for tlie flux* 



o X* — a* 

ion of the thne, the fluent of which is pretty obviously ex. 
preflible by the tiijie of ^ heavy body's djefcending freely, by 
the forc/e of gravity, along the arch of a given hyperbola whof<r ' 
axis is perpendicular to the horizon. 

But for the bufinefs of calculation it will be beft to obtaiii 
an expreffion for ^hc time by n)ean$ oF an infinite feries. 

For this purpofe put y ^l — of, or x zz b — y^ then 

(y — b)* — ^^^ 



21/ C?^) X 3' 



whence / = — == > z= ^ ^^ ^ — — . the fluent of 

y Cffw) X y 

>irhich may be readily found in an infinite feries, and by nc- 
yerting this feries we may obuin the value of ^ in terms of / an4 
given quantities. 



XXIX. QUESTION 119, 3yPHILOMATHESOxONIENSlS% 

It is required to find the fluent of x y^(H — 5), generated, 

X 

while jrincreafes from — to 10, and to give the work atlsirge, 
longing ou( ^he refult true to fpur places of decimals^ at leaft ? 



Solution, 
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Solution, ^^Phixqmathes Oxoniehsis, the Propofir. 



1 . The given expreflion is evidently = x^[ 1 — | =t 



.-4 



y^(i+*'), the fluent of which jnay be aflumcd = v^(t + Jt*) 

X (— 2x^^'^ ux^ — Cx *^' H- 7* '^ — S;c *^ , &c.) ; the fluxion of 

which expreflion being taken, and put=: the given fli^xioa, 
we fliall have 






c*^H. 'J yjj r ^ ^c.) 






>< (-^ 2y ^+ «*^ — C/* + yX^ , &C.) 



which equation being multiplied by — — ?-— — , and the like 



^ C (!+*») X («""*+ 1 oce*- 



8 S d 



powers of ;c ranged one under the other, gives 

And this equation, when multiplication has been actually per^ 
formed in the firfl: line of it, will become 



2. 

,.2. 



2 c a 



7* 



21 



&c. 






p~^-5«c*-iie;,*_^!7y,V_ £2j;,V &C. 



2 



•2. C 5- 

x'^+'iax'' 

2 



2 

11 
2 



Zx 



V 



i^yA:'^', &C, 



*^ 2 2 2 



frorn which we have 

5ar=:6, iiC = 8dc, 177=14?, 23S 

anda=-. b= — , 7 = --^. 5 



&c. 



- 207, &c. 
6 fri=^ 1^ ^ 207 

fo that the variable part of the fluent fought is 
// .^Nw — T. 6 4 6.8 y , 6.R.14 'J 6.8.14.20 Ve . 

^^ ^ ^ 5 5-1* * 5.11.17 5.11.17.23 ' 

Now, although this feries .wants a correSion, and will not con- 
vert 
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verge when x becomes greater than \ , ftiU it is very uleful. For, 
when X = yV» this expreflion becomes 

,f . / 2 4/10 , 6 6*8 h , 

* ^ N 1 ^aoov^io j|»ii. 100000/10 ' 

whenx = 1, this expreflion becomet 

, / 6-6.8.6.8.14 oV 

v/2 X ( — 2 -h 4- ^, &c. I ; 

\ 6 5* Ai 5. 11 . 17 / 

and the difference of thefe two quantitieSi viz. 

w X /2v/io 6 , 6.8 o V 

\ 1 ^.looyio * ^.ii.iooooOy^io / 

X / 6.6.8 6.8*14 o\ 

— i/2x(2 h — — ^ , &c. 1, 

\ 5 5-^» 5.11.17 / 

is the quantity generated while x increafes from ^V to 1. The 
former of thefe feries converges very fwiftly, and the latter may 
«afily be computed. 

2. We now want a convenient expreflion of the part of the 
fluent generated while x increafes from 1 to 10^; which is ealily 
attainaJble as follows : 

-3 -3 -t 

AffuroctheSuent of jc y^(i + « )=:|/(i + jr )'>i{x^ax 

-5 ' -8 '-ll 

^ bx — ex + dx , &c.)» and put the fluxion of tbis ex- 
preflion = the given fiuxion, and there will be 

r ' M, -^x r -3 ; -6 ^ -9 .-12^ . 

-3 \*^l/(i+* )X(i + 2fl» — sfix +8c« — wdx Jkc) 

i 2 — ^x(x^ax -{-Px --ex '¥dx ,&c) 

^^x^V(,t+x ) 

and this equatba multiplied by 51i — -_ ^ and property 

X 

arranged, becomes 

C ".3 — i3 ^fi -.^ <tm 

-3 \(i-h;v ) ;^((4-2ajc — ^x +8c;c - tidx" , &C« 

li-^ ==< 3 -6 Q . ^9 Q -12 - 

f — ^;c +^tf;c --tx +^cx Sec; 

V. 2 8 2 " 2 ' 

that 



Ihit is, by a£lual multiplication. 



-3 



-3 -6 -9 ' ^12 

i + 2ax —gBx +Scx — iidx , &d- 
-3 -6 , ^g. .12 



V. 2 2 2 2 » ^* 

and hence we have 

4 ^^ ^ ,22 

I 

We therefore now have another expreflloil of the variable part 
of the fluqnt fought, viz : 

^ ^4 4-10 4,10.16 ^4.10,16.22* ' ^* 

which feries will converge while x increafes from \, to lo, and 
will ferve our purpofe. For, 

when X = i, this exprellion becomes 

^ 4 4-ic> 4.10.16 ^ 4.io.i6.22*^^->' 

when ;rz=: lo, this expreffion becomes 

V'(rooi) X (10 ^ 1 3!Z &^ \ . 

4.100 4ao. 100000' V' 

and the difference' of thefe two quantities, viz, 

y'(rooi) X (10 2_ A 37 « 

4.100 * 4.10.100000* 

- /2 X (i ^ 3 + J:7 _ 3'7>i 3, . l^ZilSi!? 0,, Y 

4 4i<5 4-io.io ^4.10.16.22' "^^ 

lithe quantity generated while « increafes from I to lo. 

3^ All that is now wanting to a full anfwer to this queftion is 
the decimal value of the numerical feries obtained in the two 
precedmg articles ; and thefe may be computed as follows : 

Computation 



( H9 ) 



tdmpataHon oj ike values tf the ttDO fwifily converging /tries » 

t 

4 

sV^io= 6-384555, io = lo'oooooo, 

6*8 _^ O OOpOOg t jj^ , %'^ ^^ 0*000005, 

*^ 5"iiioo6oo|/ io ~" H- 6 3SS4558, 4ioMooooo *" +io-ooooo5> 

i-. € _ — o*37ooQ5> .it. ^ <^ -- — 0-007500 

5'i6oV'l6 "* 6*320763, 4* 100 



mamt 



Value of three terml S-992505. ^»^"*^ ^'^ *^^^ ^^™ 9 99^50^ 

Sum i6'3i3s66 ^ t/(a*ooi)i=: 16*321425, thevalue 

xA the two iwiftly Converging fcries when multiplied by their 
coniinon faQort 



Cdmpuiatidn of the vaiuis df the two Jlowly converging /cries. 

The firft thirteen tertns of the feries s — - -f- — -— % 8cc. 

5 5-1^ 

^exprefled in decimals continued to fix places of figures, will 
be 2*000000 — 1*200000+ 0*872727 — 0*7187 17 +0*624971 

— o-56o3i94-o"5i2292 —0*474807 + 0*444500 — 0*419340 
'•+ 0*398017 — 0*379647 + 0*363606. The fum of the firft 
(ix terms is 1^018662, and if the remaining terms betransformed 
into a more fwiftly converging feries, by the method defcribed 
in Simfifon's Differtuti^fnSj p, €2, we (hall have D*=: 0*037485, 
D"=z= 0*007178, D" = 0*002031, D"' :z= 0*000721, D^ = 
^*ooo<95^ and D^., rzr: 0^*000 129; and the terms of the more 
fwiftly converging feries will be 

i X 0-512293 = 0-256146, 

i:D' =0*009371, 

i-D" ==0-000897, 

^D™ = 0*000127, 

-s^Tf^ r= 0*000023, 

VtD^ = 0*000005, 

t^yD^* =0*000001, 

Value of this feries . . , . 0*266570, 
Six terms abovecomputed i *oi 8662, 



1*285232, value of the origitial feries. 
Vol. I, Part I. II The 



I 

« 
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The Srft thirteen terms of the feries i — ^ 4- -^-^, Sec. 

4 4 . lo 

exprefled in decimals as above, will be i*oooooo — 0*750000 
-H 0*525000 -^ 0*426563 + 0*368395 — 0*3289244- 0*299901 
— 0*277409 ■+■ 0*259317 — 0*2443564-0*231717 — 0-22085^ 
•+-0*211390. The fum of the firft fix terms is 0*387008 ; and 
if the remaining terms be transformed into a more fwiftly con- 
verging feries, by the method above mentioned, we fhall have 
D' ==: 0*022492, D"=: 0*004400, D^" = 0*001269, D^^ =z 
0,000460, 0^=0*000196, D^'= 0*000097; and the terms 
of the equivalent feries will be 

\ X 0-299901 =0*149951. 

iD' = 0*005623, 

•j-D" =0*000550, 

tVD™ == 0*000079, 

tVD"' = 0*000014, 

^^-^CC = 0*000003, 

y^tD^' = 0*000001 ; 

Value of this feries . . . 0*156221 
Six term* above computed o* 387908 

• 

0*544129, the valueofthe original feries^ 

1*285232, the value of the other flow ly 

- - ■ [converging feries. 

Sum 1*829361 X v^2 = 2*587107, the vare 

lue of the two flowly converging feries when multiplied by their 

common faftor. 

We have now only to take 2*587107, the value of the two 
negative feries, from 16*321425, the value of the two affirma- 
tive ones, and there will remain I3»7343i8, the value of the 
fluent required. 



XXX. PRIZE QUESTION 120, hy Edinburcensis, 

A polygon being given in magnitude and pofiti on, it is re- 
quired to defcribea polygon of an equal number of fides, having 
its feveral angles on the feveral fides of the given polygon, anli 
fuch that the perimeter fliall be the leaft poflible ? 
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Solution, by Mr. Lowry, R. M, College. 

PROPOSITION. A LEMMA. (Fig. 193. pi. lo.) 

Let ABCD . . . ..E be a given polygon, and PQRS T 

a polyjgron of an equal number of fides infcribed in, or having its 
feveral angles placed on the feveral fides of, the given polygon : 
then the perimeter of the infcribed polygon will be the leatt poili- 
ble, when each two of it« adjoining fides make equal angles with 
the corresponding fide of the circumfcribing polygon ; that is, 
when the angle TPA is equal to the angle QPB, the angle PQB 
to the angle RQC, the angle QRC to the angle SRD, the an- 
gle RSD to the angle TSE, the angle STE to the angle PTA; 
and fo on. 

For let /^QRST ...... ,p be any other polygon infcribed in 

the given one, and let two of its iides, as T^, Q^ make unequal 
angles with the fide AB at p. Draw TIK perpendicular to 
AB, meeting QP produced in K and join KP. Thenbecaufe 
the angle TPI is equal to the angle QPB, that is, to the 3ngl<; 
IPK, the right angled triangles TPI, KPI will be equal in every 
lespect, therefore PT is equal to PK and IT to IK, and confe- 
quently in the right angled triangles IT/?, IKp, the fides Tp, Kp 
will be equal ; therefore KQ is equal to the fum of the fides 
TP, QP, and Kp -{-pQ equal to the fum of the fides Tp, Qp : 
but KQ is lefs than Kp + pQt and therefore the fum of the 
fides TP, QP is lefs than the fum of the fides Tp, /?Q, and con- 

fequently the perimeter of the polygon PQRST P is less 

than the perimeter of the polygon ^QRST p. And 

the fame may be proved, if any other two adjoining fides 
fnake unequal angles with the correfponding fide of the circum- 
fcribing^ polygon ; and therefore the perimeter of the polygon 

PQRSr P muft be lefs than the perimeter of any other 

polygon that can be infcribed in the given one. 

This being demonftrated, it remains only to determine the po- 
fition of the infcribed polygon, fo that each two of its adjoining 
fiiies may make equal angles with the correfponding fide of 
the giyen polygon ; and to effect 'this in as perfpicuous a 
manner as polfibie, I fiiall confider the problem in di{lin6l cafes, 
according as the polygon confifts of an even or of an odd num- 
^^rgf fides. 

II % CASE 
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CASE I. 

When the nntnher of the fides of the polygon U odd. fig. 

• Let A3CDE, &c. be the given polygon, and ab c de, &c. 
thr infcribed polygon vhofe fides make equal angles with the 
correfponding fides of the givpn one, and let the angles of the 
polygon ABCDE, &c. be denoted by the letters placed at the 
angular points, viz. the angle £AB by A, the angle ABC by B, 
, ana fo on. Alfo let the angle hac^ or "Rah be denoted by a^ 
the angle BJa, or Cbc by 3, and fo on ; and let f be put for two 
xiffht singlef . Then, becaufe the fum of the three angles in each 
of the triangles ^ai^ Cic^ &c« i$ equal to t\yo right angles, wq 
have 

B + a + *= C + H-^=D+<r+ rf = E + rf+«z= A+H-a.&c. = n, 

and uking the fum of the alternate terms 

B+n + ^+D +c-+-rf+ A +^+a = C +i-+-<:+E+flf+<+«, 

or 2a = n — B + C =. D + E — A, &c. ; 
and in a fimilar way we find 

2i = « — C + D — E + A — B, &c. 

2c = n — D + E — A + B — C&c^ 

2i= «— E + A — B-4-C — D, &c. 

2^ = n — E — A 4" B — C -+- D, &c. 

The angles being found, we have only to determine the po- 

fition of one of the angular points n of the infcribed polygon^ 

and to do this, let the fides ab^ bc^ cd^ &c. be produced tilt the 

diftances ii, cm^ df^ es, of, &c. are equaK to each other, and of 

^ any aflumed magnitude. And let the perpendiculars ikl^ mno^ 

'pqf* ftu% fgby &c. be drawn to the fides of the given polygon^ 

meeting the fides of the infcribed one in /, o^ r, w, /4, &c. Then, 

becaufe of the equal angles at a, b, c, rf, <, &c. it is evident 

that ik will be equal to A/, mn to nOy pa to qr^ ft to tUy fg togh 

alfp, bi will be equal to ^/, cm to co^ dp to dr, es to cu, and a/'tq 

ah, &c. 

Now let P be any point in AB, and let PQ, QR, RS,, ST^ 
TU, &c. be drawn parallel to the fides ab, bc^ cd^ 4e. <«, &c. 
refpectively, and let dY be perpendicular to BC, and hli per- 
pendicular to AB produced. Then, becaufe d& .* i^Z==B? . aY, 
we have aB : B3 : : aY : 3Z : but by fimilar triangles ab : ^Y : ; 
bi : iky and ab : bz : : af (ah) ; gh ; therefore aY : AZ : : ik ; 
gk^ or aB : B3 : : iA : gh =^j or, becaufe PQ, ab arc parallel; 
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aP : ifQ : : U : gh •:r=ijg ; 
^n4 io the f^me way it is (hewn th^t 

^Q : cR :: nmi kl •=. ik 

fR : z/S :: pq : ^?» = «/;t 

dS : eT :: j/ : nq z=zpq, &c to 

^T : aJJ :: fg\nt = J^ / 
/^Lnd hy compounding thcfe proportions, it is obvious ithat we 
(hall finally obtain 

a^ '^a\i x\J^\Jg\ 

Therefore /zP is equal to ^U. Whence it follows that 
^vhe^^verthe point Pijtakenin AB, the diftanceUP, willalways 
be bifefted in a ; and from hence we derive the following 6mpl« 
and general conftrnction. 

AfTume any point P in one pf thefjdes, as AB, and draw PQ, 
iQR, RS, ST, TU, &c. to make the given anries with the fide« 
AB, BC, &c. as determined in the analyfis, bifect UP in.a, an4 
a will be the pofition of , one of the angular points of the required 
polygon^ 

If an -+- 1 be the number of the fides qf the polygon, it is ob-t 
yious from comparingthe valqesof the angles as determined above, 
that the polygon can only be infcribed in the manner fpecified ii| 
the propofition, when the fum of n -^ i of the angles is lefs than 
the fum of the n remaining angles, together with two right angles* 

From the point U, let \ia! be drawn parallel to ah^ a'b' to bc^ 
lie to cd^ c'd^ to d€y d(V to ta, &c. then it is evident from above 
that ac will be equal to a U, that is, equal to ^x P ; therefore the 

Eoints P and e' coincide. Froni whence we may draw the foU 
»wing curious and remarkable inference, viz. that beginning at 
any point P in one of the fides AB. and drawing the lines PQ, 
QR, RS, &c.. parallel to the fides of the infcribed polygon and 
continuing them twice round the figure, thelaft fide de' will ter- 
minate jn the point P, where we originally began. 

The perimeter of the figure made by going twice round in the 
manner juft defcribed, will be equal to twice the perimeter of the 
infcribed polygon a k c d c, &g. For finre a P is equal tcxa U,. 
Qb will be equal to ba\ and confequently PQ -4- Ua' wiil be 
cqi^al tp twice ha ; ^nd in the fame way it appears that QK+a'V 
IS equal to twice bc^ RS + b'd to twice cd, and fo on ;, therefore 
the perimeter of ^he figure PQRSTU a'h'c'd P is equal to twice 
fhe perimeter of the polygon ab c d e^^c 

In the triangle ABC (fig, 19.5, pi. io,> we have a/z =r « — 
B + C — A=:2C, orariC, and in the fame way we obtain 
^ ~ A, and c n B ; hence the angles which the fides of the in- 
fcribed triangle make with the fides of the given triangle are 
equal to the angles oppofite thofe fides. 

It is alfo obvious that each of the angles of the given triangle 
fBud be lefs tbaxl a right angle. 
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If the lines aC^bA, cB be (Jrawn,- they will be perpendicular to 
die fides AB, BC, AC» rcfpectively, as is too evident to need 
jdemonilrating here. 

. CASE IL 

When the given polygon confifts of an even numbejr of fides, 
{Tig;. 196, pi* 10). 

Denoting, as before, the angles of the given polygon by A, B, 
C, &c. and the angles made by the fides of the infcribed polygon 
and the fides AB, BC, CD, &c. of the given one by a, 5, c, d^ 
&c. we have. 

B+^i + ^==C-+-^ + c=:D-hc-i-rf, &c, ,,,.,,=• to J 
+ a -h A, therefore 

B + a+b + D -^c + d-hT-^e -{■ /Sec. = C 4-^ + ^4- 
E + flf 4- e + /-h a + A, &c. or B + D + F + &c. =: C 

-f E-hA-H&c: 
"which fhews that the fides of the polygon ahcdef^ Sec. can only 
make equal angles with the correfponding fides of the given one, 
when the fura of the angles B, D, F, &c. is equal to the fum of 
flic angles C, E, A, Sec. which will always be the cafe when 
the given polygon can either be infcribed in a circle, or is equi-» 
aoigular to one that can be fo infcribed. 

it fhews alio, that the angles a, b^ c, &c. are not determinable 
from the angles of the given polygon as in the cafe of the odd 
fidcd figures, but that their values depend on the relations of the 
fides of the polygon. 

To determine the angles, let perpendiculars BQ, Bi be drawn 
from any of the angular points as B, to the fides CD and AF, and 
continued till LQ be equal to BL and IP to IB : alfo from the 
points Q and P, let perpendiculars QM, PW be drawn to the 
fides ED, EF, adjoining the fides to which the other perpendicu- 
lars were drawn, and let tbefe perpendiculars be continued till 
MO be equal to QM and WS to PW ; and proceed in the fame 
manner with the remaining fides if there be any. 

I^t the line SO which joins the extremities of the perpendi- 
culars laft drawn meet the fides DE, EF to which these perpen- 
diculars are drawn in D* and E', and draw D'O meeting DC in 
C and E'P meeting AF in F' and join BC, Bir ; . then the angles 
ABF', CBC^DC'D'. ED'E', FE'F, &c. to AFB will be ref, 
pectively equal to the angles a^ by c, d^ e,f. That is, if the fides 
^c, cdy dty ej2Lni of be drawn parallel to the lines BC, CD', I>E', 
EF, F'B refpeftively, and ab be joined, the fides of the polygon 
abedef^ &c» will make equal angles with the correfponding fide$ 
©f the given polygon. 

Join CQ, AP, and let de produced meet CQ in R ; alfo let 
(/produced meet AP in T^ Then bjcaufe BL is equal toi.r 

an( 
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and the an^es at L right angles, the triangles BC'L; C'LQ are 
equal in every refpeft, therefore the angle c C'B is equa! to the 
angle cC'Q, and confequently the angle if C, or CcR equal to 
the angle Dei. In the fame way it is (hewn that the angl^ Dir 
is equal to the angle Y.dt^ the angle E^ito the angle FtfS, the an- 
gle YJt to the angle A/^, &c. Again it is evident that the right- 
angled triangles BCL, LCQ are equal in every refpeft; therciore 
BC is equal to CQ and the angle BCL to the angle QCL ; ami 
confequently the triangles be C, c CR having the angles at C and 
c equal, will alfo havejhe fides j5C, CR equal, therefore BC — he 
will be equal to CQ — CR, or Bi6 will be equal to RQ ; and in 
the fame manner it is (hewn that ^ B is equal to PT. Now let 
OV be drawn to make the angle QOV equal to the angle CQO, 
and SV to make the angle VSP equal to the angle APS, and let 
de be produced to meet O V in N, SV in S, and SY, drawn pa- 
rallel to O V in Y. Then, the triangles D'QM, D'OM, being in 
every refpeft equal, D'Q will be equal D'O and the angle D'QM^ 
to the angle D'OM ; therefore, the angle RQD' is equal to the 
angle NOD', and the angles at D'and ^ being equal it is evident 
that the trapezoids fl^RQD', d NOD' are equal in every refpect; 
therefore ^R will be equal to d[^ and RQ or BA to NO, that is, 
(becaufeof the parallels,) to SY. It is proved in the fame manner 
that PT or aB is equal to SX. 

On OV take OZ equal to CQ, and on SV take SU equal to 
PA, and join DZ, FU; then it is eafily proved that the angle 
EDZ is equal to D, the angle DZV to « — c\ the angle UFE 
to F and the angle F(J V to « — A : alfo that the fum of all the 
angles in the figure VZDE FUV is equal to 471 ; therefore 

ZVU 4-D + n — c -fa/i — E + F-f-w— A=:4n, 
orZVU + D + F==:A + C + E=B + DHhF(by hypothefis); 
therefore ZVU, or its equal the angle YSX is equal to B; and 
confequently the triangles YSX, aB^, having two fides and the 
included angle equal, will be equal in every refpect, therefore 
the angle a^B zi S YX = rfN V = dKc =zCbc, and the angle 
baB =zSXY=icTA=: Aaf, therefore the fides of the m- 
fcribed polygon abcdef^ make equal angles with the correfpond- 
ing fides of the given polytron as required. 

It is evident that O andS are given points, and therefore the 
con(lru£lion for determining the angles is fufficicnily obvious. 

Moreover, fince be is equal to CR, and ^N to dK^ </N is equal 
to dc -\~ cb ; and fince ^ is equal to J^T and <?X to cT, ^ X is 
equal toef-^ af^\ and YX has been (hewn to be equal to ab \ 
therefore the perimeter of the infcribed polygon is equal to NG, 
that is, becauie of the parallels, to the given line OS. 

If any other polygon as a'b'ddej\ &c. be infcribed in the 
given one, fo that the fides /?V, c'd\ d't, ef\ fa' m^y be re- 
fpect ively parallel to the fides he, cd, de,ej\ fa; then it is ma- 
nifeft from what has been done above, that the remaining fidec 
d^l/^ ab, will alfo be parallel, and that the perimeter of the latter 

infcribed 
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infcribcd polygon will alfo be equal to OS, 6t equal to tlie ptrU ^^ 
hicterof the other irifcribed polygon. 

Whence it appears that an indefinite liUitiber of polygons maj^ 
be infcribed in the given polygon, having their fides tefpectively 
parallel and their perimeters ec^ual to the fame conftarit quantity, 
and yet lefs than the perimeter of siny other polygon that can be 
infcribed in the given one, and whofc fideS make unequal angles 
with the corresponding fides of the given polygon, which is a very 
curious and remarkable propofitiorf^ 

In the cafe of the reftangle^t is obvious that the fides of the 
infcribed figure ivill be parallel to the diagonals, and the perimeter 
equal to the fum of the two diagonals. 

When thf fides of the infcribed polygon cannot make equal 
angles with the correfponding fides of the given polygon as in the . 
cafes fpecified in the folution, it appears that the problem is wholly 
indeterminate, and that the perimeter of the infcribed polygon 
will continue to increafe or decreafe till one of the fides vanillies 
or till two of the angular points of the infcribed polygon coincide 
vith one of the angular points of the given polygon. 

Mr. Lowry is requejled to fend to Mr. GLENDiNNiNo'a N 
Jot the Medal for folving the Prize Quedion. 
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Mathematical Works lately publisheh. 

In two volumes quarto^ (dejigned Jet the Ufe of Schools and 
Vniverfi ties f J Analytical Inftitutions, tfeing full and clear Treatijcs 
^Algebra and Fluxions: Tranjlated from the Italian ^Madam 
Agnefi, by the Rev. John Colfon, M. A. F. R.S. and Lucajian 
Profeffor of the Mathematics in the Univerjity of Cambridge, 

A Treatife of Mechanics^ Theoretical^ PraSical and Dtfcriptivtt 
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ARTICLE 1. 

Demonstration of fome Propqfilionf relating to fuch fot'* 
lions of the Su face and Solidity of a Sphere as maybeex^ 
aHly Squared and Cuhd. 

By Mr. James Ivory, of the 'Royal Military College* 

THE Problem propofed by Viviani, a Mathematician of 
florence> to the Geometers of his time, is well known, 
and has been often rcfolved. Befides effefting what was re- 

Juired by Viviani, the conftruftion given of the Florentine 
roblem leads to a number of curious properties ; and, in ad- 
dition to the properties that were known before, BofTut, in 
the fecond vol. ot Memoirs of the National Inftitute, announces 
a New Theorem, refulting from the fame conftruftion, and 
determining a portion of the folidity of a fphere that may be 
exa£Uy cubed, as the problem of Viviani determines a portion 
of the farface of a fphere that may be exadly fquared. 

The demon Itrations that follow I believe to be new; and they 
^e fufficiently Ample. 

1. pROB. " If a circle be defcribed upon any radius of the 
bafe of an hemifphere, and upon the circle an upright 
cylinder be raifed and be prolonged to pierce the hemi- 
fphere ; it is required to find the fttrface of the oval hoIe» 
made in the fpberical vault.'* 
Vol. I. Part II. a Aflumpi 
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Aflume any point in the curve formed by the interfe£J:ion 
of the furfaces of the fphere and cylinder, and let x, 7, z, be 
three co-ordinates determining the pofitionof the affumed point; 
x^ being perpendicular to the bafe of the hemifphere ; y, per- 
pendicular to the diameter of the bafe of the cylinder ; and z, 
the part of that diameter intercepted between y and the centre 
of the hemifphcre. Then if r denotes the radius of the heitii- 
fphere, we (hall have r' =: x^ -+-jy* -4- «*. And becaufe>f is the 
ordinate and z the abfcifs of a femicircle of which the diameter 
is r, j^* = (r — 2) X 2 = rz — 2*. From the latter equation 
we get ^* -I- 2* zzrzf which being fubftituted in the former, 
there refults r* n j;* -+- rz. 

Let a great circle pafs through the aflumed point and the pole 
of the hcmifphere ; and let <p denote the arch of it intercepted 
between the affumed point and the bafe of the hemifphere : then 
X zzr fin. ?i ; rz == r*— Jif* rz r* cof. '(p ; therefore, zzrr cos. *(p; 
andjV* z= rz — 2' rr r' cof.* (p— r* cof.* (p =1 r* cof,' (p fin.* ^; 
therefore, y =: r cof. ^ fin. (p. 

Let a plane parallel to the bafe of the hemifphere be d>.wn 
through the affumed point ; and let p denote the radius of the fmall 
circle which is the common fe£lion of the plane apd fphere ; 
then p zzr cof. (p. Conceive alfo the plane of a great circle 
to pafs by the axis of the cylinder and the pole of the hemi- 
fphere ; it is obvious that this great circle will bifeft the arch 
of the fmall circle lying within the oval curve on the furfacc 
of the fphere ; it is plain too that y will be the fine of half the 
arch of the fmall circle to the radius p ; therefore, the fine of the 

like arch, in the circle having unity for radius, is 2 z= 

P 

— ^-^7 — ~ zz firi. f. Confequently the meafure of the half 
r col. 9 ^ ^. J 

arch itfelf is p ; and the meafure of the whole arch is fi(p. There- 
fore, the length of the arch of the fmall circle, lying within the 
oval curve on the furface of the fphere is 

2f X p =: «r(p cof. (p. 
But the diflance of the fmall circle from the bafe of the he- 
mifphere, reckoned on a great circle pafling through the pole, 
is r X (p ; therefore, the fluxion of the part of the oval hole 

bounded by the arch of the fmall circle is rp X artp cof. 9=: 
sr'(p(p cof. (p: Confequently the part- of the hole itfelf = «r* 

X f(f(p cof. $ =: 2y*' X f (p sin. ^ + cof. f ) -*- C ; to deter- 
mine C wc have 2r* -+- C =: o, whence C zz — 2r* : And 
the c6nre£led fluent it 2r' X Cp >in. ^+ cof.f j — - 91^ which 

cxpreffei 
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exprcflcs the furface 6i the part of the hole lying between th« 
fniall circle and the bafe of the hemifphere. 

Let ir zz ^'i^i6 &c. = femi-periphery to radius unity; 

then putting (p = - in the above expreffion, we Ihall find the 
whole furface of the oval hole made in the fpherical vatik 



r'«r — ar*. 



2. Theor. "If upon two radii that corapofe a diameter 
of the bafe of an hemifphere two circles be defcribedi 
and upon the two circles two upright cylinders be raifed 
and be prolonged to pierce the heniifphere ; the portion 
of the furface of the hemifphere that remains after the 
two oval holes are taken away will be equal to four times 
the f<j[uare of the radius of the hemifphere^'* 

For, according to what we have juft found, the furfaces of 
the two oval holes zr 2rV — 47^ ; but the whole furface of the 
hemifphere = $rV ; therefore what remains, after the two holes 

arc taken away, = 2rV — i £rV — 4r* i = 4r*« 

This theorem coincides with the refult of the problem pro- 
pofed by Viviani. Let the two cylinders be prolonged, below 
the plane of their bafes, to pierce the othei* hemifphere ; aad 
let the plane of a great circle pafs by the axes of the two cy- 
linders. Then this great circle will divide the fphere into two 
liemifpheres, and will bifeft the four oval curves formed on the 
furface of the fphere ; the four half-ovals that make part of the 
furface of each hemifphere are the four wiodows of Viviani ; 
and the remaining part of the furface of the hemifphere is equal 
to 4r* accor4ing to what has juft been demoDftrated# 

3. Theor/ " The whole furface of the cylinder (1) in- 
eluded within the hemifphere is equal to 2r^/* 

Montucla in giving the Hiftory of the Florentine Problem, 
has noticed this property. 

The fluxion of the bafe of the cylinder is=: v^[«*Hh^*] 
Jbccaufe^ = y^ (cof.* <p — fin.' (p) and »; = — 2r(p x sin, f 

toL (p I rr r(p' /Kcof-* ? "^ ^^* ^)* + 4 sin.« (p cof.» 9] =: 

y(p v^(cof.' 9 + sin.* (p)* = rf. 

But the fluxion of the furface of the cylinder bounded by 
jc =: x^[z^ -+-^*] =: r<p X « = r*$ sin. ^ ; therefore, the furface 
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©f the cylinder bounded by st, s= /r*(p sin. (p zr C — r' cor. P; 

to dclennine C we have o = C — r' and C z= r* ; therefore, 
the correfted fluent is r* — r* cof. (p; which expreffes the 
furface of the cylinder bounded by x and insifting on the arch 
of the bafe lying between x and the point in which the bafe of 
^ cylinder touches the bafe of the hemifphere. 

flip 

Put$ rr — ; and the fluent bqcomes simply r% which is 

equal to the furface of the cylinder insifting on half the cir« 
cumference of the bafe; therefore, the whole furface -: 2r'. 

^, Theor. ** If two cones be formed, having their vertices 
in the centre of the fphere, and their bafes the two oval 
curves (a) formed on the furface of the (phere; what 
remains of the whole folidity of the hemifphere, after the 
two cones are taken away, will be equal to fr^" 



For, since the fpherical furface which is the bafe of either 
cone has been fliewn to be = rV — ar*, the folidity of the 

cone = ir X fr'ar — 2r* ) =z l!^ _ £!L!, Therefore, the 

V* / 3 3 

two cones s=: — — — ' — . But the whole foHdity of the 

3 3 

hemifphere z: • Therefore, deducing the two cones, the 

3 

AT* 

remainder z= ^ * 

3 

5. Theor. •• If from the whole portion of the cylinder 
(1) included within the hemifphere, the cone, that makes 
a part of it, be taken away, what remains will he equal 
to ir\'' 



Jot let a plane be drawn through the centre of the 
fphefc to pafs by the ordinate x, and let 5 denote the 
folidity ot the part bounded by this plane, the furface of the 
cylinder and the conical furface; from the point in whi^h 
> meets the bafe of the hemifphere, let a tangent be drawn 
to the bafe of the cylinder 5 and let p denote the peipendicular 

drawn to the tangent from the centre of the fphere. Then s is 
manifcftly equal to a pyramid of which ^ is the altitude and the 

fluxion 



fluxion of the furface of the cylinder (n « /[i*4:r'}) the b^ % 

therefore, s = ^pi^ V'[z-+->'*J« 

But the double of thfe triangle having its vertex in the centrt 
of the fphere, and v^[z» -4-^^] for its bafe, is equal to 
jb v^[£*+j'*j. Aad the double of the fame triangle is aifo 
equal to {zy —yz). Consequently p /[z* +>'] = (z^— >«)• 

Thetefore, j' = -^ X a? (^y —yi) =: ' ^ fin. (fKp X ( cof.* f 

3 ^ 

z= - fin. (p. (p x: 
3 

/ cof.* $ + cof,*$ fin.'^ j = ^ X sin(p .(p x cof.* ^. 



r^ 



Therefore, J = C cof.^ ®; to determine C. we have 

9 

0=:C— ^and C=: tl; And ^ = I. — . L cof.* (p; 

9.9 99 

■where s denotes the folid bounded by the furfaces of the cone 
and cylinder, and insisting upon the part of the area df the batfe 
of the cylinder lying between the diameter and the chord 
drawn from the centre of the fphere through the point where x 
meets the bafe of the hemifphere. 

When (f = — , then s = — , which is the part of the folid 

insisting upon a femicircle of the bafe of the cylinder; there- 
fore, the whole remaining part of the portion of the cylinder, 
where the cone is taken away, is equal to ^r'. 

6. Theor. " If from the whole folidity of the hemifphere, 
the portion's of the two cylinders (a) included within it b« 
taken away, what remains will be equal to^ x (ar)'.'* 

For we have already fliewn (4) that the remainder of the. 
hemifphere, after the twQ cones are taken away, is equal to |r' • 
and if we further take away the fum of the exceffes of the 
two cylindrical portions above the two cones (equal (5) tofr') 
the remainder will be fr' — ^r^ =z^r^ = i X (ar)^ 

If the two cylinders be prolonged below the plane of their 
bafes to pierce the other hemifphere, it is obvious that the 
portion taken away from the whole folidity of the fphere by 
the two cylinders, leaves a remainder equal to -^ X (»0'j 
which is precifely the new theorem of BoIFut. 

7. Let TO denote the length of the arch of the curve 
pf double curvature formed on the furface of the fphere; 

then 
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then w i/y« + i« + i«] = np v' ^(cof.« (p ■ - fin.' (p)« + 
4fin.» <p cof.*^ + cof.«(p j = r^ /r(cof.*(p + fin.»<p)' + cof.*^) 

V'C* - I fin.' (f>] : Therefore, w s= —^ V A^ ^[t — 
$ fin.* f J. 

Now if an ellipfe be taken, of which the two axes are x and 
--i- : then f 9 y/[j — | fin.* ^} will denote the length of 

an arch of the ellipfe, reckoned from the extremity of the con- 
jugate axis, of which the ordinate, parallel to the tranfverfe axis, 
is fin, <f. Therefore, the reftification of the curve of double 
curvature depends upon the re£lification of an ellipfe having | 

and -7- for its axes, 

/2 



ARTICLE II, 

Demonstration of a Theorem refpecting Prifne Numbers, 
- By Mr. James Ivory of the Royal Militdry College. 

The following theorem, one of the moft important in tho 
theory of numbers, is the difcovery of Fermaf, It was publi(he4 
by him without demonftration, as indeed were many other of 
thofe curious properties of numbers that form the moft difficult 
and interefling part of the Diophantine Analyfis. The theorem 
was firft demonftrated by Euler in the Peterfturgh Cornmen. 
taries ; and his demonftration may be found in a work on th^ 
Theory of Numbers, publiftied by Le Gendre *. 

I believe the following demonftration to be new, and I reckon 
it more fimple than that of Euler. 



-»—«r 
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Theorem. 



Lap be any prime number, and N any number not divifibld 
by pt then N^""* — i will be divifible by/?. 



DEMONSTRATION* 

Let there be taken all the multiples of N, viz. 

N,2N,3N,4N ............ r^ — i)N 

by the numbers in the natural feries i, 2, 3, 4, &c. continued 
as fat as (^ — 1 ), or fo long as the numbers in the feries are lefs 
than^; and let us confider what will be the remainders if the 
feveral multiples be divided by p. That none of the multiples 
are divifible by ^ is very evident : for if /» x N be one of them, 
p does not divine N by hypothefis, and m is lefs than p ; there- 
fore, p cannot divide the multiple m X Vl. I likewife fay, that 
the feveral remainders are all different from one another. For if it 
be poffible let ;» x N and w X N be two multiples that, when 
divided by jfr, have the fame remainder r ; then 

m X N-»-r 
» X N — r 

will be multiples of p : therefore, the difference 7» >c N — n 
X N =: (f» — n) X N will likewife be a multiple of p : there- 
fore, cither {m — n) or N muft be a multiple of p, which is im- 
pofiibie ; becaufe m — n is lefs than/^, and N is not a multiple 
of p by hypothefis ; therefore, no two of the multiples, when . 
divided by p^ can haVe the fame remainder. But, from the 
nature of divifion, the remainders muft be all integer numbers 
lefs than p, and as they are juft as many as the integer num- 
bers lefs than p, and have been fhewn to be all different from 
one another; it follows, that the feveral remainders can be no 
other than the feveral integer numbers lefs than p, or than the 
' feveral numbers in the feries 

J. 2, 3, 4 (p — ^)' 

Let us now adopt the notation m'p to denote a multiple of p 
in general, without attaching the notion of any particular num- 
-ber to the fymbol m : then^ becaufe the dividend is a multiple of 
the divifor increafed by the remainder, it is manifeft from what 
has beea proved that^ the multiples 

N,2N.8N.4N , G>~ON 

fiay be reprefented by 

I m'p 
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«'/+ 1, iw^+fi, ^'P+3f ^'P+i {^'p+^p—t)) ; 

each number in the one ferics being equal to fome one in the 
other feries ; therefore, 

N X aN X 3N X 4N X (p—i) N =: 

(m-p+i) X {m'p+2) X (»i*/^+3) Xi^'p-^ip-i)]* 

Now, if the exprcBion on the right-hand fide of the equation 
be evolved, it will confift of a certain number of terms, all of 
wbich^ excepting the laft, will contain^, or fome power of p, 
as a ia£koT ; and the laft term will be the continued produft of 
all the numbers lefs than p : let the laft term be denoted by Q, 
then it is clear that the right-hand fide of the equation may be 
reprefented by m'p + Q : It is alfo obvious that the left-hand 

fide is equal to Q >c N^"*: therefore Q x N^"^ = 

«V>+Q. WhenceQ XN^"* — Q = Q X Jn^* — 1] 

= m'p. Therefore, p neceffarily divides either Q or N^ — 1 : 

But Q can have no divifors excepting numbers lefs than p or 
compofite numbers formed by the product of numbers lefs than 
p multiplied together : confequently p cannot divide Q ; there- 

fore it neceffarily divides N^~* — 1. g. JE. D. 

Cor. Hence if N be any number.npt divifibie by the prime 

number/^, the remainder of N^ when divided hyp will be equal 
to the remainder of N divided by ^ • 

For it has been Ihewn that N^"^ — 1 is always divifibie 

by p : therefore, when N^ and N are divided by p^ the remainders 
of the divifions muft be the faxo^* 
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Article lii. 

J^agnAni's theorem refpcBing Elliptic Arches^ rendertd more 
general. By Mr. James Ivoky, R. M. College. 

TH E Curious theorem of Count Fagnani, which affigns the dif- 
ference of two Arches reckoned from Ihe extremities of the 
quadrant of an ellipfe, is well known to Mathematicians : 1 pro- 
J)ore at prefent to invelligate a more general theorem, which com- 
prehends that of Fagndhi as a particular cafe, and which affigns 
the di (Terence of two elliptic arclies reckoned from any two given 
points in the periphery ot an elHpfe ; and to deduce a fimilar pro- 
perty in all the conic feSions. 

1. Let ABC (fig. 96, pi. 5.) be a quadrant of anellipfe, of 
which the femi-axis major is 1, and the excentricity e : let'the 
elliptic arch BD be denoted by a; and the ordinate DE being drawn, 

put CE—d? : then we (hall readily obtain wzzzk^. f * .; J; 

or* putting R =: /(i — e* ^'»), li = v^^ _ ^a^ 

In like manner if the atch Brf = «»' ; C« = *' j and R' zr 
y (I _ 6« x'^) : then tJ = -__— -^. 

NoW —75 J = 6* : and if we put y z=. x? ^{i — a:*) + x 

-/( 1— ;c'*), and z == jt'/C * •— ^*)— «^ / !(* —^'^) \ then y X z 

^ \ r .1 R* — R'* R + R^ ^ R — R' 

tz x^ — z* ; confequeiltly — zz X • 

^ ^ y X z y z 



e\ 



Suppofe that the Variable elliptic arch BD or &; becomes BM 
( = »») when the variable elliptic arch Bd or zv' becomes BN 
( = n) ; and put p and q to denote CP & CQ, which are the corre- 
fponding values of CE & C ^ or of * & ;k' : then as the formula laft 
inveftigated is true, whatever x Sc x* denote it will be true, when p 
and y arc fubftituted for x 8c x^; therefore, attending to what R, 
R\ y 8c z were put to denote, and if we further put 
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It will eafily appear that we (hall have a X bzzz^** 



R -4- R' R R' ■ 

Therefore, —^ — X = a x 3 : and as each fide 

y 2 

of this equation is identically equal to e*, it eftablifhes no rela- 
tion between the variable quantities x & x\ but leaves them quite 
independent. We are therefore at liberty to determine one of the 
two variable quantities x & x\ by means of the other according to 
any relation that may bed fuit our purpofe. Let us then fup* 
pofe R + K' :=zay\ then on account of the preceding formula 
we (hall neceffarily have R - R' = bz. Hence by fubftituting 
for^ and z, their values in j: & y,we get 

tR = (a -- i^X /(I — A^) -*- (^^ + ^) x i/(i — *'*) J 

The equations juft obtained, being the one a neceflary confe- 
quenceof the other, only involve a certain relation between the 
two variable quantities x & *' ; and 1 fliall now endeavour 
to exprefs this relation in a Formula as fimple. as poffiblc. 
For this purpofe, let the equations. No. 2, be fquared and ad- 

ded together : then 2R* + 2R'* =: (a* + **)• {*' d — ^') 

4-y»(i— T»)\ +2(a*— *«) Xa:;c'y^{(i-x*)(i-;r'»)} 
= 4 — 26* (jc* + «'*) z= 4 — afl3 («« -h ;c")- 

Hence, 4= [a + i)' X \x'^ [t — x^) + ** (1 — ;c'»)| 

- (^ — ly X* x'» ^- 2(a* — b^) XX x' / }(i-*«)(i-a/»)} 

Subtraft both fides from, (a + b* and take the fquare root; 
then 

ft 

(a-+- ^)/ 5 (J— Jc'Xi— *")} — (a-^>x'= y/ J (<r+-*)«-4)|No.3. 

which appears to be the fimple ft formula expreffing the required 
relation of the variable quantities x,&. x\ 

m 

Multiply the firft of the ec^uaiions, No. 2, by — ^ and 

x' 
the fccond by . ^^ : then, having fubftituted i for 

Rx ., RV 
5- and tt! for --r- ax and added the two equa- 

tions together, there will refult 

and 
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and taking the fluents 

2 2 ( 

an expreflion that may be rendered more fimpl** by exterminating 
the radical on the right-hand fide by means of i\ ^ *lormula, No. 3 ; 
it will then become 

+ / 2ab.xx J a — b yC. , iv- .>. ^ 

To determine C, we have only to remark that when w'z=zm 
w' =1 n and p = x and q =z x : therefore, 

- + «=,-^^-/'? -*• Try V/I(a+3)«_4)|+C: 

confequently, writing e* for a x ^, we have 

(w — m) — (n— a)') = ? X s* (««' — />?) • •• No. 4. 

that is, the difference of the elliptic arches MD and N^, reck- 
oned from the two given points M and N, is equal to the alge. 

braic quantity , x «* i*^ — /?) • where a and ^ are to be 

determined from p and q by the formula, No. i ; and the relation 
of ;c andx^ isexpreffed by the formula. No. 3. 

If we fuppofe M to coincide with B, and N with A, (fig. 97, 
pi. 5,) then pz=i o q =, CA= 1 •, and the formulas, No. 1^ 
give ^zzn-+-\/(i — t*;, iz:i — V(i — ^^} 5 and the formula, No. 3 

gives y( I — £*) =: '^ ( J : and m this cafe the 

difference of the two elliptic arches BD ScAdy reckoned from the 
extremities of the quandrant, is equal to a* X ocx ; and this will 
be found to be nothing more than Fagnani's well known 
Theorem. 

If X be taken equal to x'; fo that the points D & df come toge- 



l—a^ 



tber in H : then y^(i — £*) — — -;p~ , therefore ;c» = CK'=: 



1 



., —■ r-; and the difference of the arches BH & HA= 

1 4- /(l — e ) 

s* Jp*= — - — 7- -^ =1 — /(i — e'j ~ the difference of 

the semi-axis of the ellipfe, 

2d. Let us now proceed to the hyperbola. Let C (fig. 98, pK 
^0 be the centre, and CA half the greater axis of an hyperbola : 

b a Let 
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Let wictJ denote the variable arches AD, A^/, and xB^^' the dlf. 
taaces CE & C <? of the correfponding ordinates irom the centre: 
then if the femi-axis AC be i, & the excentricity or diftance oi the 

focus from the centre be s ; we fliall have u = ^{^x^-^ i) 

3^d ^^^ ^/(^^f-O; or writing R&R' for /(i» a^- and 

It is manifeft that- * ~ ^1 ' = a* : and if we put;^=«y(**-t) 
A- X i/txi* — i) and* = a/ /(^t* — »)— * V(*'' — »> we ftaH 

^^ r \ ' "R -4- R' R R' 

likewlfe have;» X z =««— «" : therefore — ^; — X -j- 

""Suppofe that when the point D coincides with M, that rfcoin, 
cides with N : put AM = ;» and AN = n and let ^ and ^ deno e 
CP and CO which afe the contemporary va.iies ot x and x : i-ei 

« = f</ p^-D+pVif^-^ \ No. I. 



then a x ^ — 5*. 

Therefore. R±^'x^' = « X «; a formula which 

holds Rood whatever x, »\ p and ^, denote. Now, by purfuing 
the reffoning exaaiy in the'^fame manner ^s has been done m the 
cafe of the ellipfe, we fhall find 

I R'= la-b) x! i/(** -*) + (« + *)* v/(* -^>J 
where « and «' have to one another the relation expreffed in the 
formula. 

Let the firft of the equations, No. », be mukipUed ^Jy^^y 

«,d the fecond by - Jr^,) '. ^'"^ ^'''"^^ '^^'^ '^' ''^'^''"" 

gether, 



li 
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getlier, we ftiall find an equation that may be integrated, and of 
which the fluent is 

zo+w'=:^::tA xx' + ^'JZt /{(;»«— i)(**-i)}4<I., No. 4;. 

from this equation rhe quantity C will be ex tetmmatcd fey- means of 
nif n, p and q, which are contemporary values of zz/, w\ x and a' : 
and if^ for the fake of fimplicity, we further exterminate the radi- 
cal quantity by means of the formula, No. 3, we fllall finally obtain 

/'az-wi^— fn— ry'Wj-^ X e*^ x x •-- p q V..N0.5/ 

that is, the difference of the hyperbolic arches* MD andNrf, reck- 
oned from the given points M and N, and correfponding to- 
« and * of which the valuation is expreffed by the formula, No. 3, 

2 

is equal thealgebraic quantity — r- / X s X {xx* — pq). 

The property that weTiavejuft inveftlgated for the hyperbola 
is equally fimple with that before fpund for the ellipfe, and is 
quite analogous to it. We have thus another property, in addi- 
tion to fo many others already known, common to the two curves, 
and admitting of an enunciation in the fame words. Many cu^ 
rious properties may be deduced from the expreffifons, marked 
No. 4 and No.- 5 : but I fhaU here confine my attention to one 
only, which effects for the hyperbola ^hat Fagnani*s theorem docs 
for the ellipfe. The property I allude to is^ in eflFect, contained 
in the formula, No. 4, and may be derived from it by making j> 
and q equal to their extreme limits ; that is, by taking p infinitely 
great and q r=: 1 : but, as this method of dedu3ion would intro- 
duce notions that, in flriflnefs, may be obje£led to» I Ihall give 
^ rigid inveftigation of it. 

Refume tlie formula — IC — x -1 n e* which fuppofes 

no relation between x and «' ; and let us fuppofe that thefe vari- 
able quantities are fo related that R -if- R' = £>; then, of confc- 
quence, R — R' zz sz ; whence, by reftoring the values of y 

and z : 

R'=:6*/U'.— 1). 

And we {hall readily find that the relation of * and *', which 
thefe formula involve, may be thui fimply expreft ; 

i/ J {**-!) (*'*-!) J =:i/(s»-i) No. 6. 

Multiply 



^ 
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Multiply the firfl of the two formulas by -77 r» and 

the fecond by v; - ? 2 JZ — \ ' ^^^ '^^ refiilts together ; take the 

fluents ; and there will come out 

w + tv' + C zz s XX ..No. 7. 

Draw the afymptote of the hyperbola, (fig, 99, pi. ^.'^ and 
produce the ordinates DE, de to meet it in S and R : draw AF 
parallel to the ordinates ; take CT a fourth proportional to CF 
(=6), CR and CS, and the formula, No. 7, amounts to this, 
•' That the excefs of the line CT, above the fum of the two hy^ 
perbolic arches A^, AD, is a conftant quantity C, provided * and 
X fatisfy the formula, No. 6-" 

The formula, No. 6, (hews that x becomes indefinitely great 
when / approaches indefinitely to unity : whence it is eafy to in- 
fer that the conftant quantity C is the excefs of the whole afymp- 
tote infinitely produced above the whole hyperbolic curve infi- 
nitely continued. 

The conftant quantity Cwill be moft fimply determined from 
the cafe when x=zs^i in this cafe the formula, No. 6, gives 

aFz==r ^^ ^whence this conftruftion, ♦• Tate fG 

r=:FA, and CL a mean proportional between CF and CG; 
then, the conftant quantity C, or the excefs of the hyperbolic 
curve above the afymptote, both infinitely continued, will be 
equal to the excefs of the line CG, above twice the hyperbolic 
arch AH." 

I add one more theorem. -* Having determined the points H 
and G as above, let flfexDEzrHK*; and take CT a fourth pro- 
portional CF, CR and CS : then the excefs of the arch HD abuve 
the arch Hd will be equal to the ftraight line GT; or, which is 
the fame thing, the excefs of the fum of the arches AD and Ad, 
above twice the arch AH, will be equal to the ftrai?ht 
lineGT." 

By this Theorem the reftification of an Arch AD greater than 
AH, is reduced to the reftification of another arch Ad lefs 
than AH. 

3d. We proceed now to the parabola. I^et AE (fig. 100, pi. ,5.) 
be the axis: put AE= «, Aez=z.x' and let w and w' denote the 
correfponding arches of the parabola : then, 45 denoting the pa- 
rameter of the axis, we have, tizs: .-^ y/(e 4- x) and a/ 

-/rw . /(^ + ^'^^'^ ®^' wntmg H and R' for the radicals 



'I 
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w :=z: — : — 1 • 



R«_-.R'* R+R' R_R 



v^(5 + a:)and ^(f -|-jc;), ri' =777^^, and 

It is manifeft that . ^ y— y. ^ ^-^ ... 

whatever x and x' denote. Suppofe AM (zz= m) arid AN 
(==«) to be contemporary values ot w, 8c zv* and APrr ^ and AQ 
^=: y to be the correfpondiag values of x and x' : put 

r'(/^-^^^^^ ..." No.i. 






, R^R/ R_R' 

then d X ^ = 1 : and —, — : — ^-j + -; 7-7 =: tf X ^. 

y^x-H yx y^jf — y;if 

The formula juft found fuppofes no relation between the vari- 
able quantities x and x\ we may, therefore, fuppofe R + R' zr ^r 
\^x -+- a ^x\ and it will follow that R — K z=:b ^x — b '^^i 
whence 

2 R == (fl-f- 1) y/^ + (fl — b) yx' 
2R'=z(,a — b) (/*+{« -4-3) y/se 

two formulas that involve a relation of x and x\ more fimply ex- 
prefled by the equation 

4f z=z{a — b) X lai^/x-^y/x'Y — b (/x— i/j:')«\No.2f 



X . X 



to '•¥' w 



Multiply the two forjpaulas for R and R' by — ^ and re- 

fpeflively, and having added them together we fhall ftill find an 
equation that is integrable, and of which the fluent is 

a; + a;' = C-+-'^-^X (^«+^') 4-(^ — ^j XV(*:^) . .N0.3. 

and, if we further ej^terminate the radical s/{x9^) by mean* 
of the formula, No. 2, and change the conftant quantity we 
(hall find 

= 7:b^(*+0 + ^ ^^-3- 

In this formula C will be determined by any contemporary va-. 
lues of ty, a/, x and *, as m^n,p and q : thus wie have 

(w—m) — (n — zV) = ^-jr^X \ ('♦/^)— fj'-^*) / No. 4. 

That is the difference of the parabolic arches MD and ND is to 
the difference of PE and ^Q as {a -|- i) to 2. 

I fliall not profecute this fubjeft any further at prefent, but may 
refume it on another occafion. 

ARTICLE 
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ARTICLE iV. 

A Geometr-iCAL Porism, with two Examples of its dppli^ 
cation to the Solution of Problems. i[y ScoTie u s. 

THE following Fori fm is extremely fittple and obvious; it 
affords, however, a good example of the peculiar nature of 
thofe propofitions, and ot their ufe in the folution of geometri- 
cal problems* 

PORISM. fig. 101. PI. 5. 

Let A and B be two -given. p(niits, and CDE a circle givert 
by pofuion, there is a given point P in the ftrsight line joining the 
points A, B, fuch, that if from P any ftraight line whatever be 
drawn, meeting the circle in C and-D, the. points A, B, C, D< 
fliall be in the circumference of a circle. 

Suppofe the porifm to be true ; take C' any given point iathe 
circumference of the given circle, and join C'r meeting the cir- 
cle again in D', Becaufe the lines PDC, PD'C meet the circle, 
eP*PD =r CP'P'D' ; but by hypothefis the points A, B, C, D^ 
are ii> the circumference of a circle, and, therefore, CP'PD =: 
APPB, therefore, AP'PB rz CP'PD', fo that the points-A,B, 
C, D', are alfo in the circumference of a circle; now A, B, C* 
are given points, therefore, the circle pafling through them and 
D' is given by pofuion, and hence the point D'and the line CD' 
are given by pofition ; therefore P^ the point in which it meets 
AB« is given, as was to be .shewn. 

CoNSTROCTiON. Take any point C in the circumference 
of the given circle, and describe a circle through the points A, 
B, C', meeting the given circle again in D' j join Cl>, meeting 
AB in P, the point required ; that is, if from P, any ftraight line 
. be drawn, njeeting the circle in C and, D, the point* A, B, C, D, 
will be in the circumference of a circle. The fynthetic deraon- 
ftration is fuSciently evident, as alfo the limitation of the 
data. 



PROBLEM I. 
(Sirtjpfon's Geometry, Problem 45,) Fig. 101. Plate 5. 

Todefcribca circle that fliall pafs thrpughtwo given p^oints 
A, B, and touch another circle C» £, D, given by pofition. 

Construction. 
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QoNSTRUOTiON. Take any point C in the circumference 
of the given circle, and defcribe a circle through the given points 
A, B, C\ which will touch the given circle in i point D, (in which 
cafe the thing required is done,) or will cut it ag^in in a point 
D'; join C D' meeting AB in P, and draw PE touching the given 
circle in E ; a circle defcribed through A, B, E, is evidently that 
which is required; the demonftration is evident. 

PROBLEM IL 

(Simpfon's Geometry, Prob. 15, or Sele£l Exercifes, Prob. 49.) 

Fig. 102. Plate 5. 

From two given points A, B, to draw two ftraight lines AD,* 
BD to meet in a ftraight line MN, given by.pofitioh, fo that AD 
-|- BD, may be equal to a given line. 

Construction. OnB, one of the given points as acen- 
tre, with a radius equal to AD -f- BD, the given line, defcribe a 
circle ; from A, the other point, draw AH perpendicular to MN, 
and produce the perpendicular fo that HK =z HA : through the 
points A, K, defcribe any ,jcircle whatever that may nieet the 
other circle in F and G ; join GF meeting AK iii. C, and draw 
CE, alfo Ce touching the circle whofe centre is B in £ and e;' 
join BE, Bs, meeting MN in D and S, and draw AD, AS ; then 
AD, BD, alfo AJ, BS, aire the lines required. 

Demonstration. Becaufe KC-Cx\ zi GC-CF = EC, 
the line EC is a tangent to a circle paffing through A, K, E, 
therefore, its centre is in the line EB ; but becaufe MN bifefts 
ABat right angles, its centre is alfo in MN^ therefore, it is at 
D the interfeSion of EB and MN ; hence AD =1 DE, and AD 
-4- DB zz EB, the given line. In the fame way it may be fliewn 
that AS + SB z: the given Jine. 



ARTICLE V. 



GEOMETRICAL PROPOSITIONS. 

I 

By Mr* Ivory, R. M. College. 

THE Propofitions of which I propofe to give the Geometrical 
Analyfis, were publifhed without Solutions by Du Stew- 
art, at the end of his General Theorems: andthey were 
given by him as fome of the properties of the circle that had oc» 
curred in the invelligatiou of thole remarkable projpolitions* They 
Vol. I. Part II. c ar« 
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arc of that clafs called by the ancients, Porifms ; the nature o 
which, before very obfcure, has been fully elucidated by the 
learned Profeflbr Playfair, in a memoir that completes the 
reftoration of the moft difficult branch of the ancient Geome- 
try. 



PROPOSITION I. PORISM. Fig. 103. Pi. 5. 

liCt there be a circle given by pbfition, and let A, B, be two given 
points : a point C may be found within the circle, fuch, that 
if through the point C there be drawn any line meeting the cir- 
cle in D and£, and AD, BD, A£, BE, be joined; the reft- 
angle ADB will be to the reftangle AEB as CD to CE. 



ANALYSIS. 

Take O, the centre of the circle, and join OB: draw GH 
through C at right angles to BO, and join AG, GB, AH, HB : 
join alfo AC, and let it meet BO in F. Then, becaufe GH is 
drawn through C, by hypothefis, 

AG X GB : AH x HB :: GC : CH; 
but, becaufe GH is at right angles to BO pafling through the cen- 
tre of the circle, it will be bifeSed by BO : therefore, BG = 
BH, as it is eafy to proVe : therefore, 
AG : AH :: GC : CH. 

Therefore, the lin^ AC will bifeft the angle G AH. Suppofe 
a circle to be defcribed about the triangle GAH : then, becaufe 
the angles GAF, HAF are equal, AF will pafs through the mid- 
dle point of the arch of the circle fubtended by GH : and be- 
caufe BO bifefts GH at right angles, B will pafs through the 
fame point: therefore, F, cannot but be the middle point of that 
arch. Therefore, AC x CF = GC X CH ^ DC X CE. 

From what has been {hewn, it follows that the points A, E, F, D, 
are in the circumference of a circle: let the circle be defcribed, 
and let FK be a diameter: draw DP, EQ, perpendicular to AF. 
Then, (Prop. C. VI. Simfon*s EuclidJ ADxDF=:FKxDP 
and AE X EF = FK X EQ : 
therefore, 

AD X DF : AE x EF :: DP : EQ :: DC : CE. 
But, by hopothefis, 

AD X DB : AE X EB :: DC : CE ; 

therefore, 

AD X DF : AE X EF : : AD X DB : AE X EB. 

Hence, 
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Hence, it is eafy to infer, that 
FD: isDB:: FE:EB. 

Attending now to what is demonftrated in the analyfis of the 
fecond Propofition of the fecond Book of the Loci Plani of 
Apollonius, we muft conclude from the laft analogy, that the 
reftangle BO x OF, is equal to the fquare of the femidiameter 
of the given circle. Therefore, the point F is given; and the 
line AF is given by pofition. Since then A and F are given 
points, and fince what has been (hewn in regard to D£ is 
true of any chord pafling through C, we may affume the 
point D any where in the circumference of the given circle:, 
then the circle ADE will be determined, and of confequence 
the poinl E : therefore the point C, which is the interfeftion of 
AF and DE, will be given. 

Hence this conftruftion : draw BO to the centre of the 
given circle; take OF a third proportional to BO, and the 
iemidiameter, and join AF ; aflume any point in the circum* 
ference of the given circle (not in the fame (Iraight line that 
the points A and F are), and through A, D, F, defcribe a circle 
cutting the given circle again in E : join DE, cutting A F in C, 
and C will be the point fought. 

The curious property of the point inveftigated in this Propo- 
fition may be made more general, as in the following Theorem. 
In order to render the demonilration more fimple a lemma is 
premifed. 



PROPOSITION II. LEMMA. Fig; 104. PI. 5. 

In the triangle ACB, let CD bifeft the angle ACB, and let 
AE and AF be drawn to make equal angles (BAE, CAF) with 
the fides AB and AC, and to meet CD in E and F : then 
BE and BF being drawn, AE will betoEB as AF to FB. 

From F and E draw the perpendiculars FG, FH, FN, EK, 
£L, and EM : ihen becaufe CD bife3s the angle ACB, it is 
obvious that FG = FH and EK = EL. Becaufe the angle 
BAE is equal to CAF ; therefore the triangle MAE will be 
fimilar to the triangle FAG; and the triangle NAF to EAK: 
therefore, 

AE:EM::AF:FG 
AE:EK:: AF:FN. 
Confe*quent]y, 

EM : EK :: FG : FN ; 
that is, 

EM:EL::FH:FN. 

Now the angles MEL, and NFH, are likewife equal to one 

c 2 another. 
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another, for each of them is the fupplement of the angle at B : 
therefore the triangle MEL is fimilar to HFN, and, ccnfe- 
quently, the angle HNF is equal to the angle ML£. ^ But the 
angle HNF is equal to HBF, and the angle MLE to MBE, as 
is obvious : therefore the angle HBF is equal to MBE, and the 
triangles FBH and £BM are fimilar to one another ; 
Therefore, 

EB : EM :: FB : FH ; 
l^ut as was before {];iewn« 

AE:EM:: AF:FGorFH. 
Therefore, 

AE : EB :: AF : FB Q. E. D. 

Cor. If AE and AF be drawn^to make equal angles with 
BA and AC. Then BE and BF will make equal angles with 
BA and BC. 



PROPOSITION III. THEOREM. Fig. 105. PL 5. 

Let there be a circle, of which O is the centre, and two points^ 
A and B, as in Prop. 1. ; and let C be the point found in that 
Propofition : draw AO, OB, to the centre, and through C draw 
MN parallel to OT, the line that bifefts the angle AOB : let CD, 
C£, be any how drawn from C to meet the circle in D and E^ 
and to make equal angles with MN, and join DA, DB, £A, ER, 
then the reftangle ADB is to the reftangle AEB as CD to CE. 

DEMONSTRATION. 

Let RS be drawn to bifefl: AF at right angles, and let it meet 
OB in S : draw OH at right angles to DC, and OG ajt right 
angles to EC, and let OH and OG meet RS in H and G ; 
join AH, AG, AS, DF and EF : draw OR perpendicular to 
RS, and DP, EQ to AF : and let DC, and EC, meet the circle 
again in </, e. 

Then, becaufq DC, EC, make equal angles with MN, there- 
fore OH, and OG, which are perpendicular to DC, CE, will like- 
wife make equal angles with MN, or with OT parallel to MN : 
and becaufe the angles AOT, BOT, are equal, as well as the 
angles HOT, GOT, therefore the angle AOH is equal to the 
angle BOG. Again, becaufe RS bifefts AF at right angles, it 
is eafy to infer that AS will be equal to SF, and that the angle 
ASO will be bifefted : therefore appiying to the triangle AGS 
what was demonftrated in the precedmg lemma, it will be 

. 0H;HA::OG:GA; 

whence it iii eafy to fliew, that 

OHX DP:OG xEQ::2HAxDP: aGAxEQ. 

From 
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From the nature of the point C, the four points A, D, F, d^ 
are in the circumference of a circle : now the centre of that cir- 
cle mufl be in the line OH, w^^ich is perpendicular to D^, and 
bifeQs D^ ; and the fame centre muft likewife be in the line RS, 
becaufe RS bife£ls AF at right angles : therefore, H the concur- 
rence of OH and RS, muft be the centre of the circle paffing 
through the point A, D, F, d» Therefore, aHA is equal to a 
diameter of the circle pafling through A, D, F, i/; and the re&- 
angle 2HA x DP is equal u> AD x DF (Prop. C. VI. Simfott's 
Euclid). In like manner it is (hewn, that 2 GA >c £Q=: A£ X 
£F. Therefore, on account of the analogy before d^monftrated^ 
OH X DP: OG X EQ :: AD x DF : AE x EF. 

Becaufe OH is perpendicular to DC, and RS to AF, there« 
fore the angle DC A is equal to the angle OHR, and the triangle 
DCP is fimilar to OHR. Therefore OH : OR :: CD : lyP, andi, 
confequently, OH x DP=ORx CD. In iikq m ^mner it is 
fhewnthat OG x EQ = OR x EC 

Therefore, 
OH X DP: OG x EQ :: OR X CD : OR x CE :: CD : CE* 
And combining this, with what is (hewn above, 

AD X DF : AE x EF :: CD : CE* 

Becaufe, BO X OF, is equal to the fquare of the femidiameter 
of the circle, it follows, fomewhat is. demonflrated in the fecond 
Propofltion of the fecond Book of the Loci Plant of Apollonius> 
that 

FD: DB :: FE:EB. 
Hence, 

AD xDF:AExEF::AD x DBiAExEB, 

But, as has been (hewn, 

AD X DF : AE X EF :: CD : CE; 
therefore, 

AD X DB : AE X EB :: CD : CE. 

Q.E.D 



fTo he continued,) 
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ARTICLE VI. 



Solution of a Dynamical Question^ By Mr» Ivory. 

THE following question in Dynamics is Prop. 3CI. page 1 31 , of 
Simpfon's Mifcellaneous Trafls ; and it is alfo refolved in 
Mr. Atwood'sTreatifeonRcftilineal Motion : but the folutions of 
thefe two authors bring out very different refults. Mr. George 
Sanderfon, of London, having pointed out the above circum- 
ftance to Mr. Ley bourn (in a letter, an extraft from which 
was (hewn to me), I was led to confider the problem ; and, in 
confequence, found out the folution I am now to explain. 
The queftion is thus propofed by Simpfon : 

*• Suppofe that a thread, ACnC'A', having two equal weights, 
A^A'y fufpended at the ends thereof, is hung over two tacks, G,C', 
in the fame horizontal line ; and that to the middle point of the 
thread (n), equally dlftant from the tacks, another given weight 
B is fixed, which is permitted to defcend by its own gravity, fo 
as to caufe the other two weights, at the fame time, to afcend; 
it IS propofed to find the law of the velocity by which the faid 
weights afceuiji and defcend, abftrafting from the refiftance of the 
air the weight of the thread, and the friftion on the tacks." , 



' 1 




SOLUTION. 

Draw «D perpendicular to the horizontal line CC'; then it it 
obvious that CD = CD. Let CD =: a, D« n x, and Cnzzy : 
alfo let g=: 32^, the meafure of the accelerating force of gravity. 

Put T to denote an indefinitely Xmall interval, or the fluxion of 

the 



/ 
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the time, which ii fuppofed to flow uniformly : then the velocity 
of the weight A in afcent =i ~ ; and the variation of the velocity 

r 
V 

:=. -^. But the weight A cannot afcend at all, unlefs its gravity 

be counterafted, and an additional force be impreffed upon it 
equivalent to produce the aftual velocity in afcent. Therefore, 
the force (conftantly afting on each particle of A), neceflary to 

caufe A to afcend with the velocity -rismeafuredby rg-+-?^ j 

and the whole motive force afting on A is, therefore, = Lf + 2L\ X 

A, an expreflion that, for the fake of brevity, we fliall denote by F. 
Now the motive force F, by which A is urged upward, being de- 
rived from the aftion of the weight B ; therefore B will be reafted 
upon in the direftion nC by an equal motive force, F. But the 
force in the direftion «C may4)e refolved into two others : one 

^IT- X Fir-X F, urging B in a dire£lion parallel to DC ; and 

another force z= -r-^ X F = - x F. urging B in the direSion 

72D, and retarding the defcent of B, 

. Becaufe the weight A is equal to the weight A', and that each 
of them afts in a fimilar manner on the weight B : therefore, the 
cfrea of the weight A', is, in like manner, refolved into two forces 
afting on B; one in the direftion DC, and precifely equal 
to the former force in the direftion DC, and, therefore, deftroy- 
ing its effeft : and another force in the direftion wD, likewife 
equal to the former force in that direftion, but confpiring with 
it to retard the defcent of B, Therefore, the whole effeft of the 
two Wfeights A and A' on the weight B, is equivalent to a motive 

force zz 2 X - X F zi X (^ + .^ ] X 2 A, direftly oppofing 

the defcent of B. 

Again, the velocity with which B aftually defcends is = :- 

T 

and the variation of that velocity, or the accelerating force with 
which B aftually defcends =: ^. Therefore the accelerating 

T 

force 
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force conftantlydeftroyed by the conneftionof B with the weight 
A, A'=^ — _;_: and the whole motive force confiantly 



lofts: 
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X B. 



Now as the motive force conilantly loll by B, muft be equal to 
the motive force conilantly retarding its defcent, we fliall have. 

-;x(,+^)x.A=(,-|)xb' 

where y^ zz a^ -{* x*, 

Hov^yy =: xi : therefore -=4. Let -— z: »t : then by fub^ 

y X 2A * \ 

ilitution and properly ordering the terms, we get, 

T 

and taking the flaents, recolleSin? that r is conflant, ' 

S£jti!=^ X(mx—y)+d 

where d is a conftant quantity neceflary to corre£ltbe fluent. 



XX 

In the lall equation fubllitute «-^ for its equal ^', and alfo v for 

mi 

-T, which is the meafureof the velocity of B,correfponding to «D 

r 

or or, and we fliall obtain 

which correfponds exa£lly with the expreflion for the velocity ob« 
tained by Simpfon. 

Therefore, by the folution juil given, the accuracy of Simp^ 
fon's conclulion is confirmed. 
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The force gL oppofes the force GH, and their diflTerencc 

J = Iw — q) fin.JpA only a£ls on the cylinder, and is employed 

la urging ft torllipofiFthe fupport A. No part of this force can 
he deftroycd by the force AN afting at right angles to it. We 
may fuppofe it to be counter-balanced by a weight P = [w — q) 
lin. ^acting in the dircftion of the axis ot the cylinder by means 
oi a thread pafling over a pulley. 

The renaaining forces ^M, GK, and AN, are now all parallel, 
Jin4 may he in equilibrio. The conditions are, firft, that the 
fiirn of the forces eM and AN be equal to the force GK ; and, 
Secondly, that the iorcc^M be to the force AN as GA to G^. 

Thus we have 

GA : Gg :: q cqL (p : (tv — q) fin, f 
wlieaoe 

GA : gA :: q :w. 

The weight P =z {tv — q) fin. (p, becomes fmaller and fmaller 
M the angle p becomes lefs and lefs ; and the angle (p may be fo 
very fmau that the friflion at A, together with the refiftance of 
ihc fluid, may be a fufEcient counterpoife to the tendency to 
-flip. This muft be fuppofed to be the cafe in the loth queftion 
of the Gentleman's Diary for 1789 ; for otherwife the equili- 
i)jrium fuppofed in the queftion could not fubfiftl Taking the 
^umbers in that queftion ; AD = 36 inches, the diameter of 

Jthe cylinder zr ^ of an inch, AC reckoned on the axis =13 

4 
inches, AB =: 3 inches and the weight of a cubic inch of the 

lluid =: o'£949 oz. avoirdupois. Hence qzzi ^ X 07854 

>f «3 >C 0'5949= 6*045 oz. nearly; and Agz=z 24-J^; AG zs 
18 : therefore 18 : 244- - 6045 : 8*228 =zto r=: weight of the 
cylinder required. 

The angle <p will be det<Jrmined from this equation 3 = 

13 fin. |)— I cof. ^; whence (in.(pzzO*2g8g and cof,<p~ 0*9660; 

therefore the force AN, or the preffure at A = (zt; — q) cof. <p 
=: 2*099 oz. and the weight P, equivalent to the tendency to 
flip off the fupport A, = (z^ — q) fin. (p=: '0*564 oz. or foine- 
thing mor^ than half an ounce. 

fi. If it be required to have regard to the dimenfions of the 
cylinder, in the folution of fuch problems as the foregoing, 
it will become ncceflary to determine the centre of gravity of the 
part of a right cylinder cut off by a plane oblique to the axis. 

For this purpofe let it be required to determine the centre of 

gravity of the cylindrical hoof, ABC (fig.,139, pK 8.) Let the 

oblique 
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oblique dHptical ftnrface of the hoof touch the circular bafe in A, 
and let ACB be a is Aion by a platie palling through A and the 
axis of the cylinder t alfo let DEGF he a feftion by a plane per* 
pendicular both to the ba^e and to ACB : then it is eafy to prove 
that the feftion EF is a reftangle, that DH = HE and FK sa 
KG, and.that, having drawn KH, it is parallel to BC and r: FD 
or GE. Bifeft BC in L, and draw AL meeting KH in M : 
then, it is obvious, that KM =: MH, and that the point M it 
the centre of gravity of the reftangular fe6iion EF. Thus, the 
centresof gravity of all the fettions of the hoof by planes pa»» 
rallcl to EF are in the line AL : therefore the centre of gnavity 
of the hoof itfelf will be in the line AL, 

Let S reprefent the fuperficial content of the feftion of a 
folid homogeneous body by a plane, and x the difiance of the 
fe£lion from a given parallel plane; thenyS;ifx (taken between 
the limits of the greateft and leaft values of x, that is, from the 
value of X where S is neareft the given plane to the value of x 
where x is moft remote from that plane) = the folid content o€ 
the' body multiplied by the diftance.of the centre of gravity from 
th^ given plane. To apply this formuhi to the cafe in band, 
put (p 3= meafure of the arch BD, BC = A, and r 
zz: radius of the circular bafe : then DE = .2r (in. (p, DF 

=rKH=|§ X AH= 4. X r (t + cof. (f) n ^ (H- coC. 

jf); therefore Srr Ar(i-*-cof.<p)fin*^:alfoArr=r(t — cof. (p); 
therefore Sxi z:zhr^ x (p fin.* (p (i •+- cof. (p) (i — cof. (p) 

Ar» X ^fim*^=c:Ar' X ^)l — i'«<>f-*?-4-| cof. 4 <p 

thtreiort /Sxizzir^ X^S(^^^fiii. s ^-i- JL So. 4 f> v: ao^ 
taking the whole fluent from xzzoiox:^: 2r, or fr^m ^ := ^ 
to f zz femi-circumference = «•, we have / Sxizzz hr^ X ^» 
Now the folidity of the hoof = a cylinder on the fame bafe and 
lialf the he^ht zsz hr* x -^ Therefore the diftance of the 
centre of gravity of the hoof from a plane touching the cylindri- 
cal fnrface in BC- ?"^' ^ f - = - ^. ' Hence, iio be the cftt^ 

»r X -jf * 4 

tre of the bafe, take omzzz '^ r, and draw mn parallel to BC* 

meeting AL in n^ and n will bethe centre of gravity of the hoof 
requirol. 

dja It 
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It is now eafy to find the centre ot gravity of a potion of a 
right cylinder cut off by a plane oblique to the axis. Let PzooQ 
be the axis, r the middle of <7Q, or the centre of gravity of the 
cylinder AN; join nr, and makenT to Tr» as the cylinder AN 
to the hoof ARC, that is,-^s OL to OP, and T will be the centre 
of gravity of the whole portion of the cylinder cut off by the ob- 
^ lique plane AGFC. 

Draw ns andX^ perpendicular'to PQ : Then szv zi - wo=: 

i P^ and rw=i i PQ ; therefore rj = 4 PQ + g PO : 
but Po : QP :: rT : nr :: qr : rs ; 

t P/3* 

therefore rq-zni^Po + ^. ^y^. Hence 

1 Po* 
Q? = iPQ4-g. p^ 



Tq 
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3. Now let it be required to refolve the problem confidered in 
§ 1, taking into account the dimenfions of the cylinder. Let G 
(fig. 140. pi. 8.) be the middle of the axii AD, or the centre of 
gravity of the whole cylinder, and s the middle of the part CD: 
put AD =:a, As = ^, 2r z=: diameter of the cylinder, and p 
=: angle ACB =: inclination of the cylinder to the furface of 

the fluid : then take ir. ssz > / ' fv and rjr = s-7 ^, and 

16 [a-^b] ^ 8 (a— ^) 

g will be the centre of gravity of the immerfed part of the cylin- 
der (§2). Then proceeding asJn ^ 1, the force of gravity GE 
(zr isyi weight.of the cylinder) will be refolyed into two forces, 
the one GK n zu cof. (p, a£ling at right angles to the axis of the 
cylinder ; and the other GH =: zo fin. (p, aSing parallel to the 
axis: and in like manner, the force of the fluid on the immerfed 
part of the cylinder^ ^F (zz q'=z weight of a portion of fluid equal 
m bulk to the immerfed part of the cylinder) will be equivalent 
to two other forces, one ^M zr q cof. (p, perpendicular to AD, 
and one gL ^=z q fin. (p, parallel to DA. 

The forces GH and ^L oppofe one another: join G^, and 

f)roduce it p^ making w. — q : q ''• Gg : Gj^, and draw pn paraU 
el to the axis of the cylinder : then the two oppofing forces GH 
and gL will be equivalent to a fingle force applied to povn and 
=: (o — q fin. (p, the difference of the forces GM and^L. No 
part of this force can be deflroyed by the preffure on the ob- 
ilacle (friction being excluded) which rea£ls on the cylinder in 

a direClion 
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a dire^ion perpendicular to the axis. >.We ihay fappofe it ta 
be counter-balanced by a weight P zz (w — ^) fin* f>» a&ing 
in the direftion pn by means of a thread, fattened to the point «, 
pafling over a pulley. The diftance of n from the ceeire of the 

1- J A r^cot. (p a 

cylinder, or « A =: ^ ' £ v X — ~ — • 
' o (a — a) w — q 

From the conditions neceffary to the equilibrium of the other 
three forces, we eafily deduce, as in § i , 

OA : rA :: q : w 
or in fymbols 

, r* cot.* (p 

16 (fl — b) ^ 

and the preffure on the obftacle = (a; — j^) cof. (p. 

Taking the numbers iii § 1, we have^ =: 6*045 ^^' ^ ^^ 3^» 

i = 24^ : and (p = 14° 59' : and r = | : whence 

18 : 24*489 :: 6*045 : 8*224 oz. = w the weight of the 
cylinder required. 

4. Suppofe now tha^ AD (fig. 141, pi. 8.) is a long cylin« 
drical beam of timber, moveable at one end round an axis (pafling 
through the centre of the cylinder at right angles to its axis) sup- 
ported by a prop AB of a given height above the fur face of a 
fluid in which the beam floats: it is required to determine the 
pofition in which the beam will reft in equilibrio. 

Let c = height of the centre of the axis, round which the 
beam turns, above the fur face of the fluid ; a z=z length of the 
cylinder, and 9 = inclination to the fur face of the fluid : then 

j« ^ = length of the part of the axis of the cylinder out of 

the fluid, and (a — r: ) == length of the immerfed part : let 

tt^ IT' weight of the cylinder, w' r= weight of a portion of fluid 

equal in bulk to the cylinder, then (i ?—— ) X »' =3 

weight of a portion of fluid equal in bulk to the immerfed part 
of the cylinder. Take Dr = i (a — g~) H- |» ^ ^^ • f 

im. 9 



^a ^^* 4 



(ar being the diameter of the cylinder) znd grz: - . ^ ^^^' ^ ; 

un. (p 
then 
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I 

then will^ ht tht centre of gravity of the immerfed part of the 
cylinder : draw the vertical line gF meeting the axis AD in m ; 



1 r« 



then rm ^sigr X ^n. (p ss= -• : hence A« =: AD, 

a —^ ye " 

fin. f 

T% 1 / 11 ^ \ 1 2r' + r^ cot, (p 
Dr~m^i(ix + |jj^) — ^. 2mr~' 

fin.(p 

The only forces that aft on the beam are the force of gravity 
-^ o; (the weight of the beam) in the dire&ion GE, and the 

force ^F zz (i ^ ) X zv\ and the beam will be in equili. 

hrio in that pofition where thefe two forces are in equilibrio, that 

18, when 

AG : Am :: force ^F : force GE 
or, in fymbols, 

« , . c . 1 2r* + r*cot.'(p . ^ \ t 

i ^ ^ Un.(p' 8 c ^ a fin. (p' 



tf— 



fin. (p 



c* r^ . . ... . a; 



"^"^^^' - fST^^l" X (^ "^ «^*-* ^) =^'- 5?' 



r» 



and fin. p = 4/ — ^ *;• 

If in the formula juft found, we make c* H ::zd^ (t >) 

4 » 

— — ox c ts2 ^<d^ (i ;) — —ft then fin« $ r=: i and 

p r=: 90** : therefore when c has this value, and much more 
when c has a greater value (in which cafe the formula gives the 
Value of fin. (p greater than the radius) the beam will not reft in 
equilibrio in any pofition oblique to the horizon : but, when c 
has a lefs value, there will be one pofitron, oblique to the hori- 
ton, as determined by the formula* in which the beam will reft 
in equilibrio. 

Let il be remarked, however, that the formula is limited in its 
applicaiioji ; for it will not apply when the prop is fo lhort,that 
either the lower edge of the upper end of the cylinder is immerfed 
in the fluid, or the upper edge of the lower end of the cylinder 
ri;(esout of the fluid. To inveftigate thefe cafes it would be 

neccflary 
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neceflary^ to determine the centre of gravity of a hoof of a right ' 
cylinder infifting on a given part, or fegment of the bafe. 

5. Suppofe now that the long and flender cylinder (fig. 142 , pi. 
8.) AD, floating in a fluid, is kept in equilibrio by a weight 
P, aSing on the cylinder by means of^a thread ANP paffing oyer 
^ pulley, and faftened to the extremity of the axis of the cylin- 
der : and let it be required to determine the weight P when the 
axis of the cylinder has a given inclination to the furfacc ol the 
fluid. I 

Although this problem may be eafily deduced from the problem 
la ft confidered, yet we fliall give an independant folution of it. 

Let G be the middle of the axis, or the centre of gravity of 
the cylinder ; and S the middle of the immerfed part of the axis %{/; 

1 r* cot.* (p - 
put AD zzia, SD = x, and take Dr = A; + g- — — W 

being the given ipclination of the axis to the furface of the fluid, 

I r^cot^ip , 
and 2r the diameter of the cylinder) and rg zz^ -. — — — ' tncn 

g will be the centre of gravity of the immerfed part of the cylin- 
der ; draw the vertical line ^F cutting the axis in m^ then rm 

r=r ^r. tan. © = -. — : therefore hm =r a — * — -^. • ■■ 

— . - . Alfoif a/ rz weight of the cylinder, and tt/ zz weight of 
4 2;c o y 
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a portion of fluid equal in bulk to the cylinder, then ^ X nf 

= weight of a portion of fluid equal in bulk to the immerfed 
part of the cylinder. 

The forces that aft on the cylinder are the two vertical forces, 

Six 

applied to the points m and A, equal to X to' and the 

weight' P; and the force in the direfUon of gravity, applied tQ 

G, and equal to to. 

fix 
The conditions of equilibrium are firft that zy = -*- X zt/ "h 

P: and, fecondly, that AG : Cm :: — ^ w' : F or to -^ 

— zv' : whence AG : Am :: — x m' * U)» and AG X wz=z 
a a 



22 X 

Am X .^ X w', Qx in fymboU : 



(4- 
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, 1 r* cot.' (p 1 r* . 2X a 

^ 8 2;c 4 2;e' tf a 

Thus \ax — \x^— a*. ~ + |. r* + - r' cot.* <p • 

" 4 

therefore a — 2r, or AC z: / f a*(j — — ,)— ir*— Vcot.*f ^r 

and * being thus known, tLc value of P zz o; — — Y.w' will 

a 

likewife be known» . ' 

But It muft be remarked, that this formula will not apply when 
the cylinder is fo obliquely inclined to the furface of the fluid, 
that either the lower edge of the upper end of the cylinder .is 
ammerfed in the fluid, or the upper edge of theiower end rifes out 
of the fluid. 

If in the formula that' has been found we. put r = o, then 



vy 



AC = a \/(i ^}, which agrees with the refult of Mr, 

Farcy's inveftigation, (page i6i, No* 14, of the Old Series of the 

Repofitory). 

Taking the numbers in the experiment made by Mr. Farcy, 
and of which fome account is given in the Repofitory as above 
cited, we have a = 28*12 inches, 2r zrr vj inches, and a?=r 
^7*65 ounces: the experimenter informs us, that when the cy- 
linder was placed upright and allowed to fink to its equilibrium 
in the water, he obferved 13'92 inches of the axis to be immer- 
fed; but that when the farrie thing was done, inverting the 
cylinder, it funk 14*45 inches into the water : the foi:mer of thefc 

trials gives w' ■=. — --^ x 17*65 oz. and the latttr gives w r= 

— ;^ X 17*65 oz.; and it appears reafonabl€;to prefer a mean of 

the two trials, and thus to take a;' —=•- — = — ~Xi7*6i:or— 7 =; 

,14*215 * "^ V) 

— — ^. lif thefe numbers be fubftituted in the formula we 
28-12 ' 

fliall find AC = y^(390'648 — o'loS cot*^ (p] =r (by throwing 
the root into a feries, and rejefting all the terms but the two firft 
on account of their fmallnefs,) 19'76 — 0*0045 x cot.* (p. The 
Author of the experiiiient informs us, that he obferved 19*5 
inches of the cylinder's axis to be above the water at feveial 
inclinations ; and the theory, which gives 19*76 iifches inftead of 
19*5 agrees ^ well with the fa6l as can reafonably be expeSed, 

con£idei\ing 
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cpnfidering the uncertainty in the determination of vf. The 
corre^ion depending on the inclination of the axis of thecyltAo 
der is manifeflly too fmall to be of any account in the prefent 
inftance. 

We have CD, or 2;e, ==: 8'36 in + *oo45 cot.* ^ : therefore 

w'=. -^ — ^ + i 8*36 4- '004-5 cot.* ^ J =St I0*a0 032. + 

•0055 cot.* 9. In Mr. Farey's experiment the thread AN, 
fattened to the end of the cylinder, was attached to one fcale of 
« balance, the weight P being put into the oppoiite fcale : and we 
. are informed that', while the balance was railed and deprelTed b/ 
means of a pulley, fo ds to make the cylinder pafs into all de- 
grees of obliquity to the furface of the fluid, the fcal6s remained 
as nearly as pojjihle in equilibrio, and the thread vertical, fhfe 
counterpoife, or weight P, being :^ 7*175 oz. neglefling the 
correftion depending on the iiichnation, the theory gives 7*36 
inftead of 7*175 : but when <{) = 6**, then cot. ^ = of nearly, 
and the corre6lion depending on the inclination z= half an ounce 
nearly : thus according to theory the counterpoife, or weight P^ 
ODght to tlimtniih from 17*36 oz. to 6*86 oz., while the cylinder 
paffes. from being perpendicular to the horizon to an inclination 
of 6^. The theory feems to agree with Mr. Farey's experiment 
as nearly as his obfervations afford us the means of judging. 
When the inclination of the axis, in this experiment, is between 
5* and 6°, the upper edge of the lower end of the cylinder would, 
{iGcording to theory, juft come to the furface of the water, an4 
after this the formula we have given would no longer apply : 
but the great length to which this article has already run, ren* , 
ders it improper to add any thing" more oa this iuhjefi 01 
prefent. 



ARTICLE VIII. 

Of ihekngth of an arc of a circle in terms of the iMgenU 

i|yilfr. Benjamin Gompertz.. 

T ET zv and v be the arcs correfponding to the tangents z and 
•*-' t refpeftively, radius being unity. 
Afliune 

a; 1= flz + ^2* 4- cz^ 4- dz^ 4- 6ct. 
and t; 2= ii/ + ht^ + c/* + rf/* ^ &c. 
4, b, c^ d^ &c. being x:oafiaxit (^oaBtkies to be d«teonuied. 
Vox.. I; Part IL ^ Suppofc 
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Suppofe W = 2t/, confeqiiently, 
« 4- iz*-^c^z + flfz* + &c. =2 2tf^ + 2k* + 2c/' + ai^* + &c. 
and by trigonometryt 

2/ 
Z =: ;^ = 2^ + 2/' + 2/« + 2^ + &C. 

2' = 7 — ,jv, -8/' + 24/*-f- &c. &c. &c. 

Confequemly writing thefe values of z, 2*, z^, &c. m the abore 

equation, and tranfpofing the terms we get 



— 2at — %at^ . 



- 2dt^ -+- 2<r/* "J 

— 2at^ I 

— 4^/* — %bt^ I 

-i6flf/^, j. 

Hence, comparing the homqlogous terms we have Stf =: 2« ; 
fi^ — 4^ z=: o, therefore b =: o ; 2c — 2a — 8c or — a,a — 6c 

^ o, therefore c = a; 2d ^ 8b — i6d =: o, confequently, 

3 
fince ^ zr o, ^ is IT o ; 2^ -* 2a — 24c — 32^ ;= o, that is, be* 

caufe c = tf, «zi-a; and the like for the reft of the terms. 

3 5 

Confequentlythe length of an arc of a circle whofe tangent is / 

and radius 1 is 

3 5 3 5 ^ 

which is general for any tangent whatever. 

Now, in this expreflion, it is evi(Jent that the tangent may bc^ 
taken fo fmaU that its ratio to the arc may differ from the ratio 
of 1 to a by lefsthan any aflignable quantity ; and the tangent m^iy 
alfo be taken fo fmall, that its ratio to the arc may differ from the 
ratio of equality by lefsjhan any affignabl^ quantity; therefore 
it follows that the ratio of 1 to a muft be the ratio of equality, or 

tzza; and therefore the ard =r ^ — — -|--^ — &c. 

3 5 
This method of finding the length of a circular arc in terms of 
the tangent, occurred to mefbme years ago on reading a paper of 
Dc Moivrein the Philofophical Transaftions, No. 240, and 
fince then I find the, fame has been effefted by Legrange in his 
Theori^ dc Fohctions Analytique, by affuming the equation «jr 
ir fin/fe^ y'— 1 =: \cofi ^ 4- fin. « V ~ *)"• 

^ ^ ' ARTICLE 
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ARTICLE IX. 

GEOMETRICAL PORISMS. 

J?y Afr. Mark Noble. 

'T'HE following propofitions, though not of difficult invcfti- 
"*- gation, fcrve to illuftrate what I conceive to be a new me- 
thod of condu6ling the geometrical anaiyfis of Porifms, and which 
I difcovered towards theclofe of the autumn of the year 1804* 

PROPOSITION I. PORISM. Fig. 143. PI. 8. 

A plane triangle ABC being given in pofition, there is given a 
point L fuch that any llraight line EF being drawn thiough 
L and C'F, BG, AE, drawn parallel to one another. A, B, 
being always on the fame fide of EF, CF (hall always have 
to AE -4- BG a ratio the fame as a given ratio, M to N. ^ 

Analysis. Suppofetbe porifm true, then if CL be joined, 
meeting AB in H, CH and H will be^it/^n*; draw HK parallel 
to BG, then HK : FC :: HL : LC, that i», the ratio of HK to 
FC is gvven^ but the ratio of FC to AE -4- BG, is given, there- 
fore (8 dat.J the ratio of HK to AF -f RG is given^ but if FE 
meet AB in P, HK : AE + BG :: PH : BP -f- PA. therefore 
the ratio of PH to BP-|- PA is givtn ; therefore, invertendo, the 
ratio of BP-f PA to PH '\% givtn ^ and, dividendo, BH-f-PA has 
z given ratio to PH or PA Hh AH ; now this is either a ratio of 
equality, or one of the terms is greater than the other ; let which 
you will as BH + PA be the greater ; then, dividendo, the ratio 
ofBH — AHtoPA + AHis^ii/tf», but BH, AH, ^x^ given ^ 
therefore AP is givtn in magnitude ; therefore P is giveriy which 
is abfurd ; therefore BH + AP - PA+ AH and BH - AH ; 
theretore H is given, and HC is given in pofition. And fince 
AH = HB, HK : AE-4- BG :: 1 : 2, and the ratio ol A£ -t- 
BG : FC :: N : M, therefore HK ; FC :: N : 2M ; but HK : 
FC :: HL : LC ; therefore HL : LC :; N : 2M ; therefore L i$ 
given , , . . , ,.,.., g. JE. /. 

* In thcfe iovefligations^ vhcn the word given is ufed tp denote any thing 
which the propofition affirms to bcgiven, and which is to be found, it is printed in 
italics^ 

c s PROPOSITION 
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PROPOSITION II. PORISM. Fig. 144. PI. 8. 

Two (Iraight lines, AC, CB, being given in pofition, and thereia 
two points, A, B, there is given a point D, fuch, that any cir- 
cle thence defcrtbed (hall cuj off fegments AE, BF, adjacent 
to the given points, having between ihemfclves Si given ratio. 

Analysis. Suppofe it true : and let D be the point which 
is affirmed to be given^ and let the circle meet the lines again ia 
K. L ; then, by hypothefis, the ratio of AK to BL is ^ven^ and 
the fame with that of AE to BF, therefore the ratio of EAK to 
FBL is given, that is, the ratio of AD*— DG* to BD* — DH* is 
given ; alfo DG r: DH, and AD, DB, are given ; now fince 
the aforefaid ratio is given it is either of equality or not ; — if not, 
let which of the termt youwill as AD'— DG* be the greater, then, 
dividendo AD' — BD* has 2i given ratio to BD* — DH% there- 
fore fince AD, BD, are given, DH is alfo ^iven, contrary 
to the hypothefis; therefore the ratio is of equality, and AD zz 
BD ; and therefore, fince AE zn BF and AK - BL, EK iz FL, 
that is, they are equidiHant from D; whence D is given, being 
the interfeftion of DO, which bifefts and is perpendicular to 
AB, and CD which bifeSs the angle ACL ; and it is evident 
that D may be found in either of the four angles at C. 



PROPOSITION IIL PORISM. 

If there be any given nuinber of points, and a circle given by 
pofition ; putfing n for the given number, if a polygon of «-+-! 
lides be infcribed in the circle fo that a ISde may pafs through 
each of the given points, the remaining fide fliall contain a 
given angle at the circumference with a ilraight line tending to 
z, given point. 

CaS£ I. If in the circle CDE, given in pofition, the triangle 
J5CE be infcribed fo that DC, CE, tendto A, B, given points, 
£D makes 2i given angle at'D, with a line that tends iQdi given 
point. Fig. 14^, pK 8. 

Analysis. Suppofe it true, and let F be the point which 
in the porifm is affirmed to be given, then if DF be drawn meet- 
ing the circle in G, the angle GDE is given; join AB, parallel 
to which draw EH and join DH, meeting AB in K, then 
the anffie DCE :=KH£ ri DKA, therefore KA x AB = DA 
X AC; therefore K is a given point. Join GH, then the an* 
gle GHE=£DF is given^ but HE is parallel to a (Iraight line AB 

iven 
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giveu in poGtion ; therefore HG h alfo parallel to a ftraightline 
given in pofition ; join KF meeting the circle in T,V; then, finc« 
K i^ given and F given, KV is given in pofition, parallel thereto 
draw HXr then fince HG and HX are parallel to linel 
given in pofition, the angle XHG is given, therefore GX ia given 
in magnitude : alfo, fince KDF is inflefied, from the points F, K« 
and HX drawn parallel to FK, and GX joined meets FK in S, 
S may be fliewn to be given in the fame way that K was. Now, 
fince through the ^2 vtf/i' point Sis drawn CK given in magnitude 
but not in pofition, S is the centre, and GX confequently a dia- 
meter, and XHG a right angle, therefore the angle FDE^iGHE 
—difference of BKS ~ XHF and a right angle, but K and S are 

fiven, 'therefore the angle SKB is given, and therefore the angle 
DE is given, and fince KF X FS =TF x FV*, Fis given, 

viz* by making TK : KV :: TF : FV Q. E. L 

This is the 57th prop, of Dr. Simson's treatife de porifmatibus, 
and the laft porifm of the third book of Euclid's Porifms. 

It may not be improper to enumerate its particular cafes. The 
angle FDE, that is, the difference between the given angle SKB 
and a right an^Ie may be either a right angle or nothing, that is, 
the angle SKB may be nothing (or SK coincide with AB, AB 

fiafling through the centre) or a right angle, in both cafes K it 
bund by making K A x AB = DA X AC. 

When AB palfes through the centre the angle FDE is a right 
angle, and here we have two particular cafes. 

Firft, if K and F are the given points, HG is perpendicular to 
thediameter, i. c. HG makes a right angle withHX, whi'cli tends 
to a point at an infinite diflancer This cafe is prop. 58, de 
porifmatibus. 

Secondly, which is in faft the converfe, if KHD be drawn 
and HG perpendicular to KS, then DG tends to a given point F : 
i. e. HG is drawn from a point infinitely dillaot in a line per- 
pendicular to the diameter and pafling through K ; this is pr6p. 
62, de^porifmatibus, cafe the fifth. 

When AB does not pafs through the centre, there are like^ 
wife two particular cafes: 

Firft, when SK is perpendicular to AB then the angle EDF 
is nothing, that is, ED paffes through the given point; this is 
prop. 61, de porifmatibus. 

Secondly, when AB is given in pofition and from K, any 
point in it is drawn KD, and HE tending to a point infinitely 
diftant in ir, i. e. parallel to AB, DE fiill makes a given angle 
EDF, found as before, with a line tending to the given point F. 
This is the fecond cafe of prop. 62, de porifmatibus. 

The analyfis of every one of thefe cafes is contained in the 

* By the fimilar triangles DFK, GFS. 

general 
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general anaWfis, the general propoiition having been reduced to 
them one after another ; but I have been thus precife in the enu« 
meration of them that the beautiful connexion between the propo- 
litions cited, might be clearly feen, I may alfo obferve, that this 
analyff^ is in every refpeS different from Dr. Simfon's, except 
that both are grounded upon the principle of the analyfis of prop. 
117, lib. 7. Pappi, which Dr. Simfon has made, prop. 55, dc 
porifmatibus. 

LEMMA L Fig. 146, PI. 8. 

If from a given point D, to a circle given in pofition, be any 
how drawn 1)C, and from C be drawn CA in a given angle 
DC A, and AB be drawn parallel to a ftraight line given in pofi- 
tion, and BC be joined; BC makes at C ^ given angle with a 
Araight line that tends to a given point. 

Demonstration. JoinBG, then the angle ABG is given, 
b^caufe ACD is given, therefore BG, making a given angle with 
a line that is parallel 10 a line given in pofition, is itfejf parallel 
to a line given in poiition, therefore the lemma is evident by that 
cafe of the preceding porifm that makes prop. 62 , de porifmatibus. 

LEMMA II. Fig. 147, PI. 8. 

If from two given points D, E, the ftraight lines DA, AE, be 
inflected to any poiiit A in a given circumference meeting it 
again in C, F, and from A be drawn AB to the circumference 
in a given angle EAB, BC joined makes at C 9l given angle 
with a line tending to z, given point. 

Demonstration. Join FC, which, by the foregoing porifm, 
makes a given angle with a line tending to a given point G, but 
the angle BCF (~ EAB) is given, therefore the angle BCG is 
given. 

C AS E 2 . When there are three or more points F, G, H, K, &c. 

Demonstration. Having drawn the diagonals AC, AD, 
&c. fig. 148, pldte 8. By the fiift cafe AC makes a given angle 
with a line that tends to a given point, therefore by the fecond 
lemma AD alfo makes a given angle with a line tending to a 
given point, and, therefore, by the Tame lemma, AE alfo makes 
a given angle with a line tending to a given point ; and fo on, 
let the number of given points be what it may. Therefore 
the propofition is evident. 

CoR. Hence it is evident how a polygon may be infcribed 
/in a circle fo that its (ides may pafs through any given nuvber 
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of given points, or he parallel (lem. i.) to any given number of 
lines given by pofkion, or fome pafs through given points and 
fome be parallel to, or even (lem. e.) make given angles with lines 
tending to given points. 

The following porifm is added here from its flmilarity to the 
firft cafe of the foregoing, and as a farther fpecimen ofmy me- 
thod of inveftigating this clafs of proportions. 



PROPOSITION IV. PORISM. Fig. 149. PI. 8. 

A circle whofe centre is A, and a ftraight line BC being given in 
pofition and magnitude, if through B, C, any circle be de« 
fcribed cutting the given circle in D, £; DEjoinedtends toa 
giv€n point. 

An A L YS I s. Suppofe the porifm true, and F the point gtven^ 
join FC meeting the circle aj^am in G, then CF x FG (r= EF 
xFD) ii given, becaufe F is given and the circle HED giveut 
but FC is given in magnitude and pofition, therefore FG is given 
in magnitude and pofition ; therefore G is ^ given point ; there* 
fore G coincides with B, for otherwife the circle CBG would be 
given in pofition^ which -it ils not ; join FA andbife£l BC in K^^ 
then fince it has been proved above that (KF)* — (K^C)* =r 
(AF)* — (AH)*, the difference of the fquares of KF ahd AF, 
being equal to the difference of the fquares of KC and AH, is 
given ; therefore (1 prop. 2, lib. loc. plan.) F touches a ftraight 
line given in pofition, and it has been proved to be in BC pro* 

duced if need be ; therefore F is given |g. £. /. 

And it appears from the propofition cited, that if AK joined it 
perpendicular to BC, F is at an infinite diftance, i. e. D£ i| 
parallel to BC. 



ARTICLE X. 

DIOPHANTINE PROBLEMS. . 
By Mr. Jam£S Cunliffe, R. M. College. 

PROBLEM I. 

^O find three fqoare numbers fuch that the fum of every two 
^ qI them may be a fquare number. 

SOLUTION, 
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SOLUTION. 

Let x', y*^ and *•, denote the rAitnbers ; then by the qtieftiort 
«• + /, jc*4- 2',j^*-4-2* must all be rational fquarcs. 

A flume je -+-^ — a^ for the root of the firft, and x -^ z — b^ 
for the root of the fecond, that is, put 

jr* + y* =: {x H-^ — ay. =:: jd* 4* >* 4 ^xy — fiA (* -^y) + A*, and 

£rom the former of which ;r 2s= — 7-^^^^ — -s, and from the latter 

^(a^yy 

jr = —77 V ; therefore -7 \ zi —77 ^^ ; ir«ilC6 

^[b — zy 2{a—y) «(i— 2) _ 

' iy f2d — b)^^ ba(a ^ b) 

£j^ (« — ^^ -+- A {^b — a)* 

(2dy'^d'r^aadf (arfy •+- a'? — £««) 
whlcJh fftufl: ht a r^tiacfe- by the queftion, therefore 

AITume 2^ i + j^ (a* — 2ad) — ad (a — d) for its root ; then 
^^d^+^y^d («» — 2 nd) +/ j (A* — 2ady + «- ^)' [ 

— 2yad (a — ^) (a* — ^«) -|- a* ^/» (a-^* 
=5 2j^* rf +^ (a* — 2ad) — ad (a ^ d)t 

— 2;/flrf (ki* —2ad) (a—d) + a^ d^ {a — df 

^hich beiijg reduGcdgives ^zz-^j^^i^^^ 

, ■ •• > 
reftoring 
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xeftoring the value of </, v = ' , ,, > ■ ; ' , , wfaere^aiid 

I may be taken at pleafure (A). This I call the firft formula for 
the value of y, and have marked it A. 

Example i. Suppofe azzz: 3, andZ^ 1= 2, 

then yz: ^S : ^^ ^^'- ^^v ^ 9 — ^ _ ^q8- 90 .-1o8_i8. 
*^ 22' t (^-^>j 2(3 --H-J 2(66-15) »o2""i7' 

and 2: - ^Ill^^f - 4— if _ 68 — 7« _ -_4 _ -1 

"««-2lF=^"'2(2-if)-2(34-i8)- 32""^* 

Therefore ~, — and 7, are the roots of three fquares, the 
22 17 8 ^ » 

Turn of every two of which will be a rational fquare. If 
whole numbers are defired they may be obtained by reducing 
the fra£lions to a common denominator, and rejc£^ing it; when 
the preceding fraftions arc fo ordered there will be had 15 X 17 
X 8 = 2040 ; 18 >c 22 X 8 = 3168; and 22 X 17 === 374 for 
the roots of three fquares that will anfwer; or becaufe thefe 
numbers are all divifible by 2 ; 1020, 1584, and 187 are the 
roots of three fquares that will anfwer. 

£xample 2. Take u szs 1, and i =: — 2 ; then^ = — 2 j 

a* — nay 10 , 3* — tbx — 21 - , 

X z=z —7 < =: — ^ : and z = "— tt . = — ^— ;from whence, 

2(a-^y) 11' 2(0 — X) 16 

by reducing the fra£lions to a common denominator, we ihall 
obtain 792, 231, and 160 for the roots of three whole num. 
bers, the fum of the fquares of every two of which will be a 
fquare. 

A fecond formula for the value of y may be obtained at 
follows. 

Let 2y^ d ^ y {a* — 2ad) ^ad {a — d) be aflumed for the 
root of the general expreffion to be made a fquare; that is, put 

4jy4 d^-^^^d {p} — %ad) + / [(a' — 2ad)^ + (a» — i»)« J 

--^yadia—d) (a* — d*) + a^d^ia-^d)* 

zz^zy^d+y(d^ — zad) + ad(a~d)Y 

zzjiy^d^ + ^^d [d'—zady + y^ ^(d'—2ad}^+4^ad*{a—d)y 

+.2yad {a—d) (d'—^ad) + «*«(* (a—d)^ 

2ad(2c^ — 2ad — rf*) 
which being properly reduced gives y = ^^a + d)\a'^d)^^a' • 

Vol. L Part II. f and 
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andbyrcftorinff the value of rf,v = ^^^ ^ *^ -i^^^^ 

which is a fecond formula, for the value of y, where a and & 

may^ as before, be taken at pleafure. 

n« — 2ay 
Example!. Takea zi 2 and ^ z= i, thenar: t2;xzz— — — — -. 

d — ; and z = — 77- . n -2, which are the roots of three 

5 ' 2 (b —X] 12 

fquares, the fum of every two of which will be a fquare; and 
thefe being ordered, as in the examples to formula A, will give 
12 X j X 12 = 720, 11 X 12 — 132, and 17 X 5 =: 85 for 

the roots of three whole numbers that will anfwer. 

24. 
Example 2. Take a iz t and b z=z — 1 ; then j^ = — ; 

'a* — stay — 2q , i^ — 2ix — 22 . , 

X z: —z ^ ::: ; and z zz -yr ; = ? and by 

2 [a — y) 2 2{a — x) 21 ' 

ordering as before we (hall have 24 x 2 x 21 = 1008, 23 x 
25 X 21 = 12075, and 22 X 25 X 2 = 1100 for the roots 
of three other whole numbers that will anfwer. 

Again, aflume 2y* d — y (fl* — d^) '\- ad [a — d) for the 
root of the eltpreflion which is to be made a fquare, that is, make 

4y*i/* + 4jy»i(a*— 2flij4-/j(a» — 2adY + (fl« — d^f\ 

— 2yad {a — d) (a* — rf*) + a* i» (a — df 
= ^2y^d—y (a'—'d^) + ad(a--djl * 

r= 47* d^— iy^ d (a^ - d^) +y' [(^»— J*)'-f-4aA«— i)} 

— 2yad{a^ d) (a*— d^) + a^ d^ (a—d)\ 

from whence, by proper redu6lion, y =: * — . ^ —. yr-^, 

' ^r f f/ j^d{2a*—2ad—d*)' 

and reftoring d,yz=, — ^ — ' — "^ — ? (C) which 

4 («— ^)J 4^^ — (a* + i^)^ 

is a third formula for^. 

Example 1. Take ^ iz= 2 and a = 1, then ^ = — * 

fl» — 2ay s b^—2bx 12 , ^ r t, 

* == rr:; — Z\ ^^^T7* ^^ ^ = TTj ;. = — ; ^^ thefebe- 

2 {a — y) n 2(b'^x) 17' 

ing reduced to a common denominator as in the foregoing ex- 
amples, and that denominator rejefled, we ihall have 1 x 1 1 X 17 

= 187, 
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=z 187, 5 y 12 X *7 = 1020, and 12 5c 12 X 11 = 1584 
for the roois of three whole numbers that \^ill anfwer, and are the 
fame as were found in one of the preceding examples. 

Example 2* Take 4=4, and b = 1 ; then y nr * 

ii' — 2 av 1 Q , i' — zbx 11 



_7 -- _3 . 2JJ J 2 ^^ _^ ^ --. — . ^jjgfg (jg^ 



2(tf -jy) 4 • 2 (^ — ^) 9 

ing reduced to the lead common denominator and that denomi- 
nator rejefted, there will be had 240, 117, and 44 for the roots of 
three whole numbers that will anfwer. 

LallJy, affume 2y^ d + y {a^ — d^) — ad {a — d) for the 
root of the genera) expreflion to be made a fquare, or put 

4)'^ ^+ 4jy' ^ [a^ — stad) + /| (a' — fiadf + (^*— ^)* \ 

-^2yad(a—d)(u^—d^)+a*d^ia-'d)* 

= I i^y^ d + y (a^ — d^) —adia — d) ^ 

= 4JK^ ^ + 4>'^ ^ (^* — ^) + y^lid'-d^y—^ad^ia'-'d)^ 

— Qyad {a — d) (a^ — d^) + a* d^ {a — d)^ 

J .. f , ^. . ' (a* — 2ad)*'^4ad^(a — d) 
and this after proper reduttion givesjy = ~ --j^ — j\ ' * 

and reftoring the value of </, y = —^ 1 v T ' ^^ , J. W) and 

; 4 (a — ^) (a* — b^) 

tliss is a fourth formula for y* 



2 



9 



Example 1 . Take « zi= 2 and h z=2 — t ; then y = 

a* — 2<zy 11 J ^' — 2ijp — 16 - 

;ir =: — ; -. = -- and z r: -—r =: ; from whence^ 

•2(« — y) 10 2(^—jf) 21 * 

by proceeding as in the former examples, we fli air obtain 140, 
693, and 480 for the roots of three fquares-that will anfwer. 

Example 2. Take a = i^ and 6 .zzz 2 ; then ^' == — » 

tf * — 2<2y 11 J b^ — 2bx , ^ , 

jf -^ ^^ — — ana z =: -— -» — — ^^ zz 12, and from hence 

we (hall obtain 85, 132, and 720 for the roots of three squares 
that will anfwer. 

Example 3. Take a zzn 8» ^^ .^ = 4; then y = ^, 

<2* — 2^y 11 J b^ — 2bx f 

X z=z \ = -^ , and z z: ----7 r = - 20, trom whence 

fi2 we 
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vre OiaH oMam 44, 11^, and 240 for the roots of three num- 
ber* that will aniwer. 

Example 4. Take a z: 3, and b z=z 1, then^ ~ T • ''*^ ^ 

^pA « =3 -^^ and from thefe we get 832, 855, and 2640 fo^ 
4 

the foots of three numbers that will anfwer. 

There 11 already a pretty general atiifwer to the preceding 

2ueftion in No. 12 of the Old, Series, of the Repofitory ; but the 
3iliition here given is far more comprehenfive, as will app^r from 
the great variety of examples which are annexed to illaftrate the 
different formulae. I believe it would be difficult to obtain fome 
of the fets of numbers which are deduced in the annexed ex- 
amplefi 1^ any other method of folution. 



PROBLEM II. 

To find values for the fides of a triangle in whole numbers 
ftjch that the lengths of the three lines from the angles to the 
middle of the oppofite fides may be expreffed by rational whole 
mimbtis* 



SOLUTION. 

Let ACB (fig. 150, pi. 7.) be atrianglc, AE, BF, and CD lines 
from the angles to the middle of the oppofite fides. Put AF = 
PC = X, BE = EC =: y, and AD = DB = 2. Then by 
prop. 28, B. 2d. Emerfon's Geometry, 
(AC)« + (BC)« = 2 (AD)* + 2 (CD)' ; whence 

(^9^' + (^^^^ _(AD)*zi 2;c»+2>«-~2»:z (CD)*= a fquare, 

»d in Uke manner 2x^ -t- 22' — y* = (AE)* =r a fquare; 

and 2/ + 2z* — jc* = (BF)« = a fquare. 
Put X — ^ + n^=zz^ then 

s«* -^ 2j^* — 2* = 2;if* + 2y^ — {x — y j^ nY 

= ** -|" ^-^y + y — 2n [x — y) — «* 
zn a fquare. Affume x 4- j^ — j for its root, that is, put 
j«*+8AfyH|hy-*2ii(jf— ^)— »*= [X'^-y ~.j)* 

from 



z 
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from whence ;c = — ^^--^ — ^-- ^-r ' ; and 

2 (« — s) 

m 

2y (n+j) — r«* + i*) , Ayy-f «*— 2J«— J* 
•^ 2 (n — j) ^ 2 (n — J) 

From what has beea deduced it is njanifeft that we may tak^ 
x-2v(n+s)^(n^'¥'S*'),y-2v(n^s)8cz:=:^sv+n''-'2sn-^s*, 
and by means of thefe 

«+2/-2' = 5 2{2t;(« + i)-»*+i'j*-i-8v'(a~i/ 

C — (4JV + n* — 2Jn — J*)' 

= («'+272J— j")'— 8«t;(n'+2nj— j') + t6n*v^ 
zz (n* -H2«i — j' — 4nt/)' = a fquare. 
Alfo 

^x'A-^z^-y'- ^4^'+8^'«+8i««»-8i/i'+4«Mz:afquare. 

and dividing by 4 

J* -I- 2j' n + 2J* n* — 2j/i'+w* ?— r a- 



2Af 



And from thefe expreffion« we might obtain a general {blutian» 
but the calculation would be veiry troublefome. In ocder there- 
fore to avoid a tedious calculation we (hall proceed in a manner 
lefs general. 

By a bare infpeftion of the latter of the two formulae which 
remain to be made fquares it will at once appear, that if we take 
n = 35, then v will only have one dimenfion in that formula, 
and from thence wc ftall have 

y =: 2v(n — s) zz 4J1; and 

2 =r 4 ji/ + n* — 2sn — i* =r 4 Jt; + 2j*. 

But as each of thefe expreflions isidivifible hy 2j, therefore 
we may put 

- * z= 4t/ — gSy y zz 21/, and z zz 2v + s; 

and by means of Ihefe 

2x* + ay — 2* =: (6v — ysy zz a fquare, 

« *» + 2 z« _ jK* P 36"' 7- 72 ^« + 5"\ 

^ izz 4(91/*— 18 Ji; + 131") zz a fquare, 

and 2y*+ 22* — jc' =48^1^ — 231' = a fquare. 

Therefore 
gv* — xisv + 131' and 48^1^ — 9 31* arc to be fquares. 

Put 
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Put the^laft cxpreffion, viz. 48^1; — 23^* = /*, whence 

t; s= —^ — which being written for v in the former ex- 

preflion, we have 

-5i6? 6(/« + 23.«) + ,35*=— ^^— .-±L-=a(quarc; 

therefore /< — 50/' j* -|- 16491^ =a fqiiare ; and this will he 
the cafe when / ziz s. But this relation of t and s would make 
the fum of two of the fides equal to the remaining one, and 
therefore no triangle would be formed. In order to obtain fuch 
a relation of / and jas will fatisfy the queftion, put tzz r+s; then 

t^ — 50^'i*+ i649J*=ir4+4r' J — 44^*'^* — gSrs^-^iboos^ = 

6 f J 
a fquare* Affume r* h 40J* for its root, that is, put 

5 

r4-|-4r'j— 44rV— 96rj'+ iGoos^zz (r«— — + 40^*)* = 

S 

r4_iiLi H- 3£!_i. +8or»j* _ gSr j' + i6oojS which 
5 25 

r 08 
after proper reduftion gives - =: — , wherefore r and s may be 

expounded by any numbers in the ratio of 98 to 5. Take 
r r=r 98 and J = 5, then /=r'+-jzr:i03; whence 

^ = -157-— y''^-^'~^'-T'~'^ = T' 

466 J , 401 

y zz 2V = - — and z ziz 2v •+- s = -^ — , 

^5 6 

and rejefiing the common denominator 5, we miy take 
xzzz 807, y = 466, aad 2 = 491 ; and therefore the fides of a 
triangle that will anfwer are 1614, 932, and 982. 

The values of a:, y, and;?, deduced in the preceding folutioh 
will make the expreUion^ 

{x-^yf+ix-yY-z^ {x'hzY+(x-z)^^y^Sc (;' + z)*+(;'-2)'-Ar' 
all rational fquares; thofe expreflions being refpeftively equal tQ 
fi*¥* + 2y* — z*, 2x^ + 22* — y^ and 2y^ + 22* — x^. 



PROBLEM III, 

To find two isofceles triangles fuch, that their perimeters and 
areas may be equaK 

SOLUTION. 
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SOLUTION. 



X 

LetACB, and DEF (fig. 151, pi. 7.) be two ifofceles trlan- 

5rles ; draw CD and , FG perpendicular to AB and DE re- 
jpeftively. 
Put AC r^BCir ;»* + »*, ADrrDBzTTTi^-w^ then 2mn =CD. 

Alfo put DF i::EF-/^'-4-^% DGii:GE=/^*-y*; then ^pq - FG ; 
and becaufe the perimeters of the triangles are equal, 
2AC + 2 AD = 2DF + 2DG, that is, ^m^ =: 4/?*, or ?» z: p. 
Again fince the areas are equal 
DC X AD = FG X DG, that is, 2mn (w* — n") zz 2pq ip'^—q''] ; 

exterminating / by means of the equation m zz p, we have, 

' • 3 3 

2?OT«IOT*— «*J=2Wjr(»»-j'); whence OT^zz^-—^ zzn'j^nqj^q'; 

put «=/='*"- 7, that is, w-^ c- -- ^)* = 1^-' -• ^ +?'= ^*'+ »?+ ^' ; 

Q [its "i" J*j 

from whence, after proper reduflion, n = ^-^ —\ 

rn 
s 

whence AC = m' + w* = r* + 2 r ^ j -h /r' j^ + 2 rj' -(- 2^* 
AB = 2 AD zz 2 (wi' - «') zz 2r (r4. 25) (r* - 5*), 
DF zz />*+ J* = 2 r* -4- 2r' 5 + r'* i* + 2 r^' + 2^*, 
DE = 2 DG zz 2 ip^—q^) = 2r5 (2r* + ^ri + 2i*); 

which are general expreffions for the fides of the two ifofceles 

triangles* 



Take^'=:r*-5',then«:r2r5+i'and/»~j&— qzzr^-i-rs+s^; 



Example 1. Take r = 2, and s zzz 1, then AC =: 74, 
AB =: 48 ; DF r= 58, and DE = 80 ; and as thefe numbers 
are all divifible by 2, we may take AC = 37, AB = 24 ; DF 
zzzz 29 , and DE =: 40. 

Example 2. Take r = 3, and j == 1, then AC =218, 
AB= 240; DF= 233, and DE=: 210. 



ARTICLE 
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ARTICLE XI. 



Problems rdaiing to the Twilight of Shorteji Duration, 



By Astronomicus 



PROBLEM I. 

'T^O find the day when the twilijght is fhortell; in a given 
^ latitude. 

Let P(fig. 160, pi. 9.) be the elevated pole, Z the zenith, and 
NPZS the meridian r let pg he part of the fmall circle where 
twilight ends- (which is 18** below the horizon), and let H be the 
point of the horizon where the fun rifes in the^ morning, and K 
the point where he paifes the circle /^^, bounding twilight, in 
the evening : then it is obvious that trie difference of the horary 
angles SPH and SPK will be proportional to the duration of 
twilight. 

Through the points H and K draw the great circle HOK ; 
bifeft the arc HK in w, and draw the great circle Pm ; draw alfo 
the azimuth circles ZH, ZrK. 

Suppofingthe fun's declination to remain unchanged frona the 
time ot rifing in the morning to the time of pafling the fmall circle 
pq in the evening, the polar diftances PH and PK will be equal 
to one another. In the triangle ZPH, we have (No. 2, Repofi- 
tory. Part 3, page 11.) 

Cof. ZH = cof. PZ cof. PH + fin. PZ fin. PH cof. ZPH ; and 
in like manner, in the triangle KPZ, we have 
cof. ZK = cof. PK cof. ZP + fin. PK fin. PZ cof. KPZ. 

Take the difference of the equations jufl found, and 
fin. PZ fin. PK (cof. HPZ — cof. KPZ)= cof. ZH — cof. ZK, 
now cof. ZH zir: o, becaufe ZH = 90°, and — cof. ZK 
= — cof. 108° = fin. 18°: alfo cof. HPZ -- cof. KPZ = 

^ KPZ + HPZ ^ KPZ — HPZ ^ , 
2 xfin. X hn« ; therefore we have 

, „^- KPZ + HPZ. KPZ-HPZ ,r 00 
fin. PZ fin. PK fin. ■ fin ' = | fin. x8°. 

Becaufe KP = PH and Km zr wH, it is obvious that the 
great circle Tm will cut the great circle HK at right angles, and 
further that il e angk KFm = angle mPH. Therefore angle 

KP/» 
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9 

KPm = — • And, on account of the right angled 

» KH 
triangle KP?», fin. KP fin. KPm =: fin. Km = fin. =s 

fin. KP fin. ^^ . Therefore we fliall havcf 

2 

fin. PZ fin. fin. " = | fin. i8*. 

2 2 ^ 

Now HK = HO + OK; and it is manifeft that HO is a femi- 

HK 

circle; therefore HK =z i8o** + OK; and fin. 3;= 

2 

fin. (go® + ) = cof. : therefore we have 

fin. PZ cof. — fin. ^PZ - HPZ _ j-^ ^g,^ 

2 2 * 

The difference of the horary angles KPZ and HPZ (and, 
confequently, the duration of twilight) will be a minimum 

KPZ — HPZ 
when fin. ————— is a minimum : but from the laft 

r KPZ ■— HPZ •.,, , . • , - KO 
equatiQn fin. will be a minimum when cof. 

is a maximum ; for all the other quantities in that equation are 
conftant. Therefore, it is plain, that the duration of twilight is 
a minimum, when the arch KO is a minimum, that is, when the 
great circle HOK is perpendicular to th? horizon^ or when it 
pafles through Z, the pole of the horizon. 

Thus the duration of twilight is a minimum in any latitude, 
on that day when the fun crofies the fmall circle bounding ^ 
twiliftht, after fun-fetting, on the fame azimuth circle on which he 
rofe m the horizon in the morning ; or, which is the fame thing, 
wh^n the fun croffes the fmall circle bounding twilight, before 
fun-rifing, on the fame azimuth circle on which he will fet in 
the horizon in the evening. 

It is now eafy to find the fun's declination (and, confequently, 
the day of the year) when the twilight is a minimum : for fuppofe 
KZH to be a great circle paffing through the zenith and the 
points H and K, as has been (hewn to be the cafe when the 
twilight is the leaft of all ; and draw P^ perpendicular to that 
great circle : then becaufe PK = PH, therefore K^ = /u.H« 

KZH 
Therefore ^K = = 99° and Z/x zz 9°: and in the triangle 

2 

KZP, we have 

cof. ZfA, : cof. ^K :: cof. PZ : cof. PK : 

Vol. I. Part H. (g) Therefore 



• 



i 
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^. r r nv CoL'IaK COf. PZ 

Therefore coh PK == ^ j^ , 

or, f|n. ©*$dcclin. = — tan. 9* X fin. latitude, where the 
fign (— ) flif^s th^t the declination if fouth when the latitude 
is north, and vice vtrfa. 

To find the length of the (horteft twilight : in the right-angled 
triangle ZPjX, we nave 
^ «-. fin. Z^ fin. 9^ 

fin. ZP/^ =: i^nrZ = cof. latkude 

and the double of the angle ZPft, being converted into time, 
will give the duration of the (horteft twilight required. 

The fame refuk may be obtained by putting i8* (which is the 
leaft value of KO) for KO in the equation obtained above. 



PROBLEM II. 

To fin4 the Uutude of thsit place where the twilight is a mini^r 
tnum on a given day. 

Let Z (ng.i6i, pi. 9.) be zenith, NS the horizon, and H the 
point in the horizon where the fun fets ; alfolet K be the point 
where the fun, after fetting, crofles the fmall circle yr bounding 
twilight : let P be the pole, and draw the circles of "declination 
PH and PK and the azimuth circles ZH and ZK : laftly, lei a 
great circle pafs through H and K. 

Then becaufe the day of the year is given the fun's declination 
vill be given: therefore the polar diftance PH — PK, will be 
given : therefore in the triangle HPK, of which $he two fides 
HP and PK are confiant, the lefs the bafe HK is, the )e& will 
be the horary angle H PK, which meafures the duration af twilight; 
and when the. bafe HK is leaft of all, the angle HPK will 
likewife be leaft of all. But in the triangle KZH, the fide 
HK can never be lefs than the diflkrenceof the two fides ZKand 
ZH, that is,'HK can never be lefs than KL, or 1 8°. Therefore HK 
will beleaflof all whenitisequaltoKL,ori8^. Therefore the dura- 
tion of twilight will be leaft of all at that place where the pole is 
fo fituated (as at j^,) that the point H may coincide with the point 
L, or fo that ]&K and p\, may be each equal to the diftance of the 
fun from the elevated pole on the given day. 

Thu$ the duration of twilight is a minimum on a given day at 
that place where the fun, croffes the fmali circle 18^ below the 
horizon, after fun-fetting, on the fame azimuth circle on which 
be fet in the horizon : or, which is the fame thing, where the fun 
croftes the fmall circle 18^ below the horizon, before fun-riGog, 
on the fame asimuti^ gircic on which )ie will rife in the horizon. 
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To find the latitude draw fm perpendicular to ZK : then be* 
caufe^K =: ^L, therefore Km = im : therefore Km zz g^ and 
mZ zz 99*. In the triangle ^ZK» 

cof. mK : cof. mZ :: cof* K^ : cof.j^Z, 
therefore cot.pZ zz — jr-22. x cof. /^K =: — tan. 9® x cof. /K 

or, fin. latitude z= — tan. ^^ x fin. 0's declination, where the 

iign ( — ) (hews that, the latitude is north when the fun*s declina- 

lion is fouth» and mce vtrfa* 

To find the length of twilight on a given day at that placi^ 

where it is the leaft of all ; we have 

. --^ fin. K»i fin. Q** 

fin. Kpm = 2s — -t^ =: — / ' * \ ^'. ' ' .♦ s 
^ fin. j^K cof. s decimation 

and the double of the angle K^^m, converted into time, will givd 

the duration of the (horteft twilight on the given day. 

The very leaft twilight over all the earth, ilnd for all the year^ 
is at the equator, when the fun is in the equinodial points. 

Take fin. q •=. tan. 9® X fin. aa^^fiS'; and defcribe two fmall 
ciitles on the earth, on oppofite fides of the equator, and at the 
di fiance q from it : then, at every place comprehended in the 
zone between the two circles^ the twilight \yill, twice in a year, be 
left than at any other place on the furface of the earth. 



The Editor has alfo been favoured with papers on this fubject 
from two other correfpondents : viz. one from Mr. ^Benjamin 
Gompertz, containing the corre6lions of fome inaccuracies in 
Emerfon^s Solution to prob. 54 of His Mifcellanies; ahdtheothef 
from Mr. Surtees, containing the inveftigation of both cafes of 
the general problem, and the application of the latter cafe to the 
folution of the 316th queftion of t}ie Old Series of the Repo- 
fitory. 

After what has been done above, it will be unneceflary to giV^ 
either of thefe papers at full length ; we fliall therefore only in- 
fert that part which relates to the 31 6th queftion. 

Mr. Surtees, by putting m and / for the fine and tangent of 
half the depreffion (9**), c for the fine of the latitude, and y for 
the fine of the declination ; finds r= — /y, when the declina- 
tion is conftant, and the duraition of twilight the (horteft poffiMe, 

am 

and the fine of half the duration = i \^ ^ \ ; which precifely 

agrees with what is determined by Anronomicus in the problems 
^bovc. 

(g a) Now 
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Now in the 316th queftion, the fun's declination on Oftober 
I Bth is 7** 9 and c = — (y = fine of 1° 7' ^. the latitude of 
the place where the duration of twilight isabfolutely a minimum 

on that day ; and the fine of half the duration is zz — r? — ^ r. 

= fine of 9° 4'^, or its double = 18^9'^= 1 h 12 ^ m, ^ 
the whole time of the duration of twilight in that latitude on 
the i2thof Oftober. 

To find the duration of twilight at the equator on any day of 
theycar. Let P,S, (fig. 162, pl.g.jreprefent the poles, PAHS theho- 
rizon, dHda parallel of declination, and ZACN an azimuth circle 
pafBng through C, the place of the fun when 18° below the hori- 
zon. Then fin. PC zz cof. declination ny^li — y^), and the fine 
of the depreffion, AC n 2m s/[x — m^)\ and in the right angled 
fpherical triangle PAC, fin. PC : rad. :: fin. AC : fin. z. APC 

2f9i 

= "77 — m — 5\ ^ V^^ — w'), the fine of the whole duration 
at the equator, the fine of the fun's declination being j^. 

Now the fine of half the duration, found above, is 
r: -T7 rv» or ihe fine of the whole duration = —77 s , 

X 4/(1 — i}and therefore the fine of the duration at the 

^ 1 — y^' 

equator will be to the fine of the duration in latitude c = — ty^ 
Qm ,, .» 2m ,, wz* 

or as v/(i — m*) to ^/(i — ■ —J ; where It is evident, that if 

y be of any value whatever, the latter expreffion will be lefs than 
the former, and therefore the duration of twilight in latitude c 
m — ty is lefs than the time of duration at the equator. Con- 
fequently the duration of twilight is not a minimum at the equa- 
tor at all times of the year, but only on the days of the equinoxes 

when tlje fine of half the duration -77 r-v is = to m^ or the 

1/(1— jy^j 

whole time z= 1 hour and 1 2 minutes. 

, The error in finding the duration of twilight at the equator in 
the folutionof the 316th quettion arifcs from confidering the tri- 
angle PHC as a right angled great circle fpherical triangle, when 
it is really an ifofceles triangle, and the arc HC a portion of a 
fmall circle of the fphere inftcad of a great one. 

ARTICLE 



r 
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ARTICLE XII. 



Certain Fluents expre^bk by an Elliptic Arch. 

I 

By Mr. James Cunliffe, R. M. College. 

1 HE fluent of v Y ( _ % ) i* tnown to cxprefs the 

length of an elliptic arch intercepted between the conjugate axis 
and a parallel ordinate at the diftance v from the centre : the 
tranfverfe axis of the ellipfe being i, and eccentricity e. 

This exprefTion may, by various 'artifices, be transformed 
into others, the fluents whereof are, in like manner, expreffible 
by the airch of an ellipsis. 

Let us try the refult of one artifice, that is, let us make 
the denominator i — t;* a rational fquare. For this purpofe 
afl'ume i — vx for the root of i — 1;% that is, put i — w' = 



(i -^vxY = 1 _ 2 1/^ + i;' *2; whence v 



2X 



1 + X^' 



1_ ifl£_ 

And, by means of thefe. 

Therefore the fluent of any expreflion that can be reduced to 

the form /^^^^^ ^ V^l^ ~^' (4«*— «)■+-** } inay 
be exhibited by means of an elliptic arch. 

As 
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As an example of the ufe of the foregoing conclafion^ let us 
take the 77th queilion of the RepoGtory, where it is required to 



find the fluent of x 4/ /.'^* .L 



• 2. '^ -^ X* 



In the firft placex \/ ^ '^ \ , = p ^ .,, i/ ^ 



x^ 



\7+k^ X /(l -x' + x^). 

Now by making 4^* — ^ z^i t^ or, taking ^ = ^ y^3, 
the two expreflions become identical, that if, the fluent of 

f ^ i i is exprefl^ble by half the length of the arch of an 
ellipfc intercepted between the conjugate axis and a parallel 

mdinate al the diibace of — ; — a from the centre : the femi-tranf- 

Verfeaxis of the ellipfe being 1, and eccentricity | y/g. or Uie 
tranfVerfe and conjugate axes of the ellipfe being 2 and t re- 
fpeSively. 

And in general the fluent of ^ .i v^(i — ax* + «♦) i* 

expref&ble by the arch of an ellipfe; where a may denote any 
politive number whatever; and even when a denotes a negative 
number lefs than 2. 

Again, let it be required to find the fluent of 

It has been fliewn that the fluent ^f 
. ^ ^a>a X ^Z { 1 - x» X (4^ — 2) + ** I is expreffibic 
by half the length of the arch of an ellipfis intercepted between the 



2X 



conjugate axis and a parallel ordinate at the diftance , from 

i -^ X 

the centre: the femi-tranfverfe axis of the ellipfis being 1 and ec- 
centricity 



«fc/ 



centricity^. A|4it i« obvious that if we put 4#*-«-dr:a, or<zr 
Y^|, the fecQnd term under the radical fign will difappear, and the 

cxpreffionthen becomes / ■ v ' aia ^ l/(i + *^)f and therein 

fore iu jQuent is expreflible by half the length of the arch of an 
ellipfis intercepted between the conjugate axis, and a parallel 



Q TT 

ordinate at the diftance - . —^ from the centre; the femi->tranf* 



2X 

xttk axis of the ellipfis beiag i ani eccentricity y^|^, or the 
tranfverfe and conjugate axes of the ellipfe are fi» and y^2 re- 
fpectively. 



To find the fluxion of the length of the arch of a given dlipfe, 
at any point of the curve in terms of the femi-dis^meter at that 
point. 

Let a denote the fcmi-tranfverfe, and b the femi-conjugate 
axes of the ellipfe : y an ordinate thereof parallel to the conjugate 
axis at the diftance x from the centre, and z the arch of the el- 
lipfe intercepted between the conjugate axis and ordinate jf. 

Then it is well known, *that 

Now l^t V denote the femi-dianieter al the point where the 
ordinate J/ cuts the curve; then we (hall have 

, a 
from whence 

aIso*;= 777-5 nrxi* 



/(«»-*»)• VK-^*)" 



And from hence. 



i=xY J ? — J — C=wY (iv*-i^)xia*-v*)$ 



a. E.I. 

Put 
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Fated — cttssv*, then *.. 

Whence it appear., that fluxionary expreffion* of the fonn 

* V l^r~ u) (J + «)5 ™'y ''* integrated by means of an el- 
liptic arch ; where m, r, and s, denote coriftant quantities. 

Again, put </— -= ^ — </, which gives ««/= fl±i.*, and 

the fluopt of which is expreffible by the arch of an 'elhpfe inter- 
crated between the conjugate axis and a parallel ordinate at the 
diilance 

_ a /(p* — ^«) a 

from the centre, the femi-tranfverfe, and femi-conjugate axes of 
the elhpfe being a, = /(arfc— b*), and ^ refpeaively. 
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ARTICLE I. 

Solutioni of fornt Problems relative to Spherical Triangles ; to^ 
getker with a complete AnaJyJis oj thefe Triangles* 

ft 

By i.L. Lagrange.* 

IT is known that iii reftifineal triangles the fides are propor- 
tional to the fines of the bppofite angles, and it is eafily 
demonftrated that this conftant ratio of the fides to the fines is 
equal to the diameter of the circumfcribing circle. 

The fame ratio may alfo be exprefled by the area of the 
triangle* and it may be eafily proved to be equal to the product 
of the three fides divided by twice the ai'ea. 

%. But in order to exprefs that ratio by the fides of the tri- 
angle alone, it is only neceflary to confider that, by putting 
a, bt c for the three fides, and A, B, C for the angles oppofite 
to diem» we have by a known theorem a* zz i*+c*— ^bc cof. A; 



* From Joanial De Tcxole Polytechni^iCi Vol IL Page 870. 

Vol. I. Part IIL (a) therefore 



iherefore cof. A = — -!--t » and hence 

fin. A = y^Ut*c'-(5* + c^-a^n 

Therefore, if m order to fimplify, we put 

wc hare fin. A == — r-» and hence ? — -x =: <^ — r- which frac^ 

2PC un. A a 

tion exprelTcs the ratio fought. 

If r be put for the radius of the circle which circumfcribes 
the triangle, and s for die Turface, or area of the fame triangle, 

we have . ^ ■ =: — j- =z 2r zz ^ ; therefore r = -^ , and 
lin* A tf 2S a 

andi=e*? = ^. 

s. By developing the fquare of i* -f- ^* — ^*» ^^*^ reducing, 
we have 

d = V'faa*** + 2tfV + 2i«c* - a* — ** — ^r^) 
a formula in which the three fides a, b^ c are equally concemedi 
as they ought to be. 

But this formula may be rendered more fimple and more 
commodious for logarithp|ic .f^lculation by refohring it into 
faSors. For 

and again c^folvi^ eacl^ of tbefe UBlqx^ into tw^% vc li^Vi? 

1/= V^['(tf + * + f) (fl — *-+-0 (^ +^ — ^H— « + * + ^)]- 

Thefe formulas ai^e already J^nojvp, and I only give them here 
as an introdufiion to inveftigations which are to follow. 

Q. Since in fpheri<^l triangles the£ne$of the fides are pro* 
portional tg the fines of the angles oppofite to them, we may b< 
defirous to inveftigate the conftarxt ratio» and to difcover if it 
depends, as in re(lilineal triangles, upon the radium of the cir* 
cj^K^Qribed circle,, or the area of the triaQgle. 

l^et us deoote ^s before th^ three fides of a fpherical triangle 
' by a, b^ c, and the . three ^rjlgles oppofit^ to thofe fides t»y 
A# Rf C» 

Th/en by a known theorem 

cof, a =3:5: cof. b cof. c + fin. b fin. c cof. A; 



^\. c ^ r A ..^ cof. -r^ cof. k cof. c , , 

therefore col. A=i= ^ — r-,^ ; and hence 

fin. b lin. c 

r^ k ,^^ V [fin.* i fin.* c — (cof. a — cof. b cof. r)*J 

nn. ^ fin. ^ 

Let 



( * J 

Let M, toafcreviate, put 

/ = /[fin.* i fin.* c — (cof. a — cof. ^ cof. »)•] 

thus we Jiave fin. A = = — f-p — , and thfirefore 

un^obti.c 

Ha. a tin. a fin. ^ fin. ^ 



*»■■• 



fin. A / 

an expreflion for the rati(> fought anilogout to that which has 
been already found for reflilineal triangles (No. t]« 

As the quantity / is exprefltfd by a fquare root, and may, 
therefore, have either the fi^ii plu»v or minus prefixed to it, wc 
remark, that relativelv t6 fphfirical triangfej, il otight to be always 
pofitive; for the fides and the angles of every triangle being 
always leTs than two right etigles, (he fin^ are' neccdbrdgr 
always pofitive. 

4. The radical quantity / k alfo fnfccptiWd of fedttftfeffti 
fimilar to thofe of No. 2. For by fubftituting inftead of fin.' b 
and fim^ t their values 1 — cof.' t sLhil-^ coT.^'c J and afterl 
wards reducing, we have 

J = -/[i — cof.* a — cdf.* b — ffof,» e + 2car. a cof. I cof. c] 
where it appears that thit thttt tiJ^s a, ^, c ire alike con* 
cerned. 

In like manner the quantity under ths radical figti majr be im 
folved into fafiorsr; fbr we have pr^fenlly 

fin.* b fin.* c — (cof. a — cof. b cof. c)* 
= ffin. b fin. c+.cof. a — cot b cof. c) , . 

X (fin. b fin. c — cof a + cof. t cdf* c) 
qsi [cgf. a --- cof. (^ + f )] f 5of. <^ — ^) — crf* «] 

but we have, in general cof. ^— cof; h:^ 2 fin. ^i^Ll )( fin. ^iH? 

* ft 

therefore, refofving thus the two faflors, we have 
/= a /rfin.^-±A±^ X fin. d!±' x fin. ttt^ x fin. "Ififel 

an expreificln very convenient for logarithnaic oakulalkm. 

e. Let us now feek the radius of the circle cir6ilmfcribi!}g th^ 
fpherical triangle. It is evident that this circle ftiuft be a imall 
circle of the fphere, and that it will alfo cirtumfcribe thie 
re£lUineaI triangle formed by the chords of thearthes 4, i, €i 

a & n 

but thefe chords being exprefled by 2 fin. -, afin. • , afin. « it is 

only neceflaiy to fublUtute thefe quantititie» infiead of «, i, 

(a.) t 
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c in the expreffion of the radius r (No, 2}, that i&. to 

r • abc 
wjr, "* •J" • 

i , ■ 

Let us put R for the radius of the circumfcribed circle, iand k 

for the value which d acquires by fubftituting for a^ b, e u 

above; thus we have 

8fin. ? >cfin. ^ >c fin. -^ 
R= , J 

But we have A* = a« (Cn, * fin. -)'4-32 (fin. - fin. 5)* + 

^ ^ a 2-^2 2 

82 (fin. * fin. - )* — 16 (fin. "?)*— i6(sin.-)* — i6(sin. f)* ; 
0^22 ^2 2 2 

and fubftituting for 2(sin. ^)", 2 (sin. - )*, 2 (sin. -)« their values 

^ im m 

% — cof.tf» 1 ■— cof. it 1 — cof..^ we have. after proper rc- 
Sttctiona 

A* = 12 — 8 cof.a — 8 cof. b — 8 cof. c 

-4- 8 cof, acof. ^ + 8 cof. a cof, r -f- 8 cof. b cof. c 
— 4 cof.* a — 4 cof.* ^ — 4 cof.* c 
which expreffion may be reduced to the following 

jj* + 8(t — cof. a) (i —cof. *) (i ~ cof. c} 

that is to fay* to 

4/* + 64 (fin. - sin. - sin. -)* 

^ ^^ 2 2 2' ^ 

by fubftituting the value of y* of No. 4. Thus we have 

■* a • b '• c 

4 sm. - sm. - sm. - 

R= * a 2 a 



yTy«+i6(sm.*8in.- sin. f)»J 

£. Now by considering the radius of the fphere which pafles 
through the centre of the fmall circle circunifcribing the tri* 
angle, it is evident that this radius is -perpendicular to the 
plane of the circle, and that it meets the furface of the fphere 
at a point which is the pole of the fame circle. 

Therefore, putting (p for the arch which meafures the diftancc 
df the circle from its pole, wc have evidently R = sin. f, 
therefore 

lin. 



is) 

. • h ' c 
4 Sin. • sm. - sm. — 

• ^ ^ ^ ft ft 2 



•[/•+i6 (sin. "isin. ^-sin. i)«] 

ft a ft' ^ 

from whence we derive 

: ^ I ^ 



coCf 



•Cr + i6(fin.^^fin-^.fin.-")'] 



and hence 



4sin. - sm. - sin* ^ 

fmr> ft ft ft 



. Wherefore, feeing that sin. ^ r: ft sin. ^ cof. — , and fo on 

«> 2ft 

with refpefi to sin. h and sin. r, we have (No. 3). 

sin. a __ ^ r a r h r c 

-. — T- = ft tan. A cof. -cof. - cof. — . 
sm. A t ^ ft ft ft 

7 • If it were required to find the ares^ of the refiilineal tri* 
angle formed by the chords of the arches a, b^ c and infcribed 
in the circle we have jtift now been considering ; by putting 
S for that area, it would only be neceflary to change^ in the 

fcNrmuIa s = ^-^ of Np. i» s into S, r into R, and a, L c 

into ft sin. ^. ft sin.*>-, ft sin. — thus we Ihould have i^^ne• 
ft 2 ft 

diately 

. *a • h • c 
ft, sin. — srn. — sm. — 

S = g; 

or, becaufe R = sin. ^ (No. 6) 

a* h • c 
8 sin* T-sm. -> sm. — 

sm. p 

If now we consider the triangular pyramid which has this 
triangle for its bafe, and of which the vertex is at the^centns 
of the fphere, it is evident that the height of the pyramid is 

cof. 9, therefore its folidity is IfoC^^ ^^^ fubftituting for S 

the value we have already found, 

ft sin. 



'^ * 



If we Ibbftttnt^ in place of Un, ?^ ks-raluc found above 

- ft 

(JP>^s<^«<luig Nb.)i we have 

X tarn ^cof. t±S +XOI. ^cof. tzl 

cot. - =— * 2*2 2 

cof. t±J - cof. tzi£ • 

a fonnula, which is eafily transformed to thk other 
« cof. - cof»^+ fin. - fin. £ cof, A 



fin. . fin. - fim A 

If now we fubftitute in this formula the values fin. A* and 
cof. A of No. g, we fliall have, by dividing the numerator 

and denominator by fin. - fin. ^ * 

aft 

4(cof. -^ cof.—)* + cof. a — cof. i cof. € 



X *' ft 
cot. =1 = * 



ft ^-^ J 

Bnt ft (cof. -2)« = 1 -J. cof. ^, and fi(cof. !)• =ri + cof.r, 

therefoi^, making the neceffary fubftitutions and inverting the 
frafiton, 

, 2 r ; 

tan. — zz ' J. , h L \ ' r * 

ft 1 •+- cof. a + col. a -4- cof. c, 

a formula of the moft fimple form to determine the area of a 
fphericai triangle by means of its three fides a, h^ c* 

I u We have fecn (No. 7) that -t is the folidlty of the trian- 
gular pyramid formed by the three radii of the fphere which 
terminate in the angles of a fphericai triangle. Let us now 
confider a triangular pyramid formed by the fame radii produced 
at pleafure in fuch a n^anner that they become py 7, r ; and 
that a, by c are the arches, or angles contained by thofe firaight 
lines. To have the folidity of this pyramid, it may be con. 
fidered as lying on one of its faces i for inftance, that which has 
for its fides the lines p^ q^ and to have a perpendicular P drawn 
from the other fide r upon the plane of that face. It is imme- 
diately obvious, that if a is the angle contained by p and q^ the 
area of the face which wc have confidered a$ the bafe of the 

pyramid 



{ 9 r 

Ifjyramid will be CL — 1-, therefore, the folidity of the pyramii 

tvill be ^1 ^"^ . But if we call 9 the angle which the line 

r makes with the plane paffing through j& and ^, it ii evident 
that we have P rr r fin. 6i, therefore, th6 folidity required will 

6 

The angle is no other than the arch let fall perpehdicularly 
from the angle A of the fpherical triangle iipon the opppfite 
fide a; we may, therefore, expreis fin. d by the fines or cofinet 
of a, by t the fides of the triangle ; but for our purpofe it is 
fufficient to confider that this Value, as well as that of fin. a; 
being independent of the lines p, ^, r, if we make ^ zz 1 , y = 1^ 
r = 1 we fhall have the cafe of dhe particular pyramid we pro- 

pofe to confider; and of which the folidity is L. Mence it fol- 
lows, that we have fin. a fin. « zr^, and therefore ?S^ for the 

o 

folidity of the triangular pyramid in which the three fides, or edgei 
that form any one of the folid angles are p^ q, r, and the angles 
contained by thofe three fides are A, B, C. 

This exprelfion, for the folidity of any triangular pyramid, by 
means of its three fides and contained angles^ is evidently very 
fimple and commodious for calculation, more efpecially if we 
employ the value of f, as expreflfed by faftorsj in No. 4 ; and 
it may be very ufeful to determiiie the folid Contents of all 
bodies bounded by planes, feeing that they may alWays be-re- 
folved into triangular pyramids, as a polygon is refolved into 
triangles. 

12. We may add, that fince we have found fin. a fin. d =-/, 

f 

Vfe fliall have fin. = rr-^* We may thus determine by 

im. a 

this formula the perpendicular d in a fpherical triangle, of which 
a is the bafe, and ^, c the two fides; 

13. I have refolved the preceding problems^ only to ffiew the 
origin and ufe of fome remarkable formulas, and more efpecially 
of that funftion which I have denoted by /; and which deferves 
in a particular manner the attention of analyfts, on account 
of its different appUcationsi I now p(oceed to general con** 
fidcrations rrfating to fpherical trigonometry, viewed gmalyti* 

cally. 

Analytical refolutions of fpherical triangles were at firft orily 

Vol. L Part III. (b) fimpic 
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fimple applications of algebra to geometrical con&ru£liQns. It 
was afterwards thought fufHcient to eftablifli fome fundamemal 
propofitions by the aid of ^ometry, and all the formulas of 
fpherical trigonometry have been deduced from equations de- 
rived from thofe propofitions. The moft elegant produQion 
of this kind is a Memoir of Euler's, entitled Trigonometria 
fphcrica univerfa ex primis principiis derivata, and printed ia 
tne Petersburgh Afts for the year 1779, in which there is found 
a complete f) ftem of trigonometrical formulas, founded folely 
upon three equations. But may not the fyftem be yet more 
fiinplified by reducing it to one fundamental equation ? 

Such a reduction will complete the ans^lytical theory of fpheri- 
cal triangles ; for, in AnalyGs, perfeftion confifts in em- 
ploying the fmalleft poflible number of principles, and in de- 
ducing from thefe all the truths they contain by the powers 
of that method alone : on the contrary, in the fynthetic method 
of lines, it confifts in demonllratingfeparately every propofition 
in the mod fimpIe manner, by means of other propofitions pre* 
vioufly demonftrated. 

The late de Gua had conceived the idea of making all fpheri- 
cal trigonometry to depend upon a iingle general property of 
^herical triangles; but the Memoir he has given upon the 
(ubjeft, in the volume of the Academy of Sciences for 1783, 
contains calculations fo complicated, that they feem better 
adapted to (hew the inconvenience of his method than to caufc 
It to be adopted, 

I here propofe to rayfelf the fame objeft, and I proceed to 
give a concife view of all the formulas of fpherical trigonome- 
try, deducing them by fimple transformations from a fingle 
equation, given by the nature of fpherical triangles. 

Let us affume, as De Gua has done, the equation (No. 3.) 
cof, a r=: cof. i cof. c -|- fin. 6 fin. c cof. A 
in which a, by c are the three fides or arches of the triangle, and 
/ A the angle oppofite to the fide/z. 

This equation is eafily deme^nilrated by the fimple confidera- 
tion of two reflilineal triangles formed, the one by the two 
tangents to the arches i, c, and by the ftraight line which joins 
the extremities of thefe tangents, and the other by the fame line 
and the two fecants of the fame arches ; for it is obvious, that 
the two tangents form between them the angle A which is con- 
tained by the arches b and r, and that the two fecants form be- 
tween them the angle a which is the fide of the fpherical triangle, 
oppofite to the' angle A. Thus, calling h the fide common to 
thefe two triangles, we have immediately, by a known theorem 
concerning. re&Iineal triangles, this equation, 

A* = tan.* b -f- tan.^ c -^ 2tan. b tan. c eoH A 
for the former triangle, and this other equation, 

A* =z fee/ b -H fee." c — afec. h fee, c cof, a 
fisr the latter triangle. 

Hence 
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Hence we find 

tan/ b -4- tan.^ c - 2 tan. ^ tan. c cof. A 

=: fee* ^-4- fee* c-r2 fee. b fee c cof. d. 

But we have evidently 

fee' ^ — tan.' ^ zz 1, alfo fee" c — tan.' c =r ir 

thcrefore, the equation becomes 

fee b fee c cof. ^ rr 1 + tan. b tan. c cof. A, 

hence, fubftiiuting for fee b^ fee c, tan. ^, tan. c, their valuer 

1 1 sin. b sin. r , 1 r 1 1 

— jr*-7, — t: — , — r->» — "^ — » ^^ havc the fundamental equa- 
coL ^ col. c col.p col. r ^ 

s 

ticn, 

'Cof. a zz cof. i5 cof. c + sin, ^ sin. c cof. A fA) 

As, by hypothefis, the only condition fuppofeci to have place 
nnong the four quantities a, b^ c, A is that a, by c are the 
Ihree fides of a triangle, and A the angle oppofite to the fide a^ 
^t follows, that by putting B and C for the angles oppofite to the 
fides b and r, we fliall have fimilar equations relatively to thofe 
angles, by simply changing A into B, or into C, provided that 
at the fame time we change a into b^ or into c. 

J 5. Now if we deduce the value of cof. A from the pre- 
ceding equations, and thence that of sin. A we fliali«have, as has. 
been already found in No. 3, 

sin, a _ sin. a sin. b sin. c 

sin. A "" 7 

where the quantity y* is a funftion of a^ b, c into which thefc 
three quantities enter similarly, fo that it remains the fame, 
whatever permutations be made among them. Therefore, in 
changing a into b, and b into a, the fecond member of the 
equation will be the fame as before ; hence we have this othct 
equation, 

sin, a __ sin.^ ^„ 

sin. A ~" sin.B ...••.*•. \ ; 

This is what is called the common analogy of the sines, and 
it is obvious, that by changing a and c into A and C, we have in 

,., * sin, a sin. c 
like manner r- zz p-. 

sm. A sin. C 

16. Let us refume the equation (A) oi No. 14, cof. a zz 
cof. b cof. r-f sin. b sin, c cof. A ; by changing a into c, and A in- 
to C, we have in like manner cof. c = cof. a cof. b + sin. a sin. S 
cof. C; fubftituting this value of cof. c in the firit equation it 
becomes coft a zz cof* a cof.' b -f sin. asin.b cdf* b cof, C 

(b2) 4- 
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4-sin./Jsin. r cof. A ; that is to fay, cof. a 8in.*^r:sin. a sm.^cof. i 
cof. C + sin. B sin. c cof. A, and dividing by sin. h 

cof. a sm. b =z sin. a cof. b cof. C + sin. c cof. A. 

Let us fubftitute for sin. c its value ^^?: ^ ""' ^ found from 

sm. A 

the equation (B) of the preceding No. by changing b intor, and 
B into C ; let us then divide by sin. a, and put cot. a and cot. A 

inftcad of ?£j_? and ^3-^. ; thus, we (hall havethe equati^, 
sin. n Sm. /V 

cot. a sin. b n cot. A »in. C -+■ cof. ^ cof. C (C). 

17. Now the equation found above, viz. cof. a fin. ^ = fi^^ 
cof. i cof. C + fin. c cof. A, by changing a into, i and A iflu> 
B becomes sin. a cof. 4 =: cof. a sin. A cof. C + sin. c cof. K 
Subftituting this value of sin. a cof. b in the fame equation, wt 
have cof. a sin. ^ zr cof. a sin. i cof.* C -f- sin. c cof. B cof. O 
-+- sin. c cof. A ; that is to fay, cof. a sin. A cof.* C n sin. c 
(cof, B cof. C + cof. A) : let us now fubftitute for sin. c its 

value —A — ^ — derived from equation (B) by changing a 

into c and A into C, then divide by sin. b sin. C and multiply 
by fin. B ; thus, we have cof. a sin. B sin. C zz cof. B cof. C + 
cof. A, that is 

cof. A =r — cof. B cof. C -+- sin. B sin. C cof. a . . . .(D). 

18. This formula, it appears, is in every refpeS fimilar to. 
the formula (A) of No. 14. from which we fet out ; the angles 
A, B, C have now taken the place of the fides a^ A, c, and the 
contrary ; alfo the cofines haye become negative, the fines re- 
maining pofuive, from which we may infer that the fides have 
become the fupplements of the angles^ and the angles the fup- 
plements of the sides. Thus all the formulas which refult 
from the formula (A) are alfo true when the fame changes arc 
made in them. Hence we derive this known property of fphc- 
rical triangles, namely, that any fpherical triangle may be 
changed into another, the sides and the angles of which are jie- 
fpeftively the fupplements of the angles and the sides qf the 
former ; and it is known that the new triangle, (called the fupple* 
mental triangle,) is that which is formed upon the fphere by the 
three poles of arches which form the side§ of the given triangle 
in joining thefe poles by arches of great ckcles, which may easily 
t)e demonftrated by a very simple conftru£lion. 

19. The four equations (A), (B), (C)^ (D), which we have 
fband, contain the folution of all ^ueftions in fpherical trigono- 
metry; 
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metry ; for as a fpherical triangle confifts of but: (ix parts, the 
three fides, and the three angles, and as three of thefe are fuffici- 
ent to determine the triangle, it is evident that the moft fiiuple 
relations can only take place among four of thofe parts : 
But all the different combinations, that can be made of fix thing5, 
taken four by four, are the following : 

1 .. Between the three fides and an angle : this relation is given 
by the equation (A). 

2. Between two fides and two angles, which may be refpec- 
lively oppofite to the two fides, or the one oppofite, and the other 
adjacent to the fame fide, making two cafes.. The relation be- 
tween two fides, and the two opposite angles, is given by 
jsquation (B). 

3. Between two sides and two angles, of which one is opposite, 
and the other adjacent to the fame side : this relation is contained 
inequation fCJ. 

4. Between the three angles and a side : this relation is given 
by equation (D). 

20. If A be fuppofed a right angle, the preceding equations 
become more simple, and give thefe other equations; 

cof, a = cof. i5 cof. c 
sin. j 

Sm. a = -:: f,» 

sin. B 

pot. a zr cot. B cof. C 
cof. a ~ cot. B cot, C, 

and if C be fuppofed a right angle, the equations (C) and (D) 
give thefe other two : 

Cot. A =: cot. a sin; B, 

Cot. A = sin. B cof. a. % 

Thefe six equations give immediately the folution of all cafes 
pf right-angled fpherical triangles; and as their form readily 
admits of the application of logarithms, they arc commonly em- 
ployed in Trigonometry, by refolving all triangles into right- 
angled triangles, by letting fall a perpendicular. But all the 
cafes *may be alfo refolved by the four general equations, which 
may be reduced into factors by means oT transformations, which 
we now proceed to explain. 

21. The equation (A) between the three sides a, ^, c, and an 
angle A opposite to the side a may ferve to determine: 1st, A by 
^, A, c ; 2d, a by, b, c , and A ; 3d, ^ by a, c, and A. 

1st, To determine A by a, b, c, we have 

' <o r A cof. a — cof. B cof. c 

Cof. A=:— — — : — 7 ~ 

sin. p $m, c 

Hence 
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• Hence we find 

1 + coC A =: fifcof.— )' = : — y—A — - — - 

2 sm. ^ sia« c 

b -Y c — a .* 5-f-c + fl ' 
2 SID* ■' ■■ I. ■ . sm. ^— > - 



in. h sin. c 



sin 



a - cof. A = a(»in. b:)* — *^°^- '* " ^^ - <:of- « 



Therefore, 



2 sin. b sin. c 

^i— 3-f-c . a-\-b — c 
2 sin. 1 — sm. 

2 ^ 

sin. b sin. c 



. fl+3 — r. a -^ b '\' c 
sin. — ! sin. 



tan. — = ^/i r— J ; — "^ r~; ) ....(«) 

sm. sin. — 



2 



2 



sd, To determine ^i by ^, c, and A, we have 

cof, a :=z cof. ^ cof. c + sin. b sin. r cof. A. 

It does not appear that this equation can be refolved dire£lly 
into fa£lors, fo as to admit df the application of logarithms ; it 
may, however, be done by means oi a fubsidiary angle. For if 
we put 

tan. c cof. A rzr tan: (p (b) 

we have sin. c cof. A = cof. c tan. ^, therefore, cof. a = 

cof. r'(cof. b H- sin. b tan. (p) ; but cof. b + sin. b tan. ^ = 

tof. b cof. (p + sin. b sin. (p ^^_ cof. f^ "* ?) *i^ f 
cof. (p ""^ cof. (p 

r cof. r cof. (3 — (t>] , , 

cof.tf z= J^ 1/ (c) 

cof. <p ^ 

It is not difficult to perceive that this transformation comes 
to the fame thing as the refolving of the triangle into right- 
angled triangles, by a perpendicular let fall from the angle B-upon 
the side b ; and that ^ is the fegment of the side adjacent' to the 
angle A. 

3d, To determine b by a, c, and A, it is neceffary to fubftitute 
jn the principal equation (A), y^(i — sin.*'^) for cof. A, thei^to 
raife it to the lecond power, in order to make the radical quantity 
difappear, and laftly, to find the value of sin* b by the refolution 
of an equation of the fecond degree ; by this procefs we have 
sin. ^expreffed by a complicated formula which cannot be ap- 
plied to logarithmic calculation* But the transformation already 

employed 



I 
I 

I 
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employed IS alfo applicable to this cajc : for having detextained tho 
angle (p by equation [6) the equation [c] becomes 

cof. (*-?) = ____1 (^. 

«2. The equation (B)^ between two sides a and i, and the 
opposite angles A and B may ferve ift to determine A bya,i, B ; 
and 2d to determine a hyi. A, B. 

ift. To determine A by a^ b^ B we have 

A sin. a sin. B 
~ . . . 

sm. i^ 

ad. To determine a by i, A, B we have 

sin, b sin. A . ^ 

sin. a = : — (f) 

sm. B ^ ' 

Thefe formulas admit of the application of logarithms without 
further transformation. 

S3. The equation (C) between two sides a and b^ and two 
angles A, C the firft opposite, the fecond adjacent to the side 4, 
may ferve 1 ft to determine A by a, ^, C ; 2d, to determine a 
by 6, A, C ; 3d to determine C by a, 6, A ; 4th to determine b 
by<i, A, C. 

ift, To determine A by a, /&, C we have this equation, 

^ A cot. a sin. b ^ t-^ r z. 

cot. A zz — : — 7- — — cot. C col. ; 

sm. C 

and to reduce it into fa£tors« we aflume — ^^ = cot* p 

coi. C/ 

or, 

tan. a cof. C ir tan. (p (g) 

therefore, cot. a = cof. C cot. 9 ; and fubftitutingthis value wV 

have cot. A zz cot. C (cot. ^ sin. b — cof. b) 

cot. C , r ^ . T . ^ ^r AX cot. C sin. (b—(p) .1 ^^^r 

-«_^ , (cof. ©sin. 6— sin.© coi.oj=: : ^ i^;tneret, 

sin. 9 . sm. 9 

cot. A = SSL^illliii^-?) (*) 

sin. (p , ^ 

This reduction comes alfo to the feme thing, as the refolving 
of the triangle into two right-angled triangles, by a perpendicufer 
from the angle B upon the opposite side 6, and the fubsidiary- 
angle 9 is the fegment of the side adjacent to the angle C. 

jid, To determine a by £, A, C we have this equation. 



cot. A sin. C , - . r ^r f\ 

cot. « =: : — ? -*- Cot. b cof. C 

8in.<p 



and 
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i&d to reduce it into fa£lors, we make 

cot. A ' ^ -.. 

c-Sir5=**°-* W 

therefore, fubftitating in the equation for cot* A its value 

tan. ^ cof. b we have cot. a zz coi. b (sin. C tao. (p + cof. C) = 

52L* (sin. C sin.(p+cof. C cof. ^) ::. 52L*£2!l(£z:£l, thereL 
cof. f * cof. (p 

cot. b cof. (C — <p) ,r^ 

cot. «= =-- ^' u) 

cof. (p ^ '^ 

TJhis reduftion is yet the fame as the refolving of the triangle 
into two by a perpendicular from the angle C upon the side r, 
and the fubsidiary angle (p is the fegment of the angle C adjacent 
to the side b. 

3d To determine C by a, ^5, A, it is neceflary to deduce from 
equation (C) the value of sin. C or of cof. C oy the refolution 
of an equation of the fecond degree ; thus, we obtain an exprefiion 
which contains a radical quantity. But the preceding trans- 
formation is equally applicable to this cafe ; for having found the 
angle 9 by the equation (z), we find, from equation \fi)j that 

r /r» ^» cot. a cof. (p ffx 

cof. (C — f ) :r= ^—-7 — ^J«^ I. . • . \i) 

^^ cot. b ' 

4th, And to determine b by a. A, C, it is neceffary to find, 
from the fame equation (C) the value of sin. b^ or cof. b by re- 
folving an equation of the fecond degree. But the transforma- 
tion employed in the firft cafe applies alfo here; for having 
found the fubsidiary angle (p from equation (g)^ we get from 
equation {k) 

ft ^\ cot. A sin. (h * , . 

sin. (3.~(p}:= cot.C ^*^ 

i24« Finally^ The equation (D) between the three angles 
A, B, C and the side a ferves to determine, ift, a by A, B, C; 
fid, A by fl, B, C ; 3d, B by a^ A, C. As thefe three cafes cor- 
refpond to thofe which depend on equation (A), to which equa- 
tion (D) is by transformation rendered in all refpeSs similar, we 
may, therefore, apply to them direftly the formula of No. 21, 
which we have given for the others, by fubftituting the fup- 
plements of the angles A, B, C inftead of the sides fl, ^, c and 
the fupplements of the sides a^ 3, c inilead of the opposite angles 
A,B, C. (No. 18.) 

Thus, ift, to determine a by A, B, C, the equation (d;) of 
(No. 21 J gives the transformed equation.' 



cot. 



/ 
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_ / /'cof. cof. \ 

cot. ^=4/f ? ? ] («) 

2 2 

ad. To determine A bv a^ B, C, we naake the fame fubftitu- 
tions in the formulas [b] and (c) of the fame No. and taking 
inftead of the angle ?>, its complement, we have thefe two equa- 
tions ; 

Tan. C cof. a r=r cot. (p (t?) 

f> c s. cof. C fin. fB — (p) , . 

CoU A = p. 31L , .^ f >,) 

fin. (p ^'^' 

3d. The fame equations ferve to determine B by j, A,' C; 
for having found (p by equation (<?), equatiofi {p) gives 

c- ,0 ^\ cof. A fin. (p , . 

Sm. (B - ?) = -_-^-^-i' (^) 

-25. By thefe formulas we may find direftly any one of the 
fides or angles by three given parts, which may be either fides or 
angles ; now this conftitutes the whole theory of fphericai trian- 
gles. But when it is lequired to find at the fame time two frdes 
by means of the third fide and the two oppofite angles, or two an- 
gles by the third angle and the two oppofite fides, it is more con- 
venient to employ Neper's Rules. The following feeras to be 
the moft fimple irethod of inveftigating them. 

We have found in No. si, 

2 fin ^•^^•+-^ r ^ + c — a ^ 

2 ' 2 

In like manner, by changing A into B, and a into by we have 
for the angle B 



r a -^ b — c r b — a -^ c 
■o / /tin. lin. V 

tan. ?-=4/(___J i_J 

iin. fin. 

2 2 

therefore, taking the produft of thefe two equations, 

^ a^rb — c 

A, B ^^"- 2 

tan. -—tan, — =r 

2 2 ^ a4-^-hf 

Im. ■ 

2 
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Iti thii equation let Q be clianged into C and b into c, 
and we have 



tan. — tan. — : 
^ 2 d 



fin. 



a — 3 + 



im. 



2 



and by changing In the fame equation A into C and a into $^ 

h -V c — a 



B C 

Can. ~tan« -^ 

a 8 



fin. 



a 



fin. 



a +3+ c 



2 

By adding the tyf<k lad equations together we have 



(un.i 



_ + tan. — J tan. 

9 « / 



c , 



fin. t- ^ 

* 



+ fin.!±i 



2 

fin. - 



2 

cof. :!zii 



"" fin.^+ ^-^^ 

and by fubtra£Ung the one froni the other 

r fin. l=:±tf _fin. t±i 

A B \ f* 

tan. tan. — Jtan. - 

2 2/2 



(' 



2 

fin. " +^ + 



2 

cof. -nn. -— - 

^ 2 2 



On the other hand we have 



■ • 2 I 

fin. 



i + tan. ^ 

2 



tan. - J 
2 > 



2 2 

fin.^-^-^ + <^ 

2 

r a-h 3 r c 
fin. col.— 

2 



2 
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fin.l±i+i-fin.l±-i 



2 



i — tan. - tan. -^ 

2 2 



fin. 



« 4- j5 + c 



fin. - cof.'^ 

12 2 



+ i 



fin« 



a+3 + c 

2 



A , , B 

^ A 4- Tl tan. — jhtan. - 
Therefot-c, btcaufe tan. ^ Xr— ^ ?_, we have 



thefe two equations 



- A, B 
1 + tan* - tan. - 



tan. 



B 



Cof; 



tan. — — 

2 



2 



4 « 



cof. 



,^ A — B C 

fkn. tan. ~ = 

2 2 



fin. 



a+ b 

2 



'W 



fin. 



a + 3 



(^? 



2 



Similar fofnlulas majr be deduced from equation {H) of No. 
24 ; and without making a new calculation it is only neceffary 
to change the fides a, b, c, into the fupplements of the angles 
A» B» C ; and thcfe angles into the fupplenients of the fides. 
Thus we have immediately thefe Other two equations : 

A--B 



a ^ b ^ c 
tan. cot. -^ 

2 2 



, of. 2 
A + B 

cof. ■.■■,.,.. 



■CO 



a — b c 
tan. cot.— 

2 2 



fin. 



2 
A— B 



■^■v 



fin. 



2 
A + B 



(«) 



2 



By thefe foiir equations we can determine direftly, and with- 
out the aid of a fubfidiary angle, the two angles A and B by the 
oppofite fides a and b and the included angle C, or the two fidei^ 
by the oppofite angles and the third fide. 

26. Before concluding this memoir, it may be proper to 
treat fliortly of the comparifon oi fpherical triangles with reftili- 
neal triangles. By taking, as is ufual, the radius of the fphere, 

(c 2) for 
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for unky, it Is evident that the arches which form the fpherical 
triangle exprefs immediately angles of which the fines and cofiues 
are found in the tables. If the radius of the fphere is not unity 
then, to have the angular value of the fides of the triangle, their 
abfolute values muft be divided by the radius. Thus, if 
a, /3, 7, 'are the abfolute lengths of the arches which form a 
fpherical triangle upon the furface of a fphere whofe radius is r, 

we have '^j -,-,for the angles correfponding to thof^ arches, 

and thefc quantities are now to be taken for the fides denoted 
formerly by a, i, r, the letters A, B, G, denote the augles oppo- 
fite to the arches a, /3, y, in the triangle under confideration. 

Now if the radius of the fphere become infinitely great, its 
furface becomes a plane, and the fpherical triangle becomes rec- 
tilineal; hence it follows that if in the formulas for fpherical tri- 

angles we fubftitute every where ^, -, -, in place of tf , i, c, and 

• ■ • TV T . 

afterwards fuppofe r infinitely great, and, having reduced into 
feries the fines, and cofines of thefe angles, we reject the terms 

^hich vanifli by confidenng that =o, we fhall have formulas 

relating to reftilineal triangles in which a, g,y, are the fides, and 
A, B, C, the oppofite angles. 

Thus if V = o is an equation exprefling the relation that fub- 
fifts among the fines and cofines of a, b, c, and of A, B, C, we 

muft fubftitute for fin. a^^— .^ + &c.; and for cof. a, 

1 — ~+—^ — 5 — &c. and for fin. b, cof. b, fin. c, cof. c, 

like values, by changing a into g, v ; and reducing the whole in- 
to a feries according to the defcending powers of r: we thus 
obtain 

which, when the triangle is reftilineal, gives P = o ; for the 
equation 7 zz o, becomes by multiplying by r'", 

P+2+^4-&c. = o. 

and making - = o we have P = o. 

In this way may the rules of reftilineal trigonometry be derived 
fcom the fundamentii equations of fpherical trigonometry. 
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This, however, would be to demoi^ftrate that which is fimple by 
that which is compound, and, therefore, of no ufc except as an 
exercife in calculation ; wc (hall only remark that equation (D) 
of No. 17, s'^t's fUreftly this other equation, cof. A :=: fin. B 
fin. C — coh B cof. C ; or cof. A =zz — cof. f B — C), and, 
therefore, A = 2D — B — C, that is, A -f- B -f- C = 2D, 
where D denotes a right angle, which is a known property of 
reftilineal triangles. 

27. Now if the radius of the fphere, inftearl of being infinite- 
ly great, is only very gieat, the fpherical triangle will only be 
nearly reftilineal ; and here, as the angles a, b^ c, which corre- 
fpond to the fides become very fmall, the common trigonometri- 
cal tables are not fufBcienily precife for the calculation of the 
fides and angles. In this Cafe, therefoie, f])hericai' triatigles may 
be treated with advantage, as reRilineal triangles, by taking into 
account the (mail con e6lion that refults from their diflerence. 

This cafe always occurs in tlie calculation of triangles formed 
upon the earth's furface for the meafurement of an arch of the 
meridhan ; on ihefc triangles the quantities /3, y, are the length 
of the arches, and r is the earth's radius. 

To determine the correftion we refume equation (A) of No. 
14, which ferves as the bafis ot fpherical trigonometry, and 
which gives ^ 

r^ r K cof. a cof. ^ Cof. C 

Col. A =: r -Tr • 

Iin. b un. c 

Making in the fecond member of this equation the fubftitutions 
indicated in laft number, and flopping at the terms divided by r\ 
we have 



f> r K 2r* 2'3*4 r* 4r' ^ 

dz ( g -H7' \ 

r» V 2-37' ) 

multiplying the numerator and denominator of the fraflion by 

r*, and fubflituting the faflor 1 + *— ; — j— infleadof the divi- 

2*3, 

for 1 ; — J-, we have, ncglefting fuch terms as are divided 

2*3r 

by powers above r* 

Col. A = ^ h :^ — X ^ — i 

(/S* + 7« ~ a') (g ' -*- 7") 

•" — — — - — J 9 
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By making — := o, thtf angle A becofnes thef angle oppofif e tor 

the fide a, in the reftilincal triangle of which at, /g^ y, ate the fides^ 
Let us denote that angle by A', we have thus 

i3^ -f- 7« — a* 



Cof. A' 



2/37 



andhencefinM-='-^ ^' "^ ^-' ^' "^ "g ^; ^ .^ - g. -^ y. 

« 
as we have fcen already (No* i and g) j therefore, fubllitutingthefe 
values in the preceding equation it becomes 

/> r A r M /S7fin.' A" 

Cof. A = coh A' — ^ r— ; 

but, in the reftilineal triangle of which a, jS, 7^ are the ficfcs, it 

is manifeft that ^ ^ expreffes its area, therefore, if 9 be 

pi^ to denote that area> we have 
Cof. A = cof. A' - i^', 

hence w:e have, to quantities of the order, — nearly, 

A r= A' + J-. 

And as by changing the fide a into /3 or 7, the angle A changes 
to B or C, if we deiign by B' and C' the angles oppofite to the 
fides /3 and 7 in the re&ilineal triangle, we have in like man^ 
ner 

B = B' + * 



3^' 



3^'- 
for the quantity 8, or the area of the reftilineal triangle is a func- 
tion in which the fides are alike concerned, and which, therefore, 
is the fame, whatever interchanges are made among the quanti- 
ties that compojfe it. 

Therefore, when a fpherical triangle is traced upon the furface 
of a fphere, the radius of which is very great, if a reflrlineal tri- 
angle is formed having iis fides of the fame length as thofe of the 

fpherical 
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fpherical triangle, the angles of the latter fhall be equal to the 
correfponding angles of the reCtilineal triangle, when each is 

augmented by the quantity — -., (ft being the area of the refti- 

lineal triangle) reduced to the mcafure of an angle, which is doncf 
by taking for unity the angle correfponding to an arch equal to 
jthe radius. 

ft 8. If we j^dd together the three equations A = A' ^ 5, 

B=B^+ '^.C~C^Jl,,wehavcA + B + Cz=:A' + 

3^+0'+ A-, but ^ye know that A' + B' + C'== 2 D where D 
denotes a right apgle ; ther/efore, 

1=A+B + C — 2D, 
f 

Hence we may conclude, that bv fubtrafting from each angle 
of a fpherical triangle one-third of the excefs of the fum of the 
three angles aljove two right angles, we ftiall have the three an- 
gles of areftilineal triangle, the fides of which are equal in length 
to thofe of the fpheripal triangle. Thus we m^y treat the latter 
as a reftilineal triangle, and obtain refults which will be accurate 

to quantities nearly of the order J[ • 

This beautiful theorem is due to Legendre, who gave it at firft 
without demonftration ixi the Memoirs of the Academy of Scien^ 
ces for 1787; he has fince demonftrated it, in a manner differing 
but little from the preceding, in a Memoir upon the method of 
determining the length of a quadrant of the meridian. As it may 
beof great ufe in the calculation of fpherical triangles which differ 
but little from re6lilineal triangles, we have judged that the rea- 
der wou}4 be pleafed to fii^d it here* 
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ARTICLE II. 

An mfoLy of Numerical Analyfis^ on the Transformation of 

FraSions *. 

By I. L. Lagrange. 



L 



ET us confider the fraflion — which isfuppofed lefs than 



unity, and reduced to the loweft terms, fo that the numbers A 
and B are prime to each other. If it were required to transform 
the fraction into another of which the nurherator or the denomi- 
nator were given, it is evident that this would he ftriQly poffible, 
'only when the new numerator or denominator was a mnltiple of 
the numerator or denominator. If, however, no more than an 
approximation be required, the problem may always be refolved, 
and the new fraftion muft be found as nearly equal to the given 
fraflion as is poffible. 

2. Thus if the new fraflionbe defigned by— , in which m ox a 

is fuppofed given, the problem confists in finding a or m^ fo 

B m 

^that the difference between ^ and - (hall be the leaft poffible. 

But this difference is ~ - , therefore, a, or m muft be 

found fiuh, tliat the number V^a --km becomes the fmalleft 
poffible ; tlis will be efllcilvMl by takin^j fur a the quotient of hm 
dividcu by B, for w iliC.qr.oiietit or Y>a divided I'y A, for then 
the value of B^ — Am will be the lemainder of either divifion, 
and therefore lefs than the divifor. 

3. But it muftbcliere obfervcd, that the remainderof adivlfion 
may be either pofitive or negative, accoiding as we take for the 
quotient, a number wliich being multiplied by the divifor pro- 
duces the nearefl number lefs, or the neareft number greater than 
the dividend. In common arithmetic divifion is fo performed, 
that the remainders are pofitive, but in the general theory of num- 
bers we may employ either pofitive or negative remainders, and 
thus-the remainder may be always lefs than half the divifor, lor 
when the pofitive remainder is greater than that half, if we add 
'unity to the quotient, we muft at the fame time diminifti the re- 

* From Journal De l*ccole Pol)tcchnlque, Vol. II. 

mainder 
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by the divifor, thus we (hall have a different remainder, which 
will be negative, and lefs than half the divifor. 

For the fake of fimpHcity we may call [divijion endefcH) (divi^' 

Jion en dedans) that in which the remainder is pofitive, and divi' 

Jion en excefs^ (divijion en dehors J that which gives a negative 

remainder, becaufe, in the firft cafe, the produft of the quotient 

by the divifor is lefs than the dividend, and, in the other, the pro- 

du£l exceeds it, 

4. Therefore, let 'Ra — Am = + ^' ^^ '^^' it ^ ^^'^ ^^ 
the .remainder of the divifion of Ba by A, and m the quotient, or 
+ C the remainder of the divifion of Km by B, and a the quo- 
tient; hence r = + - , and confequently ^ == — 

C 

We may therefore treat in the fame manner the fraSIon -r-, m 

which C is always neceflarily lefs than A, and reduce it to ano- 

ther known fraftion t, of which the numerator or the denomi« 

nator is given, and which approaches Ihe neareft poflible to the 
fame fradion. We thus make Cb — An = + D where + D 
is the remainder of the divifion of Ch by A, and n the quotient, 
if the numeratoir b is given ; but if the denominator n is given, 
then + D is the remainder of the divifion oi An by C, and b the 
quotient. 
Hence we have 

C « L. P. 

A — " ^ - A^' 

This procefs may be continued in the fame manner by making 
Dc— A^ ~ + E, and we have 

-D /^ . E 
A ~ c ~ Ac' 

and fo on. 

5. We next remark, that the number B being lefs than A by 
hypotbefis, the fucceeding numbers C, D, &c. are alfo lefs than 
A, for they are the remainders of the divifions of Ba, C^, &c. 
by A ; hence it is obvious that the numerators m^ n, p^ &c« 
can never be greater than their refpe£live denominators a, ^, c, 
&c. 

But in confidering the equation B<2 — Am = + C» '^ ^^ ^ 
Awi, then Ba — Am = C ; therefore. Aw r= Ba— C > Bj, 
but A being > B, it follows that m is neceflarily < than a. If, 
on the contrary. Am > Ba, then Ba — Am zz — C, therefore. 

Vol. I. Part III. (d) Am 
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Am = Bfl + C, and thence A (m — i) = Btf + C — A, but 
A being > C, C — A is a negative number, therefore, A(m— 
i) < Btf, wherefore, B being < A, w — i is necelFarily <J a, 
and, confequently , iw < j -+• i . 

We may demonftrate, in the fame manner, from the equation 
Q^ — ^^ -- -^ D^ that in every cafe n < i -+- i, and fo on» 

When the denominators a-, b, &c, are given, and the nume- 
rators m, n, &c. are to be determined, fo that the remainders of 
the divifions of Ba, Ci, &c. by A may be pofitive, then it ne- 
ceflarily follows, from the preceding dcmonllration, that m < fl, 
n <bt p < c, &c. 

C D 

6. By fubftituting fucceffively the values of. x« a » *^- ^^ 

have this feries of transformed exprcl&ons, 

o fJt , \^ 

A^fl— Adf 

— — 4- — 4- -?- 
"^ a-^ ab — Aab 

a—ab-^ abc — Aabe^ *' ' 

where it is to be obferved, with'refpeftto the ambiguous (ign,that 
the firft is the fame as that of the fir ft remainder; that the fecond 
muft be the produft of thofe of the two firft .remainders; that 
the third muft be the produ£l of thofe of the three firft remain- 
ders, and fo on. 

Thefc transformations have the advantage of reducing the given 
fraflion to a feries of decreafing fra6lions, the numerators or de- 
nominators of which are given, and which approach the neareft 
poffible to the given fra6lion. 

7* If the denominators a^ b^ c, &c. are fuppofed given, and 
equal to each other, then the feries takes this more fimple form,^ 

A fl — a^ — a^ 

and it is obvious, that if we make a •s=z lo, and take the remain- 
ders all pofitive ; that is, if we make all the divifions en defed^ as 
is done in arithmetic, we (hall have the known redu3ion of the 

fra6(ion ? into decimitls, where the numerators m, 9, ^, &c* 

arc/the fucceffive figures of the fraflion. In effeS m will be the 
quotient of the divifion of Ba, or to B by A, and C the re- 
mainder; n will be the quotient of the divifion of aC, or loC 
by A, and D the remainder \ and fo on, which is the known 

operation 
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operation of divifion in decimals* If for 4 we take the numberg 
8, 3, 12, &c. we fhall have binary, ternary, duodecimal frac- 
tions, &c. 

8. I now remark, that when alT the denominators are given, 
and equs^l, the numerators m^ «, p^ &c. muft neceffarily recur 
to the fame values, and form a periodical feries ; for the remain- 
ders C, D, £, &c. being all lefs than the divifor A, it will ne« 
ceflarily happen, that in the fucceffion of operations, one of the 
remainders will be repeated. Let us fuppofe, for example, that 
the remainder E is equal to the remainder C ; that as n is the quo- 
tient, and D the remainder of the divifion of C^ by A; and alfo, 
^ the quotient, and F the remainder of the divifion of E^ by A ; 

• It follows, becaufe of b and.flf being each equal to d^ that j =: n 
and F = D ; and for the fame reafon n-zzip and G zz E, and 
fo on ; thus the quotients n,.^, &c. recur always to infinity, and 
form a periodic feries of .two terms. This is what is known to 
happen in common arithmetic, when any fraftion is reduced to 
decimals. The fame thing muft confequently take place in any 
other fyftem of arithmetic. 

Hence, reciprocally* we may conclude, that if any numerical 
feries of the form^ 

'^ + 4 + 1 +, &c. 
a — or — a^ 

which goes on to infinity, be of fuch a nature, that the numerators 
«, ^, &c. (which ought to be all <a ^ \) do not recur in a 
periodical manner, that lerics can never reprefent a rational frac- 
tion. 

9. When the numerators w, «, ^, &c. are the given quantities, 
and it is required to find the denominators a, 3, &c. by the fup- 
pofed conditions, the numbers A, B, C, D, &c. will neceffa- 
rily form a decreafing feries. For, in the firft place, B is < A by 
hypothefis ; and next, C being the remainder of the divifion of 
Am by B, will be lefs than B ; in like manner, D being the re- 
mainder of the divifion of B« by C, will be lefs than C, and fo 
on ; hence it follows that the feries of remainders C, D, E, &c. 

ought neceffarily to terminate in o, and then the feries - jh r; 

+ — , &c. will alfo terminate, as is evident from the formulas 
— aOc 

of No. 6. 

Therefore, reciprocally, if we have a feries of the form, 

tf — tt^ — ate 
vhere the numerators w, «, py 8cc. are refpeftively lefs than 

(df>j a+tf 
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< + J, i+ 1,^ + 1, &c. ; this feries, if it goes on to infini^, 
can never reprefent a rational fra'£lion ; of confequence, it will 
neceffarily reprefent an irrational numerical quantity. 

lo. It is known that if e denote the number of which the hy- 
perbolic logarithm is unity, we have always 

tf« = 1 + tt + ^ + ^ + &c. ; 

« 3 



therefore, if « = i, or =: r-, being any whole number 

• 



what- 



ever, the* feries which reprefent the value of t will be of the form 

1 

we have beenc onfidering j hence it follows, that the number t 

will be neceffarily irrational. 
We have alfo, as is known, 

fin, w = tt — — + — &c. 

2'3 sf3-4-5 

col. tt = 1 1- > — Tt + &C. 

2 2-3-4 2-3-4-5-6 » 

Therefore, if we make U'z=.x% or z= -y that is, if we take a 

It 

equal to the radius, or to any aliquot part of the radius, the fe- 
ries which reprefents the fine and cofine of that arch have the 
conditions we have been confidering ; and as they go on to infi- 
jiity, we may conclude that the fine or cofine can never be com- 
jnenfurable to the radius. 

11. Let us now confider more particularly the cafe in which 
the numerators m^ w, &c. are given, and let us fuppofe them 
all equal to unity, which will render the feries the limpleft and 
the moft converging poffible. 

Therefore, in this cafe, we are to affyme, 
B^— A. = ± C, C*— Ac= + D, Dc— A = ± E, &c, 

and we fhall have, 

? — L-^-?+— ^&c 
ti, a ao aoc 

where, with refpeft to the ambiguous figns of the feries, the rule 
of No. 6, is to be obferved. 

Thus we are to take for a the quotient of the divifion of A by 
B ; for A the quotient of the divifion of A by the remainder C, 
of the preceding divifion ; for c the quotient of the divifion of 
A by the remainder O, of the preceding divifion ; and fo on. So 

that 
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tTiaC in thefe operations all the remainders of the fame dividend A 
are compared fucceflively, which renders the feries of remain*^ 
ders decreafing ; and that of the quotients a, i, c, &c. increafing, 
until at la there be no remainder; and here the operation and the 
feries terminate. 

If the divifions are made fo as to be all en defeBy that is, in the 
ordinary way (No. 3,) the remainders C,D, &c. will all have the 
negative fign ; and, therefore, the figns of the feries will be alter# 
nately pofitive and negative (N0.6) : but that theterms of the feries 
may be all pofitive, the fuccefTive divifions ought to be all en ex^ 
cejs, in order that the remainders C, D, &c. in the preceding for- 
mulas may all have the fign +. However, if it be required to 
have the feries the moft converging poffible, the diviiions muft 
be made en defeS^ or en excefs^ according as the one or the other 
of thefe methods produces the fmalleft remainder. 

12. As this method of converting a fra£lion into a feries is lit- 
tle known, and may be ufeful in many cafes, we fhall illuftrate it 
by fome examples. 

887 
Let the fraftion be — 2_. Here follows the whole operation, 

1103 

in which I have performed all the divifion en dtfeS. 



887 


1103 

887 


1 


. 




216 


1103 

1080 


5 






23 


1103 
1081 


47 


• 


22 


1103 
1100 



50 



3 I »»o3 I 367 
I "ot I . 

2 



1103 

1102 


Sb^ 


1 


1103 
1103 



1108 



It appears that the remainders are — 216, — 23, —22, — %% 
— 2, — 1 ; and the Quotients 1, 5, 47, 50, 367, 551, 1103, *^ 



that there refults this alternate feries^ 
887 1,1 I 

1103 5 5'47 



+ 



5'47*50 " ^•47*50-367 
I 



5 '47 -50 -367 -551 5'47"5<?"367'55i'"03' 



Let 
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• Let us take the fraftion which expreffes the ratio of the c\u 
cumference of a circle to its diameter, and which is, in decimals, 
3-14159965358979323846264338, &c. 
By performing the fame operation upon the fraction 

141592 653589 793238 462643- ' » 
1000000 000000 000000 000000. . . 

end making the divifions en defeQ^ or en excefs, according as 1$ 
foand neceffary to prpduce each remainder lefs than the half of 
that which preceded it, we fball have the ratio under confidera. 
tfon equal to this quickly converging feries 



7 7*^13 7*^*3'4739 7'ii3'4739'4705» 

— &c. 



7'"3'4739'47<^5t*499762 

The two firft terms when united give the known proportion of 

22 
ArchemedeSyviz.*- ; and by adding the third term» we have the 

proportion of Metius, or *^. 

13. In the preceding problems it has been confidered how a 
given fraftion may be reduced to other fraftions, the numerators 
or denominators of which are given ; but it may be only requir- 
ed to reduce a fraftion to other fraftions expreffed in the leaft 
terms, and which (hall be the neareft poflible to the given frac- 
tion. As this problem is the moft interefting in arithmetic, both 
on account of the artifices which it requires, and the purpofesto 
which it may be applied, we proceed to give here a folution of it, 
deduced from the fame principles. 

14. .According to the formulas of No. 4, we have this transfer- 

B ^ C 

mation 7-— — ^ ^ , or Ba — km = ± C. But when m and 

A a Afl 

«are indeterminate, and that it is requiredlo determine thAi, fuch, 
that the fraftion — (hall approach the neareft poflible to the given 

B 

fraftion — , the numbers mand a^ being refpcftively lefs than the 

numbers B and A, it is evident that we muft give to C the leaft 
value poflible, that is, we muft make C 2=: ± 1, for the fup* 
pofiiion of Czio would imply the perfeft equality of the two 
fraftions, as then we (hould have 7» z: B,* « =: A, 
Therefore, m and a are to be fuch that B^ — km z: =fc ii 

hence 
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hence we have this transformation, 

B^m I 

A"" *fl~ Aa* 
where the upper or lower fign is to be taken according as the 

given fraftion is greater or lefs than the new fraftion ~. 

15. But it is neceflary to be firft affureH that two numbert 
a <i Ay m <B may be found, fuch that Ba — Am z=z + 1.. 

Let us put this equation under the form a = : — tT^^--; then, that 

this may be poflible, it is evident that we rauft find a number m left 
than B, which {hall render the number >« A + 1 divifibleby B, 
Now, if in w A + 1 there be fubftituted fucceiTively for m, all 
the numbers©, 1, 2, &c. to B — 1, and each refult be <jiyided 
by B, the remainders will be all lefs than B, and different from 
each other; for if there can be two equal remainders, let m and z»' 
be the two numbers which give the fan\^ remainder, then the 
difference {m — m') A will be divifible by B, but A and B are 
prime to eacji other, and ;» — m' is a number lefs than B, feeing 
that m and m! are lefs than B, therefore this difference cannot be 
divifible by B; hence it follows, that the two remainders caunot 
be equal, therefore o muft neceffarily be found among the re- 
inainaers ; and, confequently, there may be always a number le{^ 
than B, which fubftituted form in w A + 1 (hall render this laft 
number divifible by B. The fame numBer may, therefore, be 
taken for wi, and the quotient of the divifion of A »t + i by B will 
be the correfponding value of a^ which will, conlequently, be 
lefs than A. 

It appears alfo by thisdemonftration that there can only be one 
value of wi and one of a, lefs than B and A, which will fatisfy the 
equation Ba — Am = + 1. For let a and a* be two values of 
a, and m^ m' two values oTl», we have, therefore, Ba — Am z: + 1 , 
Btf' — Am' z=z + 1, and, by fubtr^£ling the one equation from 
the other, B {a — cC) zzz A (m — m') ; but this equation cannot 
take place in whole numbers, for A and B are prime to each other, 
and a — a and m — m' are numbers lefs than A and B. There- 
fore, two numbers m and a may always be found fo as to fatisfy 
the equation, by repeated trials of numbers lefs than B or A for 
m ov a\ but we fliall afterwards give dire£l methods for finding 
them. 

i6* Again, when two values of ttz and a have been found fo 
as to fatisfy the equation Ba — Atwiz: + 1, if we take a iz A — a, 
m' z=.B — wi, we fhallhave Ba' — Am' z=z -^^ 1, thus it appears 
that A is fuflRcient, if fuch values of m and a be found as to fatisfy 
the propofed equation, when the ambiguous fign is taken either as 

pofitive 
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pofitive or as negative at pleafure. It alfo appears that it is aU 
ways pofEble to give to a or m values greater or lefs than 

A B 

—or — , for it is obviousthat if a is > f A, A — a will be < | A. 

S 2 

But the fra6lion —approaches fo much the nearer to the frac- 

B 
tion -T-, whether the difference be in excefs or defeft, according 

as the denominator a is greater, for without confidering the Cgn 

1 A . 

the difference is -— , therefore, if we take « > —that difference 

Aa 2 

2 

is the leaft, and <3 r- • 

Aa 

17. 'It further appears from the equation Ba — Aw= + 1, 
which is to be Satisfied by the numbers m and a, 1^ that thefe 

numbers are prime to each other, fo that the fra£lion —is re- 

duced to its loweft terms, for if they had any other divifor than 
unity, the fame would divide the fecond member of the equation, 
which is impoflible, and 2^ that it is impoffible for any other 

B m, 

fra6lion to fall between the two fra&ions -r and -, except that 

it has a denominator greater than A, for fuppofe that there may 

be fuch a fraction, as -, whofe value falls between the two 
fradions, and of which the denominator a is < A, then the 

difference between the two fra£lions - and ~, will be lefs than 

a a 

the difference between the fra6lions -r- and — ; now the firftof 

-A a 

thefe differences is '^ , and the fecond is ± -A-- but it 

a a Aa* 

IS evident that the number fJi* a — a m cannot be lefs than unity, 
and as a. < A by hypothefis, it follows, on the contrary, that the 
firft difference is always greater than the fecond difference, 

18. If the fraftion — is alfo expreffed in too high terms, it may 

be reduced in the fame manner ; feeing that the numbers m and a 
ve prime to each other. Therefore two numbers n and i are to be 

fought 
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fought, which are lefs than m and a, so aj to fatlsfy the equatioii 
fni — an = ^1, and then 

In like manner, if two numbers p and t/are found which 
are lefs than n and 3, and fuch, that nc — bpz=2±: i, wei 
have alfo 

n p 1 ^ 

andfoon. 

« 

Thef^ new fraaions -, ^, &c are alfo reduced to their loweft 

be 

termsi and are exprefTed always by the fifnalleft numbers in fuch 
a manner between any two corifecutive fraflions of the feries . » 

— , -, — , &c. there can fall no other fraflJon of which the de- 

nominator is alfo between the denominators of the two fraftions, 
(No. 17.) • Hence it follows, that this feries of fraSlions contains 
all the fraftions which being fucceflively expreffed by fraaller 

numbers than the fraftion t approach nearer to it thari any other 
£ra£lion can^ which is not expreffed* by greater numbers. 

19. Let us fuppiofe that the numbers^, ^, f, //, &c. 7», n^pi 
q^ &c., are taken^ fo that the Upper (igns or the lower figns al- 
ways take place in the equations 

B« — Awi = rt I, mb — 4rt = =F I, nc — 3/? ir ± I, 
pd — Cj= =?= I, qe — dr —dzif &c., 

then, by preferving the fame law of the figns, we have thefe ap- 
proximationS) 

A "" a Aa* a" If ab* b " c Fc* 

'c- d^ cd' d- i de "^ 

which it appears are alternately in excefs aiid^n defe£t. 

mm mm 

If the values of >, -r be fucceflively fubAituted, we fliall 
Voii. I. Part III. (e) have 



\ 
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« 

have 

B ^^^ w^ I 
A "^ a Aa 

A \Aa abj 

c \ha ab bcJ 

• d \Aa ab ^ be cd) ^^' 



But as thcfe numbers are fuppbfed to go on decreafing, it is evi- 
dent that -7 > —-, 7- > -,-,>--,&€. Therefore, 
o>o Aa be at) td' . be 

we have, in confequence of -the preceding formulas, 
K<a <e <e\^^' 

The upper figns corrcfpond to the upper figns of the formulas, 
and the lower to the lower. 
Whence, I conclude, that if it be fuppofed, that 

Bi — An = =t N, Br — A/^ = =±: P, B^ — Ajf = :4= Q, 
B(? — Ar = db R, B/— Aj = =i= S, &c. 

(preferving always the upjper or the lower figns,) the numbers N, 
P» Q< &c. (hall be neceflarily all pofitive, and it is evident that 
we fhall have 



B _ y» , 
A "" -tf 


r 

Aa 


n _ 

= 2 * 


N 


c 


P 
Ac 



- d^ Ad; 

20. This being premifed, if the two equations Btf — • Aa^ :fr 
I, and mb — an = =P i be added together, we have (B — n)a 

— (A — i) m =: o, that is k ^ l ~ - • But the frafiion 

Ml B n 

•- being reduced to its loweft terms, the fra£lion ^cannot 

a ? A — b 

be equal to it unlefs the numerator B — n and th - denominator 

A^^ 
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A — B are^quimultiples of m and a ; we have therefore, taking 
for X a whole indeterminate number, B — w = X7W, A — b r^s 
Xa ; therefore, w = B — Xw, i5z=A-=— Ka. 

But as n ought to be <J w, and 6 < a, it is evident that we can 
only take for wand b the refnainders of the divifions of B by «, 
and of A 'by a, and X will then be the common quotient of thefe 

B 9n 
divifions. Thus, knowingthetwofirftfraftions — , -, wemay find» 

ft 

in this* manner, the third ,-. In like manner the equations 
vib — tf n =: -P 1, and nc -^ bp z=: + i being added together 

give (m — p) b — (fl — c) «.=^ o, that is — —^ = - ; hence 

we find as before m -^'p rizziJin, a — r z=: f^b^ /x being any 
whole number. We have thus p -Tzz-m -^ fi>n c z=:a — fjkb^ ana 
as p ought to be < n, and c ,< i, it follows that p and c can 
only be the remainders of the.divifions of mhy n,- and of a by b^ 
and that M' is their common quotient. 

In the fame way, from the two equations nc — pb = =fc i , 
pd — cq zi zp 1 , we derive thefe two formulas q :=: n — vp^ 
d = b — vc, V being a whole indeterminate number. . And as f 
and bought to be refpe£lively lefs than p and e^ we thence conclude 
that they can only be the remainders of the divifions of n hy p^ and 
of ^ by ^, and that » is their common quotient, andfoon. 

2 1 . We have found the formulas 
n = B — Xtw, P zzzm — /x«, (j'nzn — yp^ &c, 
b z=s A — X /I, c =: a — /x ^, d = b -^y c^ &c» 

If thefe values be fubftituted in the expreffions of the numbert 
N, P, Q, &c. of No. 19, it will be found, becaufe of 
Bfl — Aw zzzdtz 1, and by taking away the ambiguous fign 
which affe3s all the terms, that 

N = x, P= 1 +^N, Q=: N+vP, R=P + »Q, 
S = Q -+- fR, &c. 

thefe formulas (hew that the numbers N, P, Q, &c. neceflarily 
go on increafing, while the numbers a, b, c^ d^ &c, go on de- 
creafing. Theie formulas may alfo ferve to determine dire£Uy 
the value of the numbers when the coefficients X, /tx* v, &c. are 
known^ and the fame numbers. N^ P, Q, &c, ferve to exprefs in 

a fimple manner the difierences of the fraflioDs ^, ?, &c. and of 
the fra61ion — , ^No. 19). 

A. 

82. Now as the numbers m, n, p^ &c. alfo the numbers 
tf, ^1 c, See, muft go on decreafing, it i» evidcnti that ^y con. 

[e 8j tinning 
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tinuing the fame operations, we (hall at lall come to terms wb'ich 
^e= o. 

Let us fuppofe for example thaty= o, then the equation 
r/— es = qp 1 (No. 19) becomes — cs z=z =p 1, therefore we 
muft take the upper fign and make e = 1, s = i. Therefore 
the equation B/ — Aj =: =»= S (of the fame number) becomes by 
taking the upper fign -r- A =;=: — S, that is S = A. Again, the 
equation which precedes it, Btf— Ar z: db R, gives B— Ar~R: 
therefore, fince B "< A. in order that R piay be pofitive, we 
xnuft take r =0, and hence R= B. 

23. Having thus the values of the two laft terms of the feries 
N, P, Q, &c.; we may find the values of all the preceding, as 
well as thofe of the numbers X,/a, &c. by the formulas of No. 2t, 
^ = N, i;=P— VN, N:;=Q — vP, P = R— stQ, 
Q;;=S — {R, &c. 

Having now found S = A and R r: B we have Q=:A — ?B, 
but Q muft be < R, by the equation P =:R — gr Q, therefore 
Q being <J B, it is evident that Q muft be the remainder of the 
divifion of R by Q» and that t will be its quotient, hence 
we have Q. 

Again the equation P=R — «rQ = B — ^Q fhews in 
like manner (becaufe that P muft be <^ Q by the equation 
N = Q — V P) that P muft be the remainder of the divifion o( 
Rby Q, and that it is the quotient. 

In like manner the equation N = Q — v P (in which N muft 
be < P becaufe of the equation 1 z=. P— ^ N which precedes it,| 
fliews that N muft be the remainder of the divifion of Q by P, 
^nd that v muft be the quotient. 

Finally, the equation %zi P * — yL N gives r: /ix — j^ , and the 

equation X = N gives the value of X. 

«4, The number X, /ca, v, w, being thus known, we can find di- 
reftly the numbers m, «, //, &c. and a, b, c, d, &c., by the for- 
mulas of No. ai. In effeft thete formulas give 

mz=:ti.n-\-p,n=:Mp r\- q, pz=zirq+r, ^=97+8. &c, 
il=fA*+c, iJ=vc+ dyCzzizi: d'\- e, dz=:qe +/, &c. 

and as it has been found (No. 22) that /mo, e r= 1 , J r= 1, 
r = o, we have by going back, fucceflively, the values d, c,b,a^ 
and of 7, pi fly m. 

But all thefe operations ipay be performed at once, as will ap. 
pear from the following example. 

^5. Let the propofed fraflion be — ^, fothat we have A — 1 103 

and B = 887 ; . the calculation is difpofed thus : 
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« A — 
X) A — 
I A — 


B — 

1 B = 
1 B — 


1103 
— 887 

2t6 


1 
4 


4 A — 
37 A — 
78 A — 


5B 
46 B — 

97 B — 


— 23 

9 

-' 6 


9 

2 

1 


115 A — 
»93 A — 
887 A -. 


J43 B _ 

240 B z=; 

1103 B — 


4- 
0. 


1 

4 



The two firfl. equations are always 1 A -^ o B == A, and 
cA — iBz:: — B. To find a third from them, we feek how 
often B is contained in A ; here it is contained once, and 1 is put 
by the fide of the fecond equation ; afterwards we add this equation 
multiplied by the fame number 1 to the preceding equation, and 
thus obtain the third equation lA — iB z=z 216 ; we again en^ 
quire how often the number 218 is contained in the preceding 
number 887, and find that it is contained 4 times, thus we put 4 
to the fide of this equation and the produ61 of this equation by 4, 
^dded to the preceding, giv^s the following 4A — 5B = — 23f 
and fo on. • 

It immediately appears from this procefs, that the numbers of 
the third column are the remainders, and thefe of the fourth the 
quotients of the different divifions which take place in the known 
pperation for finding the greateft common diviforof the two firfl; 
numbers of the fhird column; now thefe numbers being fuppofed 
prime to each other, it follows that we muft neceffarily come at 
laft to a remainder equal to unity, which produces direftly an 
^equation of this form mA — «B = + 1, fo that we have necef- 
farily in this manner a folution of that equation, and, confequently, 
proper values oim and a, from whence we may derive fucceffively 
thefe of n,p, y, &c. and of ^, c^ rf, &c. by the method of No. 20. 

26. But in comparing thefe operations wjth thofe to which our 
analyfis has formerly condufted us (No. 23), it is eafy to fee that 
the coefficients of A, in the fir ft column, are all the numbers m, «, 
f, &c. ; and the coefficients of B in the fecond column are the ' 
correfponding numbers a, i,c, &c.; thefe numbers being difpofed 
in a contrary order, fo that the fir ft m and a are the laft but one, 
namely 193 and 240. It likewife appears that the numbers which 
form the third column are the numbers 1, N, P, Q, &c. difpofed 
alfo in a contrary order, and taken alternately in excefs and in 
defeft ; fo that we have N — 4, P = 5, Q = .9, &c. Finally,- 
the numbers of the fourth column are the numbers X,iut, v. &c. 
|;aken alfo in a contrary order, fo that we have X zr4,/xz=i,vr:i, 
&c. Thus wc have immediately the fraftions which are nearefl; 
to the given fraftion, and expreffisd in the fmalleft terms, by 
jfuppofing the third column equal to p, and taking fucceffively 

for 



( 38 ) 

B 

for ~, the values which refult from this fuppofition. 

In the cafe o( the preceding example, where the given fraftion 

IS — - , the coiiverffinff frafiionsare therefore -^, — -, — , '—j 
1103 ^ ^ 240 143 97 46 

^, •, -; and the equations 193 A — 240B == — 1, 115A — 143 

B = 4', &c., make it appear that the error of the fir ft of thefe 
fraftions is in excefs, that of the fecond in defeft, andfo on. 
If it be required to have the firft fraSioo in defefk we muft take 

(No. x6), the fraftion — ^ 23 that is -~; and if it be re* 

^ 1103—240 «63 

quired to have the fecond frafiion in excefs we muft take tb<i 

fraflion ^ ^, that is, w; and foof others, 

240^143 97 . 

27. Again, if the formulas of No. 21, are put under the form 

P .iQNR PS O^ 

we (hall have by succefGve fubftitutions 
P . 1 

Q 1 



M- 4- I 

« 






R-''^«-Fi 



V -+- I 



A*4- I 

tec. 

Sothat as the two firft terms of the feries N,P,Q,&c. are equal 

R 
to B, and A, (No. 22), it follows that the fraflion -rr is thus redu^ 

A 

iced to a continued fraflion, the fucceffive denominators of which 
are the numbers X, /*, v, &c. taken in an inverted order, and, 
therefore, the very number of the fifth column in the table of 
No. 83. 

Thus 
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Thus the fraftion — ^ (the example of that number) is reduced 



1103 
to the continued fraQion 



I + 



4 + 



9 + 



it + 



1 + 



1 + i 

and this fra£lion being fucceffively carried on no further than the 
firft denominator, the fecond, the third, &c. gives the fame con- 
verging fra£):ions as thofe already found, viz. 

* 4 -2-7 &c 
»• 5* 46' 

28, The problem of finding fraSions which converge the 
tnoft poflib]e to a given fraftion, has been ufiially refolved by 
means of continued fraftions. The firft ftep is to reduce thai 
IVaftion to a continued fra£lion, by performing on the numerator 
and denominator the known operation for finding their greateft 
common divifor ; and, taking the quotients of the mcceffive divi- 
fions for the denominators of the continued fraftion ; the converg- 
ing fra6lions are thence found by formulas fimilar to thofe of 
No. S4« 

887 
The fraQion — ^treated in this way gives the quotients i^ 

1 -LO^ 

4y 9, 2, I, I, 4, and thence is formed this feries of fraSions^ 
> 4 9 * » » 4 

i ? i i 27 78 1^5 122 887 

o' 1' ? s' 46' 97' M3' 240' 1103' 
every one of which is formed from the two preceding, by taking 
for the numerator the fum of the preceding numerator multiplied 
by the number of the feries of quotients which is placed above it, 
and of the numerator which precedes that one ; and for the deno- 
minator, the fum of the preceding denominator, multiplied by the 
fame number, and of the denominator which precedes this laft. 

29. But another method may be deduced from our formulas, 
by which we can find in a direft manner any one of the converg- 
ing fraftions by means of one feries alone. For this purpofe 
I conclude the equations of No. 21, under this form, 
"B zz >.m + n^m — fjiy 71'-]' p, n -rz \ p -^ q^ &c. 
A =: Xfl + 3, a ::z t^b ^ c, b := \ c -^ d, &.C. 
and I obferve that the values of B and A depend on the quanti- 
ties ^, V, TT, &c., and thofe of n and b depend on v, «•, &c., 
which is evident from the very form of the equations. On the 
other haad, if we confidcr the feries of numbers N, P, Q, &c.. 

to 
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to which there is in the firft -place joififid the two niimber^ 
L = o and Mr: 1, we have by the formulas of No. iM, N = X 
M + L, P =^N+ M, Q=v*P + N, R = ffQ +P, &c.- 
but It has appeared (No. si2) that the two laft terms of this feries 
are neceflarily the numbers B and A ; therefore, if in thefe for-? 
tnulas -^ve change the numbers X, /», v, &c. into a«, v, ^, &c., 
the two laft terms of the feries will be m and ^, fo that we have 

immediately the firft converging fraftion — by the two latf 

terms of the feries Lrro, M=:t,N==^M4- L, P = vN-4- 
M, R izr ^ P -+- N, &€., and for the fame reafon we have the' 

fecond converging fraftion -7, by taking for n and b the two? 

]aft terms of the feries L==o, M=:i,N-:vM + L, Y-=ltc 
*t- MN, &c. and'fo on : the numbers X, a*, v, beirig the denomi- 
nators of the continued fraftion taken in a retrograde order, that 
is to fay, beginning with the laft; 

887 
ao. Thus havinff found for the fraflion — — this feries of 
^ ^ 1103 

quotients or denominators i^ 4, 9, 2, 1, 1, 4, we may form the* 

lollowing feries 

41129 4 1 
o, I, 4, 5, 9,' 23i 216, 887, 1103 

1 1 « 9 4 1 

O, 1, 1, 2, 5, 47, 193, 240 

^ * 1 2 9 4 1 

0, 1, 1, 3, 28, 115, 143, &c. 
where every term is compofed of the preceding term, multiplied 
by the number which is above it, and of that which precedes it % 
and it appears that the firft feries reproduces the .two terms of 
the propofed fraftion, that the fecond gives the two terms of 

the firft converging fraSion -^^, that the third feries gives the 

terms of the fecond Converging fraflion — ^,andfoon. The* 

numbers placed above the terms of thefe feriefes are, as it appears,- 
the denominators of the continued fraflion written in their orders- 
beginning at the laft, or the laft but one, or the laft but two, &€• 

31. We have now confideied the problem of the reduftion of 
fraftions to others which are more fimple ia a general manner ; and 
we have derived from the fame principle the theory of decimal 
fraflion^ confidered according to any fyftem of numeration ; the 
theory of another fpecies of fraftions little known, and firft pro- 
pofed, I believe by the late Lambert, which poflefs the fingular 
advantage of forming a feries more converging than any geome-- 
trical feries; in ftiort the theory of continued fraftions which ha^ 
hitherto been always treated in an ifolated manner^ The only ob- I 

jeft of this memoir has been to fliew how thefe different theories ' 

may be conipared together, and prefented under one and the iamd f 

point of view. 

ARTICLE 

i 
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ARTICLE III. 



The Invtrft lileiAod of Central Forces, 
By Mr. John Dawson*. 



I 

Proposition I. Fig. 152. PI. 8. 

THE centripetal force being inverfely as the ntb power of 
the diftance from the centre, and the direftion and velocity 
of a body at any point V being given; to determine the 
orbit, &c. 

Let C be the centre of force, V the point from which the 
body is projefted, VkW the trajeftory in which it moves» and 
VZ a cifcle defcrlbed from the centre C at the diftance CVf to 
the points V, «, of the orbit, draw the tangents VP, np*^ and from 
the centre of force C, let fall the perpendiculars Cr, C^,upon 
the tangents ; join C» w, and produce Cn to Y, and draw C^X 
indefinitely near to CnY ; laftly, draw tv perpendicular to C«. 
Putv CV = r, CP = P, Cn i=jy, Cp=:p, dhe velocity at 
V n:: t/, the velocity at n zzz v\ the velocities being meafuri^ 
by the fpaces defcribed in the time (1). * .. 

If O be the centre of curvature ot the trajeftory at the pioiht 

n, then it is well known that Oft = ^. Draw OR perpendi- 

P 

cular to C/2; the triangles C/?», OR«, are firailai-^therefore 

Qn (V) : Qp (f) :: On (^■] : R« = ^ = half the chord of 

^P^ . P 

curvature paffing through the centre of force. But the centripetal 

force eftimated by the velocity generated in the time (1), iszi the 

square of the velocity divided by .| the chord of curvature 

„ py v'^p ^. 

=1/* -f- -^= — -^ ; and / 

p py . 

tnpetal force — — r-r-^* 



/>* : P" i: o* : i/'*j therefore the cen- 



♦ From the Manchcfler Memoirs, Vol. a and t. 

Vol. I. Part III. {Q ~ . ' L« 
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Let thii expreffion be pot = —— — , A, being a eonfiaat quan- 
tity ; wherefore 

P*v*p __ A"->-\ 

Multiply both Hdes of the equation by/, and take the fluentt, then 

f « V* _ A" •*• ^ 

»P* " (« — i)_y — 1* 

P' o' A" "*" * 
But at V this equation becomes — 5™- = : 

^ *^* («-,)r»-i:' 

therefore the corre£l fluent gives " 

P*v* V* _ A'' + * r»-^-y"-* 

If a body defcend direftly towards the centre by an accelerating 

Alt + l 

force =: , and u = the velocity it has accjuired when at 

/ 
the diftance y itom that centre, then it is well known, that 

« — X— /==tf<^* Take the fluents; theft ^^^ n — , 

or ■ =±: tt*» which requires no correction if the 

/ \ n— 1 

booy defcend from an infinite height; for in that cafe both 
fides of the equation vanilh at the fame time. At the point 
V, therefore, or at the diftance r, from the centre, the fquare 
of the velocity acquired by defcending from an infinite height 

2 A « + t 

JLet therefore in general -*- ^j-- =i;*, where w may 

be either, greater, equal to, or lefs than unity. Hence by fubfti- 
tution and redu£lion, we have 

n--Jl 

2 

I. P= :^ ""^ ~ V rr-. ' m > 1. 

• • «.n-»1 •^— i\ 






•♦ P= "n -LJ X y ^ t m = t. 

3*^ = 
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« p= ^ \t—mj . n < 1. 

1 — m ^ 

Therefore it is evident, that if a body be a£led upon by a 
(ingle force which tends to a fixed point, the law of that force 
being given, the equation of the curve it defcribes has been 
determined : except in that panicular cafe where » = i, or the^ 
force is inverfely as the diftanceof the body from the centre ; for 
then the above equations fail. 

Take si i :: velocity in the curve at V(v): velocity in 

a circle at the fame diftance = -, 

s 

V* «• A* "^ ^ 
then — -1. r = 4- = force at V = ^ ; 

whence^=:fL^:LL^^^><A"^;, 

therefore f = ■ ^ , and w = 5* X ~ - ; which value of 

m may be fubftituted for it in any of the three equations fou&d 
above. 

When « =r 1 , we have — rj-f = — ^ ; hence, by taking 

the fluents^ -»--- = A* X Jog. - ; but at V, this equation be« 
^r y 

comes — 7=r- = — = A* X loir.- ; therefore the fluent, cor* 
refted rives — r — — =: A* x log. -, 

^a /A** "^ ^ \ A* 

But we have juft found that -j— = ( — -^ =: j— upon the . 

prefent fuppofition ; therefore A* == -^ : fubftitute stnd reduce* 

then 

P* . p 

/• = ■■ , or p = ' , the 

» + 7. >c log.-^ /(I + > X log. p 

equation Qf the curve. 

(fa) N«t, 
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Next, to find the angle defcribed, or the pofition of the line 
joining the centre of force, and the body, in refpefl of the line 
CV for any given value of ^it^ By fimilar triangles, we have 
y' : p^ :: [tnY : (^t/)*, and by divifion, 
y^ — />' '-p^ :• [vnf : (/t;)*, alfo, 
y^ : r" :: (tvfx (XYf ; exctq. 

y" — P" / •• 't'P^ :: {vnf : (XY/ ::>* : z» (z being fuppofed 
=: XY) ; confequently, 

i = ■ ,, f ■ — r-f Whatever be the value of w. 

yV{y —p) 

Subftitute, therefore, in this equation, the feveral values of p 
found above, and there will arife the following equations : 



t. i= + 



V{~)^^y' 



n — 3 

. m > 






« — 3 w —5 
8-2:=+ ..^_i - _. -_i\ — Z: ^^^r — r^^ ♦ »» = t. 






n 



•-4- rv^Iizih^LV^ 

J'v r — £^=^^-p> -y ^ 

« 
If n = 1, then fubftituting, in the fame equation, the value 
of p found above, we liave 

ii^ + J ^ — ^—^ — — — .. Hence blithe 

curves may be conftru£led. 

It muft be obferved, that the pofitive or negative fign takes 
place, according as the body afcends from, or defcends towards 
the centre. 

X F^ y 



. B^caufe ^' zz ^ ^—^ 5~ in general, and at an 

^ n •— 1 n — • 1 ^ 

y +.1 

m — 1 

apfe it Is evident , that p sx y ; hence in that cafe there arifes^ 
hyxQiviEtionj the following equation; viz. 

ytl — 1 
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n— .1 



^""'" ^^.JUL^ p« y -!-![ — — r=: o; from whence, and 
^ m — 1 -^ m — 1 

the proper equation for z, the number and pofition of the 
apfides may be determined *. 

It may be obferved that the quantity under the radical in the 
value of i being put = o, gives the equation for determining 

the apfides. 

If m be fuppofed greater than unity, and y infinite, then will 

p -—. y/| .^ — j ^ p-—; a perpendicular upon the affymptote 

to the curve defcribed by the body, or its diftance from' the cen- 
tre of force. This expreflion, it may be obferved, is not afFeSed 
by the value of n. Hence if the value of z be determined upon 
the above fuppofition, the' aflymptotes to the. trajeftory may 
eafily be drawn. 

/(^) XP 
If wbe lefs than unity, andjy infinite, then /»z= — _ ^ ; 

therefore the curve has not an aflymptote. Laftly, if w* = i, 
the perpendicular upon the affymptote will be iafinite. . , 

In all thefe cafes the body may defcend to the centre, if n be 
greater than unity ; becaufe in that cafe, whenjy = o, p ==: o. 
But if n be lefs than unity, the body can only arrive at the cen- 
tre in a ftraight line. For the equation 

. _^ y \7n — 1/ , becomes/? = — y r — • 

in which cafe, when jy r= o, the valueofj^ ispofitive, infinite, 
or impoflible, unlefs P at the fanpe time be equal to nothing. 
But it is evident that p can never be greater than y. 

It will likewife eafiiy appear, that when n r= i, the bodjr may 

defcend to the cenhre ; for p^ zzz = = P* -^ 

2 r * 

1 -H 7, X log. - 

by an infinite quantity when^ =: o. 

But if the body begins to afcend, the greateft height at which it 
can arrive may be found, by making p z=zy\ at which time it 
comes to an apfe. 



* See the Note placed at the end of this Article. 

COR. 



2 a 
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* 

Cor. 1* If n = o, or the force be the fame at al] diftances 
from the centre, then 

sPr 
therefore, by fubftitution, p = — -p theequa* 

tion of the cur\'e defcribed by the body. 
Likewife, it will eafily appear, that, 

sPr^ y 

i zsz -7 r^ ' % • The equa- 

y\/{-y' +'-~^x ry'-'-x P'r) 

tion for determining the apfides will be found to bc^'— 

X f^' H X P' r zi o. This equation has three real roots, 

98 is evident from the latter part of the note to the propofition ; t^flro 
of them are pofitive and one negative ; for the laft term of the 
equation is pofitive. The negative root belongs to a part of the 
algebraical curve, whbfe concavity is turned from the centre of 
force. 

The curve, whofe equation is given in this corollary, is that 
which a particle oi light defcribes in pafling through the atmo- 
fphere ; and by the help of this equation, together with a fitigle 
obfervation of the refraftion at a given altitude, the curve may 
be defcribed. 

Cor. 2. If » =z 2, or the force be reciprocally as the fquare 
of the difiance, the value oi p will become 

t.pzz , ^ '^^"^^ i- .• m>u 

^.p = — X y .m = i. 



r 



z 



%.b = ^ ^^-'"^ , m <t. 

And 
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And the rcfpefiive values of i will be 

t. g=-h . '^ V/"-^^ — : ,\....m> 1. 

^•^ V w» — I m — 1 J 

3. «=:ir — -^-^^ — ri ..•.«t <^i, 

V ( ^-- X P*+ -^ xjy-/) 

In aconicfeftion if A and B be the tranfverfe and conjugate 
axes, L the latus rtSum^ y the diftance of any point in the 
feflion from the focus, ^xAp a perpendicular from thence upoa 

I 3y 

a tangent to that point ; then per conies p •=. - ■ . ^ — ^ — - the 

pofitive or negative fign taking place according as the curve is 
an hyperbola or ellipfe ; but in the parabola, A being infinite, 

>* will vanifh. Hence, becaufe in this cafe m zz ^SZX X^ — 

... * 2 • *" 

I /*, it is evident that the firft equation belongs to an hyperbola, 

A being = -^ =-^ ,B = 2 y/f-^^) XP= - ,f f , 
and L = -r = ■=- — • = . Likewifc the perpendicular up. 

on the affymptote = /(,^) X P= ^~^y 

The fecond is an equation of the parabola ;. from whence it 

IB P P* 
will appear that ~ = f y/ L =: -7 ; therefore i Lrr* , 

A^ . r^ ^ 

The third equation belongs to an ellipfe ; A being x=: — ^^ 



ar 



-„ B= « v^C--2-)xP= ^7(|~^ and A,/w 



2 — 

2J* P* 

reQum L 

r 



From what has been obferved above it will evidently follow, 
that, if the centripetal force a [vary as] as the fquare of the 
diAance from the centre reciprocally, the curve defcribed by 
&e body will be a conic feftion^ or circle. 

All 
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All the common properties of bodies moving in conic feflions 
may eafily be deduced from the above equations ; but that is not 
the intention of this propofition. 

Cor. 3. If « zi 3, the values of p found in the ipropofition 
will become 

t.p- __- --. ni> 

P 
«. ^ = - X > »»=«•. 

• P Zl Z TJl ^ 1. 

v/(r^-/) 

And the refpe£live values of z will be 
. , Pr > 

yv [-riz^ir - y) 

The firft value of i, in which m is greater than unity, may be 
fubdivided into three others, according as wP* is greater, equal 
to, orlcfs thanr*. 

1. If mP^ be greater than r*, the equation for determining the 
apfides becomes 



« -^ =: o ; wherefore y = V , 



■^ m — '1' wi 

the curve therefore has an apfe and two infinite legs. 
By taking the correft fluent it will appear, that 



rf\/ \m{m—i)\ 

fecantt 



t zzz -- — • — ta a— ^ the difference of two arcs whofe 

7»P* — r* 



«• 



•% 



r 
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fecants are / and r, and radius z: 4/ -*^'^ ^— -^,r- *;.^p^ , -^^ 

X the diflFereficeof two arcs whofe fecants are — Vr — ni~^ — i\ 

and ■ ;^ ~ — ^ — -r-. anl radius z= r : hence the traieaory is 
\/[m P* — r*) J / 

eafily coriftrufted, by finding any number of points at pleafure. 
If P zz r, or the body be projeftcd ,at right angles %o a line 

drawn from the centre of force, then z =i ^ f — ^-— ) X arch 

whofe fecant = y^ and radius z=: r. To conftruftthe orbit upon 

this fuppofition ; from the centre C (fig. 153, pi. ft.) at the dif- 

. lance C V iz r, defcribe the circle VQS ; take any arc VR, and 

draw the tangent RT ; take VQ : VR :: 4/ { J : 1 :: 

i/m : v^(wi — t) - s : ^[s^ — 1), and draw CQ, which 
produce to «/ making Cn ;r= CT; then n will be a point in thtf 
curve. If VQS be taken to a quadrant in the abdve proportion^ 
and CS be produced indefinitely, it will be parallel to an afljymp- 
tote to the curve. This is too Evident to require any particular 
proof, trom the centre C draw CP perpendicular t6 CL, and 

take It zi=: \/ { ^ ) X r = ^ ■ f ^ , atid ' through thd 

point P draw PL parallel to CL» and it will be an dffytnptote to 

the curve or trdje£lory. 

The number of revolutions which the body will make^ while 
going from an apfe to an infinite diftance» will be evidently 
equal to 

4/ f J X quadrant , ^ 

4 X quadrant "" ♦ k \^^ — ly" 

2. If«2P*=r^ then/i^nz: \m—jj^ ^ ^^^ ^q^j^. 

tion of the hyperbolic fpiral ; the body will therefore revolve m 
this curve, and will come t<5 an apfe at tliC centre. For at that 
time 

yz=: 4/ z=: o. It will likewife app^tf* that 

VpL. I. Part III. (f) i = 
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K= + k/1 ■ ) XrP X ~ ; the correft fluent therefore gives 



— y. 



/ 



when the body afcends, and z zz \/ v"^ ) X P X 

when it defcends. Ifthebody be infinitely diftantfrom the centre, 
tbenz= A/ ( ' ^ ) X P. Hence li c z=z 3'i4i59, the 
number of revolutions which the body will defcribe in afcending 
to an infinite height from the diflance r, n a/ ( j x P-f-2cr 

// w \ P __ 1 _^ \ • 

""^ Y \m — \f 2cr ~ %c 1/ [m — i) "1 2c i/(j>' — i/ 

for -^/tw X P= »"• In defcending to the centre, it is evident, that 
the number of revolutions will be infinite; for when jy i= o, 

— - ^ z= -, is infinite. The diftance of the affymptote Uoxxk 
the centre = 4/ ( — ^ J X P = ^S m — -^^^ — -, 

3. If mP' be lefs than r*, then the value of y, when the body 

/ m P^ r' 

arrives at an apfe, zz aX , becomes impoffible ; 

therefore upon this supposition the body can never come to an 
apfe. But it may either defcend to the centre, or go oflF to aa 
infinite diftance, as is evident from the equation to the curve. 

y/(^JxrP> 
Becaufe i = +- -— ^ •— by takipgtheflueni 

and correQed 

»=±rP >/[~-p) X log -vr t ^ r- 



If 
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If ^ be infinite, then 

The body will therefore go' oflF to an infinite diftance in a 
finite numbef of revolutions. 

But if y irz o, the value of the fraftion 

..-^ — S ? xy " nothing, 

V { (»i— i)/+r»— mP* j + /(r*— »iF') r 

wherefore the body will make an infinite number of re volutions 
in defcending to the centre. From the above equations the 
trajeftory may be conftruQed. 

Next, if w == 1, the equation of the trajeftory being 

p zzz-^ X ^, the curve in which the body moves is the log. i$piraL 

»"' * = ± ^fr» Lp* ) X y therefor ^ = 7(?cFj ^ '°g-i 

Pr r 

when the body afcends, and z tr , ^ p^> X log. - whenit 

defcends, wherefore, the body can neither defcend to the centre 
nor go off to an infinite diftance in a finite number of revola- 
tions. If P = r, or the body be projefted at right angles to the 
line drawn from the centre, it is evident that it will defcribe a 
circle. 

In the laft cafe when m is lefs than unity, the equation of the 
trajeftory is 

It is evident that when ^ = o, ^ = o ; the body may there- 

fore defcend to the centre, but if y be infinite, p = — y ^^ • 

therefore the body cannot afcend to an infinite height. It is 
likewife evident from the above equation that when y increafes, 
p increafes; but p can never exceed^, therefore when they are 
equal, that is, at an apfe, y will be the greateft poflible; but 

fheay = Y \ — —m r Wherefoic, after the body has 

paffed an apfe, U will defcend to the centre> 

(g a) Becaufe 
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BecauTe i = + \ t — »» / , the corrca flu- 

cnlbetni; taken, and the equation reduced, we have 

/ ^ — b . y 

I 

If P ~ r, or the body be projeaed from a» ?pre, then 
•- —rA^f i "* ^ V low ^^^ — , and when y = o^ 

«hevalu«ofthe.fr»aion .,^.._ ,, '^ \xAK»-i, 3S may be 

found dthcr by taking the fluxions ot tlie numeiaior and deno- 
mhiator, or by expanding v/{'^*->);' and dividing;, bythede. 
nominator ; hence the body wi« «akea» infinue number ot re- 
volutions befc»e it arrives at the centre. 

The orbit may be conftruaed in the following manner. t.et 
the i«aanjrular hyperbola VA (fig. 1*4. pl-^;) }^ defcnbed, 
whoTe ceiSrc is C and vertex V ; join CA, and draw the Uri- 
cent AT to the point A, and AB perpendicular to theaxu VB. 
Let CV = r. CB = X, and CT = y. It is well known ^hat 



the Buxion of tlie feaar C VA = - )« ^jp^f^r^ij : but * : r :t 

r;y, thicreforc « = — , andi=: -7-, 

confequqntly ~ 5C "JT^pTTFj ~~T^ * V(^ - r') ~" 
'''^ =s: fluxion of the feaor CVA. 

w * •« *u:- ^afp 4- — ^ ^^ — ^^ • therefore the 

But lathw cale z — — • ^T/pTZT/) 

flitxioa of the circu^wfeQor CV Y -r--" ' ^y v'{rV-/*) 

Take 
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Take y --^ — : i :: hypexbolic fefior : circular feaor VCY, 

and make Cp — CT ; then /?.is a point in thetrajeftory. 

from this conilru6lion it will e/ifily appear, that the number of 
revolutions which the body mu ft make before it arrives at the 
centre will be infinite, becaufe the area CV A increafes without 
limit. 

Or the trajeftory may be conftrufted in the following manner. 
Defcribe the femicircle SVD,^ (fig. 155, pi. 8.) with the radius 
CV ~ r; drawAB perpendicular to Cp, and fuppofe it equal 
toy, and take the arc VQ -the difference of the hyperbolic 

^ , and 

takeC;^r:AB; then i^jft a point -i-o the trajeftory, ^% will b«5 
evident from tUe equation zzzr^ ( — 1 xlog. ^ a ?_ 2\ * 

Becaufe the ratio of AB to BD is infinitely great when AD it 
cvanefc^nt, the number of revolutions before the body arrives at 
the Centre, muft be infinite. 



SL 

2 



Cor. 4. l(n = 4, then^ = ^ \m-^i^ _ 

/ / 7/2 7"^ \ 



m 



m — 1 



o 
S 



i^ y -+- -: := o, is the equation for determining the apfides; 

■» 

» • - • • 

where m may be greater than, equal to, or lefs than unity. The 
ratios of m to unity, andof/^xo rb^i^g given, it will be eafy 
to determine when all the roots of this laft equation are real, and 
•when two of them are impoflible. If the body be projefted 
from an apfe, or P n r, tlien all the roots are rejal | Iwo beincf 
pofuive.^d one negative, which belongs to a part of the curve 
having its concavity turned from the centre of forc^. 



4 

z =: 






w ^ , . r* 



andjr*— r^J'* + ~ =0, is the equation for deter-» 

mining the ap fides ; here, likewife, m may be greater tliaif, equal 
to, or lefs than unity. The/everal parts of this curve might 
eafily be traced out when m is greater than unity, but notice will 
be taken only of that cafe in which i» == i, or the body is pro- 
jefted with the fame velocity as it would acquire by falling an 

infinite height. In this cafe />=:-» X ^*, an equatfon to a cir^ 
cle, the centre of fox'ce being in the circumference, and the dia^ 

meter — -p. For, let C in the circumference of the circle 

« 
AVC, (fig. 156, pi. 8.) be the centre of force, CA the diameter, 
V the point from which the body is projeaed, n any other place 
in the circle; draw the tangents VP, np, and the perpendiculars 
CP, Cp, and join V, Aand », A. Then, by fimilar triangles, 

CP : CV :: CV : CA. thatis, P : r :: r : CA = ^;and 
Cp : C« :: Cn :^ CA, that is, p \ y \\ y \^^ -, 

therefore, p z=l -^ X y^. 

It will eafily appear that upon this Tuppofition, the periodic 
times in different circles woiHd be as the cubes of their diameters 
dircftly ; taking it for granted that a revolution were poffible. 

Con. 5. If « =:=: 1, or the force be direaiy as the diflance, 
then, m ==: — - — X^*=: — ^'; -hencCi becaufe in general 



2 

«— 1 



f = Yj ' „^\\ — • tnerefore by fubftkutioa 

and reduction, 

sPr J . . s P r^ y 
P'zz^^* ' 'J ^ " > >anQzz: -n — -^ 

- - The 
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The above is an equation to an ellipfe, the centre of forct 
being, in its centre. For, if 2R = the tranfverfe, and'2C = 
the conjugate axis, y = the diftance from the centre, and/> =; 

CR 

the perpendicular upon the tangent, then^n ^-y? — '^-" * ^ ^» 

Compare this with the above equation, and it will eafily appear, 
that . 

2R=zA^ Us^ + i)r^^^2sPr^+^y |(i«4-i)r^-2jPr| , and 

The fame conclufion may like wife be deduced from the equa- 
tion for determining the apfides, which has two roots pofitivc, 
and two equal to them and negative. 

Cor. 6. If w iz 1, then i* = ; which, if « be greater 

than 3, is lefs than unity, and the body in this cafe muft fall to 
the centre; and the number of revolutions it will make before it 
arrives there, may be determined in the following manner. In 

n — 1 n — 1 

this cafe p — \_{ y, y — _„ when P = r, or the body 

n — 3 n — 3 



moves from an.apfe ; therefore j& \ y \\ y : r ^ . But when 

n — 3 w-^3 

y and p are evanefcent, r ^ is infinitely greater than 7 ^ . , 
therefore^ is infinitely greater than /?,and corifequentlyat that time 
the angle nQ,p (fig. 152, pi. 8.) will be a right angle. From the 

equation of the curve, it will eafily appear that - = x -. Let 

A^nd flreprefent the angles defcribed by Cj&,andC;^,refpeftively,' 

fince the bo4y left an apfe, then becaufe A : /i :: ^ : ~ : : 

. ' P y 

« — 1 



* If a body revolve in a curve of any kind round a centre of force ; to com- 
pare the angular velocity of the perpendicular upon the tangeat with that of the 
difiance from the centre, or radius veftor. 

Let PQW (fig, 1,57, pi. 8.) be the curve in -which the body moves, S the 
ipentre of force, and C the centre of curvature. Let* P, Q, be two points in the 
curve indefinitely near to ^ach other, to which the tangents FY, Qy are drawn ; 

let 
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: 1, A — a. and A zi ^ ; for A aft<! a begife 

2 2 2 ^^ 

together. But A rrr Q + « when y z=z o, or the body arriveal 

2 1 

at the centre : hence we have a =r X O = — -, X C, 

n — 2 ^ 2(n — 3) 

Q being a quadrant, and C zi the circumference of a circle whoft 

radius =: r. The number of revolutions therefore zi — \i 

2v« — 3; 

If n be lefs than 3, s mufl be greater than unity ; therefore the- 
body proje£led at right angles to a line drawn from the centre of 
force, and with a greater velocity than would make it defcribe a 
circle, it muft begin to afcend ; and it muft ever continue rifmg 
as its velocity is equal to that acquired by failing from' an infinite^ 

3— n .9 — n 

height. Becaufe p : y :: r '^ • J* ^ > therefore when y \9^ 
infinite, p is finite, and hence the angle nCp, at that time is a 

right angle. As above A = -< x a, and ^ = Q + A, 

therefore a zz • >c Q=: -7 w X C Hence the nural 

3 — « fi(3— ") 

\>ef of revolutions the body defcribes in afcending to an infinit|> 



height 



1 



fi(3 - »)' 



Cor. 7. If the centre repel the body, or the force be a ccn* 

tnfugal one, then —^ = -^ J 

multiply both fides by^ and take the correft fluents, 

^»+l n — 1 n — 1 

then — 7r""a —t^ , . «,J ' i X .>i^\ '' 

.2/* 2 (« — i)r»— ^ y^ ^ 



n ■ ■ — ■ '■* ' ■■** 



let fall the perpendiculars SY, Sy, and QT, which laft may be taken fo^the arch 
of a circle defcribed from the centre S. It is evident that the angles PSQ, tyJj^ 
are to each other 

But CP 5= ^, and the angle PCQ = YSy, 
P 

tfccrcfore die angle PSQ i YSy :: ^ -y ^yi -A it 
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A ••+* 

(1 vn A 

But ■■ ! — -r = »*, hence, by reduQioOf . 

(« —1) r"' 

/>» IT - ■ ^1 — r. atid bedaiife Tfe = ^ j\ therefore 

(w+i)> — r - ^ 

n — 1_ 

the equaticTti of the ^utve defcribedrf 

By fubftitutioTi it will likewifc appear* that 

•1 — 3 



^MMMMMHMlk-WM 



. ' x/Xn — i) X srPy ^ y 

- yy \{n'^i.s^ + 2).y -(«-i)j«P*jy -.2r J 
And for determining the apfides we have this equation, vit. 

If « =:f i,.then by proceeding in the very same manner aflr 
above, we fliall find 

- P J. tPy 

A— ■ *i ■ I . 1 ■ - — - anas* rr «- 






an equation to the oppofite hyperbola, the tfanfverfc axrs 
bemg z: -^j—r — and coniuffate =z , . 



s Pr 
If «==::— 1, then/sE= — y-- ^-: ,. an ecraa.-- 

tion to an hyperbola; the centre of force being- in the centre 

©f the hyperbola J and if J:^!, theri/^'=: — , the ttajectcry 

h therefore the reflatigular hyperbola. 

In the two laft cafes the value of z may be found by circular 
su-ci^ and logarithms^ 

^ Vol. L Part Itr, (h) SCHOUUM 
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SCHOLIUM. 
Becuife - = velocity in a circle at the diftance r from the 

centre, and if the force a — , the velocities in circles will a -r — 7 

y y ^ 

(Principia. prop. 4.) confcqucntly-;^— |- X - = velocity in a cir- 

cle at the diftance y from the centre. But --- = velocity m 

P 
the trajeftory at the diftance y\ if, therefore, w& make 

p T" - ' 

— = -— j- X -, and at the fame time the body be fuppofcd to 

arrive at an apfe, in which cafe/?* zz y^ z^ 



n 
n — 1 . r 

y -* 



it would continue to move for ever in this circle. But coming 
to an apfe, it muft afcend or defcend in, a fimilar and equal 
curve, hence it never can arrive at the diftance j^ from the cen- 
tre, determined from the above equations, in any finite number 
of revolutions. 

Making, therefore, as above — = --^ x -» ^c have 



n — 1 R — t 



m « — 1 

X r 



hence, j'i= — 



i« — 1 



n — 1 
« — 1 . r 

y + 



tBut 



( SO' } 



But faccaufe p^ z=. y^ = 






n — 1 
n — 1 , r 

y + 



m 



«— 1 n -'3 
y -4- =: X f^y ^; s^ P* z;=2 — -• 

«*■ 
But the equation for determining the apfides is 

n — 1 

y — F^y ^ -f. — —. ns o, or * 

^ »i — I ^ m — 1 

whence by fubllitution we have 

V -7 - v a ' Hh r:5 — =o,orv =7 r» Xr , 

1 1 



therefore >. = ( " T ,3 )"-' xV = (f^-^)"" » >C r. 

^ V(« — l)i* — 2/ ^2»*-2^ 

i 

becaufe ■ ■- z= j^'. It is evident from infpe£lion, that m 

muft be greater than 3 ?nd « greater than unity; the force 
therefore muft vary in an higher proportion than the cube of 
the diftance inverfcly. If the body defcend from the point V, 

n—x 
then i* =;= — » muft be greater than uaity. 1£ it afcend; 

then » — ' 3 muft be greater than (» -— 1) j' — $, and therefore 
J*, and confequently s^ lefs than unity. 

From the above equations and obfervations, we have the 
following conftruftion. Fig.158, pi. 8. Let C be the centreof 
force, V the point from which the body is projeSed in the 
direSion VP, which makes an acute angle with CV, and 
with a velocity greater than would make it move in the circle 

VZU if projeSed at right angles. With the centre C and radius 

1 

Ctf= ( / M^ . T - - \»— 1 ^ r defcribe the circle i»^i» and 

(h a > frgm 
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firoin C upon VP Ut fall the perpendicular .CP, making' 

■ ... t 

2 
T 

it equal to ' ■ , Then, from what has been deter- 

mined in this Scliolium, it will be evident, that the body will 
mpve in the curye VW, to which VP is a tangent, continually 
defcending towards the circle abd^ but will never arrive at it 
in any hmie number ol revolutions* This circle is therefore an 
afymptote to the trajeftory. 

In the fame planner if s be lefs than unity, or the velocity 
with which the body is projefted in a line VT, which makes 
an acute angle with VA, be lefs than the velocity of a body 
in the circle VUZ; then \vith the centre C and radius 

1 

CA= f , ■ ^~ a ^ X r defcribe the circle ABD, and 

from C upon TV produced let fall the perpendicular CP, 



n 

2 



T 

which make e(|ual to * ■ ■ > _ ^ ; th^rt the body wrll 

s X (CA)"^'^ 

continually afcend fronf the centre, but will never arrive at the 
circle ABD* This circle, therefore, is like wife an afymptote 
to the curve in which the body moyes. 

Hence, if a body be projefled from any point, and defeend 
towards the centre, the velocity with which it is projefied muft 
be, greater than either that'Which it would acquire in falling 
from an infinite height to that point, or tlian that of a body 
defcribing the circle at the diflaiice of that place from ihe cen* 
tre of force* If it afcend, the velocity muft be greater than 
that acquired by defgehding f^om an infinite height, but lefs than 
that of a body m a circle at that diftance. 'Within thefc limits 
$he confiru6lion is general* 



PROPOSITION II, 

The fame things being given as in the laft propofition, to 
. determine the velocity and tiipe correfponding to any given 
' difti^nce of the body from the centre of force, 

tet 



/ 
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Let the velocities of bodies in a circle ^ the diftancer tit 
the curve, at V and b, be = f, w, o* refpeaively (fig. 153, pi. 8.) » 

then y' = — . If therefore the feveral values of />, depending 

• P 
upon the different values of m, be fubftituted, we Ihall have 

a.f' = »*/~rn' ,.., '.... m = u 

y 

, \\—vi, " ' /r — (1— wjy 
3.„»- i^_ __=»^ \-r » «<«• 

4. i>':= * ■ „ ,£ , m ::: o, therefore tr = ©• 



a/(^) 



x;r ^ 



2 ■ - » r^ 



^6 ▼ % 

If »zn , then tr = tf ^/(i -j- -- x log. - j. In the 4th value of 
/ t;\»? zzo = i*x "— - » t^ : r :: jr : t ; therefore & r= v; hence 
* >-* = ■ 4 / T» and ■■■ ^ ■ ■ " n , j beine z= o. 

therefore the 4tb form 19 evident from the 3^ Becaufe 
tnzz s* X ' > 2wd s^ = fTiy therefore wi^ = -» x ; 

2 * r y ■ 2 

' ' • ' • 

3hich value of m being fubftituted . for it in the firfl equation 
^ ves, when reduced 

Let g =: force of gravity, and fuppofe the force at V^ or at the 
diftance r from the centre of ^force ; force of gravity (g) :: / : 1, 

t 



I 

Iherf/^'rr force at F. measured ^^by the velocity in the time (ij^; 
hence, — =: (j, T' = /^r, therefore by fubilitution 

{n—i)y / 'in—i)y J 

When n = i» if -the above value of j* be fubftituted w« have 

V' = V^(t/' + Sf/^T X log. n^=: v/(t^'— s/^r x log. ^}, 

Becaufe P does not enter into the values of v\ it is evident 
tl\at,the velocity of tjie body will be the fame, whether it move 
in a curve' line," or difeHly to or from fhe centre ; the diftance of 
y being the fame in both cafes. 

By the help of the 4th theorem, it will be eafy td determine 
how far a( body muft fell towards »the centre, to acquire the 
v,el^ity it hag in the-eurve; For the value of v* there given 
being put :^= t;";^?: J Vt we (hall have-by reduftion 

and the fpace defcended 



is*{n-[t) + Ji)«-« 



»• < 



If n z= 2, then r — y zz - ^ ," , x r, which is general for all 

' ~ 2r 

the conic feQidns, In the hypetboUi the trailfverfe a^is r= -^ — =: » 



A 



uippofe,to A (fee cor, 2. prop. 1.), therefore j* zz 

hence by fubftuutioar — y zi —7 x ^^ 

, / "^ 3A*-+-r ' 

J* 
^n the parabola, r—y=. -^ — — '=^^r% j* being in this cafe r: 2. 
' «^ " I"" 2 / ' ■ 

Irithe ellipfis, r — y± * ^i ' — X t^ the tranfverfe axis being 

t:^ =i A; 



If 
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IF the body be fuppofed to move in. a circle, and' therefore 
X z= 1 , then 

r^y=V 1 ^ xr= {i-(^ ^xr. 

If If = 2, then r -^-y = j- r. 

If it be required to find how high* a body. will afccnd, if pro- 
jeSed upwards with the velocity it has in the curve; or how tar 
it muft fall externally, to acquire that velocity, put the va)ve 
of v\ in the third theorem, =z o, then 

n — 1 n — 1 ^ ^ — — 

y = = 5r w and vzir X | r rl 

• 2 

If »=:2, then y:=:rx — ' — » = A, the greater axis of the ellipfe« 

2 

If X =r 1, then y = r ^ z » =s^n 

Laftly, when m is greater than unity, it may be determined 

by the nrft theorem, what proportion the velocity in the curve 

bears to that velocity, towards which it'continually approaches 

as the body recedes indefinitely from the centre. For, if y 

t be fuppofed infinite, then 

V V 

g/^ will become n ■> z= 5-; r—. Hence, 

V m~i V i*(«— ij — 2 
the velocity in the curve : to velocity at an infinite diA^.nce 



:: V : 



V / s^ [n — 1 ) 



In the hyperbola, that is, when «=i2, the proportion will be 

y^ g ' : 1 :: v^(A + r) : ^r ; A bmg equal the tranf- 

verfe axis. 

Let tzz time of moving from Vto w, x zz curve line Vn (fig. 

152. pK 8.); then /(/—/») .y\\y\i -, ^{y^ — ^^/ 

But z/ : ;£ :: 1 :.J = 7 r: V"* becaufe *^' =; — -- > 

V J^v ' p 

therefor^L 



/ I 
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thercforc7=+ g*— rf?— -rr\» »" which cxpreffion, if the 
feveral values of ^ be fubilituted, we (hall have 

!.#=:+ - ,, . — ' — — — , m beinff great- 

erthan i* 



II — 1 



a. « — + " / , : . » • • • ^'^ = *• 



II— 1 

T 



than 1* 



« — 1 



4.7=+ ^iZZl 5Z:r\^^=^'^ ^o znim =0. 

The 4th theorem is found by making the same fubllitution 
as before. 

Cor. 1. If « = fi, the feveraWalues of x will become 
i^^nz +^ — — f ^ being greater than 1 . 

a 

„ •• t yy mzzi. 

V ( "ZT' ) ^^-^ 
« •--4. -Al ^1 -,;» being lefs than 1. 

4. ;= 



X *S ) 

The fluents in all these cafes may be found by circular arcs and 
logarithms^ 

The correft fluent being taken for the 4th. form, gives 

• — * J V^(^y"">*) + arc wkofe verfed find 2r r — ^y 

* ~ J^ «/ 2 ^ i ^"*^ radius = f r > 

— > J V^(0'~">'*) + a^^ whofe verfed fine r: r— ^ 1 

^ v/fa/^r} ^ i and radius iz f ^^ 

and when the body is fallen to the centre, then 

* 

Cor. 2. If It = g the values of i will become 

- x.^ ._^p.. •. «>^i 



"1/ (>*"* 



m 



=^>l 



3- '' = i y ' . '. ' — n. ' "vj » m ^ 1. 






Hence, by taking the carref): fluents there will i^rife 

.1 



♦ + V* -i- r* 
2.^= —X ^/ ^ ^r»>. .•.*.. ^= *• 
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Cbnfequently , at the end of any given time, the place of the 
4KKly may be found. For, from the eqjuations given above, 
the value of j^ may be found if/ be known, zniy being koown^ 
«, or the arc V x will be given% 

If the time of moving over any given fpace in a right line 
dire£lly from, or towards the centre be required, . it win imme- 
diatefy be found by making i' =3= o» ia. the three firft oT the 
wove theorems^ 



PROPOSITION UK 

1 

If a body be a^ted upon by two forces' tending to' the fame cen. 
tre, which vary as the nth and ^th powers : of the dfftance 
. rectprocaily; it is required to determine the equation of the 
orbit It will defcribe, &c. 

Suppofe the whole force afling upon the body, at the diftance 
Vffora the centre to be := ■ rir — ^ ; 

hence by proceeding as in the nrft proportion, we fliall have 

P*w' %r A ^^ -> I -D r -V 

^ (a— ijr y (^i)r y 

I^t m ■ ■ :=: V*, then there arifes 

—-13=:^^ -^ -¥ — ^f — — » Hencehy 

reduAion it will appear that 

mm! F^y 



mmP^y 



f — 1 



(wm'— ;» — ^7»')y^ +wr ^y^ +mr^ 



•Suppofe f ■■ zz ^r » ■ ^thenfince — — = («'*=) 
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.i.i*» •' ■•• I. mill" I IN ■ ■- Ql* •-■ ■ >» ■— » ii.*! * j I II JW 

'hence «»' =: -V — ^- ' - 

If therefore this value of m* be fubftituted in the above value 
•f />*, there will arife for the general equation of the curve . 



/••> 



«p^ 



n — 1 



■MMMMh^MM* 



,r 4.CX— -jXr )' +(ot-i-.c) y^i^'X j, ,. 

If /^ be fuppofcd =: y, then the equation for determining the 
diftance of the apfides from the centre of force will become 

n>i c(n—i)r ^ 

-^ ^ (m-i){q-t)-€{n-i) ^-^. (/»- 



The vaUieof i will be found by an eafy fubftitution. 

After the fjooe manner the equation of the curve, &c. fcc> 
may be found, if three or more forces aS upon a body towaitlt 
the fame centre. 

Cor. If » = a. y= - 1,^ =p, and the force , be fup. 

y 

pofed to aafrom the centre, or, which is the fame thing, — cbe 
put for+c; then the equation for determininff the diftance o£ 
the apfides from the centre will become 

y4 . X ry +-- X ;. - i^ = o. It isevid^nt 

that one of the values dy will be = r, and the equarion giveii 
above being divided by y—r, the quotient will be 

y*+ry —- X r*y+ -^ X r» = o; by folving which 

equation, the diftaacc of the other apfe ftom the centre may be 
•determined. ' 

If it be required to exterminate m, we hav« 
i* ^ r ~ '~ir~'*" ""7 — (Propofition i.) or 

, (»«} -and 
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fac^ 6y thii propofition, B^ = — — — , therefore 

r ^ , 

tofollary; wherefore by fubftituting this value in the above 
cqiikion, we have 

%• + fy .*-. ■■■!■ ^ xr'jr-f- — f^ ^ X-r^=o. But 

yy^r^t^i y)/^cy*'-i2'+'CSimf*y*+2r^y—2mr^ | 

- if the fluent therefore be taken, when y - the diftance of the 
{.. other apfe from the centre, the as£ dcfcriBerf in pafling from onfe 
apfe to another; and, confeqnerttly, the motion of the apfides 
will be found, whatever be the iturm of the orbit* Hence it is 
evident, that if s and c be given, • the eccentricity of the oibii 
§ll4 ihc motion of the apfides may be calculated. 



■ •• - . -Vt 



SCHOLIUM. 

I 

If the force Which varies as the q power of the difiance rec^ 
l^rocallyy afi^r^m thecentie; or, which is the fame thing,, chc 
negative, then 

^- . 1 



At the diflance y from the centre, the two forces become 
•^j and • — which bemg made equal to each other, the value of 

y will be determined, where the curve will have a point of con- 

1 

I ■■ . . - . . 

trary flexure, viz.y:=- — \ — >rr=f^"*'* X r; which will be 

IP ■ ■ .• ■ I - 

greater or lefs than r, according as n is greater or lefs than q ; 

c being lefs than unity. 

/ Subftitutc 



{ «9 > 

jSubftitutethis vftloe of v in the above equation^ ajid itUie fame 
time fuppdfe y ^ p and n greater than ^; then the point of 
contrary flexure will be at anapfe : therefore a fimilar a^ equal 
curve willbedefcribedon theotheriide the apfe that vrasdefcribed 
before : but thi« {% impoflible, as the curve is ncm convex towards 
the centre of force ; wherefore the body, upon this fuppofition, 
can never arrive at an apfe, but will continually approach 
nearer and nearer to a circle defcribed at the diftance j^ determined 
above ; which will- therefore be an^ afymptote to the orbit or 
fpiral defcribed. Byfubftitution 

^.r^ l!!£fnL : ; 



■i ^ .M ■ .. , a. I . ^——1—^1 



n-t 






n — 3 



or r" =:. 



■•■■rtaMMlMBMHll 



1 



\ ? — »/ f^» 

t» J « (a — l)(i — c) 
But«i= — - ■ ■' ' ' * % 

whence, by subftitution and reduction, 

! — «HI ^^^:^T ^ 

Hence the velocity is determined with which a body mud be 
projefted, fo as never to arrive at an apfe^ nor afcend beyond, or 

t 

defcend to a circle, defcribed at the diftance c^""" X '^ frona the 
centre of force. * 

If « =: 2, q-=L — 1, andP = r, then 

Wherefore, 
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* WliArvfeft^ if the velocky were knovm vrkhfMch a body 
(bs the moon) would move in a ciccle round another (as ihe 
earth) at the diftance r of the lower apfe» with the compound 
force 1 *— c ; then the velocity is determined with which it muft 
be proje3ed from that apfe» io move in ihe manner defcribed 
in inn fcholium; or in fnch manner as never io arrive at another 
sn any finite numbeir of revolutions. 

Hence it will e^afiiy appear, ihdldiVtryfmaU variation in the 
value of $^ will occafion a very laree one in the excentricity 
of the orbit, and in the motion of tne aplid^si.it is therefore 
evident that the two Uft yfiW increafe or depreafe at the fame 
time. 



^ PROPOSITION IV. 

The centripetal force being reciprocally as the »th power of the 
diilance from a plane parallel to t\\^ horizon, and the di- 
reftion and vdocity ^ 6t a body at any pct^int being given, 
it is required to determine the nature of the-curve it will 
deCcribe, 

Let^ r s;.diftax^>e of the point at which the body j^ pro* 

. jefted from the horiEonial plane, b = velocity parallel to, and 

c =. velocity perpendicular to the piane, x =. anv abfciffa, 

y zz the gorrefponding ordinate,. ajid 2 the curve defcribed; then 

H 
i : i :: b I -T ^ velocity of the body in the curve. 

The force in direftion of the* ordinate is =: the fquare of the 
velocity divided by | chord of curvature perpendicular to the 
horizon* orpafling through the centre offeree. But J chord^ 
of curvature wh^n ?& is conftant, which is the cafe at prefent 

5:: — ^ ; thprefore the centripetal fprcc 

y ' 

c^-T- — -- = — -jr =» fuppofe, to — — -, 

y y 

I^ltiply both fides of the e(}uatioa by y 9nd take the {lueots, 

\ *' >* A" + ' 
then ^ X jp = ; --;[Z7x' 

But xij. :: * : c, or -^ = ^, vyhen y zzr^ 

tixsrefora 
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therefoie the correCl fluents beccme ^ 

- — ^~- X -,zi: X ^ - ' ' ■ ; which ffiT«» 

r ^ 



X n 



^Vfc — i) X r ^ jK ^ 7 



|/(«— ijrr 7 — aA j^ +2A r 
But inPiop. i^ it was found, that if a body defcended from aa 

a'*'*'* 

infinite height, and wasafled up^n by a force :;: . the 

n 

' . ■'' 

fquare of the velocity ac^ired at the diftance r waa 

let therefore -5^i^- , = *SandthenA*+ *=l2:2>jfr!r 

Hence by fubftitution and redu^lion, • , 
3 t/mxv ^ ^ 

from whence the relatioaof a: and y may be determine J. 

Let V z= velocity of a body in a circle at the diftance r from 
the centre of force, and which i& a6led upon by the fame forc^e 
as that which tend* to the plane at the fame diftance from 

. , F* A "* A^ + l rri « — 1 ^ 

It ; then ^ = — r— , or A - zzV^Xr ; from whence, 

^nd the equation above, viz. A z: ^ ^— I! ,,^ ^JU 

eafily appear that c = :J^^^ . ; therefore the above 

equation becomes 

» — I 

Cor. 
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Cor. !• If r, and confeqnently m =: o, or wTiich it the 
fame thing, if the body beprojeSed parallel to the horizon, then 

< •(. - ■) > '/ 

Cor. ft. If n =1 3, then the laft equation in the propolitioti 
becomes 



*— ^X 



b yy 



The fluent therefore being taken and correfied, by fuppofing x 
and y to begin together* we hav« 

AP = jv X ■ • — » ^ ;/ therefore by reduClion, 

V * m — 1 

V* 2V 2V V* 

y^=:[m^k)x jr"»*+ -j-^*= •J'''*— (1— ^) X -jr *^*» »tt 

equation to a conic feflion ; which will be a hyperbola, para- 
bola,'Or ellipfis, according as m is gr^ater^ equal to, or lefs than 
unity; that is, according as the velocity with which the body 
is proje£led in a dire6lionr^erpendicu]ar to the horizon, is great- 
er, equal to, or lefs ihan that acquired by falling from an 
infinite height. 

If (1 — w) >c jj =: 1, or (1 — m) X T* r= i*, then the 

equation becomes 

therefore the curve is a circle whofe radius r: 



1/(1 -i«r 



ButTV =: ^ , therefore ?»=:^-^^zi p^when«=:3 

hence the radius of the circle zz - 



In the fame manner it will appear, that the femi-tranfverfe 
and conjugate axes 

of the hyperbola will be r x ^^^^ andrx ;// a _ iriy ^ 

ani 






» 




I 
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bV V 

and of the ellipfis r X fr^ j and r x 



"♦- • 



/ / 



and if the hyperbola be re6langular, its femi-axes — rx -yr-, — j^ • 

Cor. 3* If n = 2, the equation becomes 
. _ b y\y b . . y 

Butx z:^ 4/ ^^ is the equation of a cycloid, the di- 

anieter of whofe generating circle zr = r X -7^5 : ; 

in being =: -prj. If therefore ^•=2^'* x (1 — »«) = 2^*— c*. 

the curve will be a cycloid, *" Or if the value of jc, in this cycloid, 
be taken to the correfponding value of x in the curve defcribed, 

as-^y/ ? 2 (1 — m) I to ^, thb^urve may be eafily conftrufled. 
Cor, 4. It was found above that — x t, = 



and at the vertex of the curve ;yir o, therefore the correft fluent 
becomes 

— x'|i = A X '* — ^^ — » ^ being the value of y 

when ^ = o. 

If therefore » rr Or then- X "Vs = A x ^^^^^^ — , 

2 * y-iv "^ 

-« xy 

by «duaion^ = -^ X ;j^;^ ; hence- 

when ^ =2 ii.- 
,Vot.I. PartIII. (k) The 
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The curve therefore is a parabola, whofe axis is perpendi- 

cular to the plane, latus reftum = — r and force = A, mea- 
fured by the velocity generated in the tirae*(i). 



PROPOSITION V. 

ft 

If a body rev.olve round a centre, and be aftcJ uport by a 
force tending to that centre which varies, as the nth power of 
the diftance inverfely, and whofe quantity at an apfe, the 
diftance of which apfe being r, is :=: i ; likewife,' if another 
body, befides being fubjeft to this force, be afted upon by an 
addiiional one, which varies inverfely as the^th power of the 
diftance. its value being c at the fame diftance r; it isrequired 
to inveftigate a general expreffion for the ratio of the an- 
gular velocities of the two bodies when at the fame diftance 
from the centre of force. 

Let the required ratio be that of F : G. Ppt y == common 
diftance, p = perpendicular upon the tangent to the orbit 
defcribed ty the fingle force, and p* z=z perpendicular upon 
the tangent to the other orbit, drawn from the common centre. 

It is evident by propofition t, that 

X r*y 



But (by prop. tfi. and 3^.) p* zz — , and 



1 — /« 
n — I 



' n — 1 



W2_ M r^jy . 

/^' * '""' ■ i» -I ».i.i. . . .- . , ■ ■ , i.i < 

r +CX x^r^ y ^+{M— 1— cx- Jxv 

writing M here inftead oimin the third propofition*. 
Hence, by fubftitution and redu£lion, F- ; C* . 

m 

[m — ij^'— mr'+r y - / ... .. 

M. ^ - . 

■•"■•■ But 
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But «= t!^ X .' and M = (!LzlUl±^ ^ 5. (,,i,i„g 
S, for sin prop. 3.) therefore F^ : G* 



« • 
« • 



j' 






which is general, whatever be the values of /i and y^ j and S, 
Cor. I. If y = 3, then F* : G* 









^ " " ' ' ■ '■ 1 1 ii» 

\{n—i} j»— 2 j x/— («— i)jV*+ 2r'*- ^ii' '-« 

* |('l-iJ(l+<:)S'-2-<:(«-i) L^»-| (w-i)(H-c)S^-u;(/i-i) | ./^H-ar^'-V"^"* 

<vhere it is evident that if we make {n — 1) (1 +t) S' — c (n — 1) 
~ [n — i).f', then the denominators will becqual, and theretore 
F* : G* :; J* : (1 -4- c) S*, which is a conftant ratio ; and there- 
fore when q = 3, or when the additional force varies as the 
cube of the diilance reciprocally, the angles, which lines drawn 
from the bodies to the centre of force, ipake with the line pafling 
through the apfe, are in a conflant ratio to each other, whatever 
be their common diilance (the condition mentioned being 
obferved). 

Cor. 2. 'Becaufe (n— 1) {l+c) S'— c(7?--i) zz (ii—i)^', 
therefore 

j*+ c 
S* — — -^ . Let R z= radius of curvature and v — velocity at 

the apfc in the orbit defcribed by one force ; then tlie ceutripietal 

force at the diftance r, =: ,-5 ^ -r^, therefore 

i* z: - and S' =: — ; — = . ; hence 

r 1 -f c 7- ^ I -h Cy 

F*: G* •: ? : ~^^^ :: R : Pv + re, ox 

r r 

P : • — :: R : c z: — -rr~" X R = addiiional force at 

( k a) tlie 
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the apfc. But bccaufe ^ ~ 3» 

v':r':: t^ — xR:- — r= — X -T" = aclaitional force at 

the dlftance^, and the force in the firft orbit at the fsune 
n - 

MM 

dillance z: — , therefore 
n 

y 

r* G* -— P Rr* 

the whole compound force rr — + > fr* ' ^ — T"* 

Cor. 3. If infteadof (i), — be fuppofed =: force in the firft 

erbit at the diflaiice r, it will eafily appear that the compound 

n a 

f V 

force in t!ie other orbit, at |he diKance y, will be ~ - — -\r 

R/ 

G» F* ly'r' 

^ X — 3- ; the fame cxpreflion that is found after a very 

different manner, Principia, Book tjl, Seft. gtk. 



'lllj)iiilM3lll!llil!l< 



NOTE. (Referred to in Page 45;, 

Ltt VABD (fig. 159, pi. 8.) be a traje6lr>ry defcribcd by a lk>^ round acen-t 
fTc offeree C, V an ^infe, and A the next fullowiog pne; V being at a greater 
diflancc from the centre than A* It is evident tliat if the body were projeded 
from A, at right angles to CA, and with the fame velocity it had when it arrived 
xhirtt^ it would aCcuraiely^defcribc ihearrh AV\ and bave the (iune velocity atV 
that it fiifi began wiih. For during the lime of moving over a'ny particle of the 
curve, the force a^Hngupon the body, and the direction of the force are tbe fame in 
both cai'es ; hence the conclnfion is clear, i^ut ii iliebody, iniiead of nioving to-i 
wards \ , be projected in a contrary dire^ion, at right angles to AC, and with the 
fame velocity, an arch AB, equal and fimilar to AV, will b<. d<Tcribed; B being 
an apfe, and CB = CV. Hence in the above equation^ can b^ve but two dii- 
ferent values ; but i\s thefe vzdv be in oppofite direflions, two may be po^.tivc 
and two equal to them and negative. The other roots, if any, muft either be im^ 
poflible, or relate to fuch parts of the algebraical curve as have their concavity 
tursed from the centre of force, being dclcribrd by a centrifugi^l force, or fuch 
parts as are feparated from that part io w^ich the body moves \ that is, it cannot be 
a curve of continued curvature, as that mujl be in which the bo^y m(»ves. 

The fame conclufion may be deduced immediately from the nature of the e^ua« 
tion found above for determining |he apfides. for ^nai^ng the equation of the 

limits =0, wc havc^ssdb -Px 4/ ( — ^ — >^ . ^ ). Whence it is 

evident, that there C9n be no more than four ropt^ two pciitive and two negative^ 
Bui to difgovc^ in CT^ry cafe th( number of po^ible root« i& a problem of con- 

fidcrable 
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iUrrablfi difficult/. Dr. Waring liai pointed out the method ^ ^u^ diit 
(M€dU4iU(ma AigekrauM, Prob. 14. J ; hut ts hirmanoer cf writiog^U, kgouefB]^ 
very coociie, an «afy kiveftigptioR m die (everal conclufiont there deduced tOKf 
not be improper in this ptace. 

It is well knowir, that if varying the coefficients of an equation two roots be* 
xome equal, the next inftant they will be impoffible, and immediately befpie 
becoming equal they will be real and unequal. 

This being graniea, let it be propofed to find the number of poffible toots in the 

jl Mi 

e(juation * — Ax — B = o, which is an equation of the lame kind with that 
for determining the apfides* Firll, find the equation of limits, aiod make it=o, viz. 

1 1 



«*""■'-- ifiA*"*"" * = 0, then «=Q«-« X A« 

hence x has two values, if » and m be both even numbers ^i^ — ^ > native 
number, wherefore the number of real roots in the given equation cannot exceed 
four. 

Multiply the firft equation by «, and the fecond by jt, and take the difference 

1 

of the produfts, then {w — a) x A* — n B := o ; from whence « =s( ■■ ^^ j" 
1 
-T \^, which will give two other limits^ if — B be pofiiive, and the reft is 

above. 

If the ^ven equation have two equal roots, they will coincide bodi with tht 
firft and fecond values of x juft found ; therefore thefe values muft be equal to 
each other; and convcrfely, if thefe values be equal, the given equation muft 
have two equal roots; and if the condition abovementioned take place, viz, that 
n and jr, be both even numbers, -— A negative, and «— B pofitivc, then there 
will be two pairs of equal roots. Mali^ them equal to each other, then bjr 
redu£Uon it will eafily appear that 
t ' »«— IB . AH 
' — ■— X A* — LL X b'^""'" = o ; hency, by making this ex- 

preflion pofitlve, or negative, according to circumftances, the number of poffiblc 
roots may be obtained. 

1. if 11 be an even number, and — B negative, it is evident that the equation- 
has two real roots, if n be even and m odd, and — B affirmative, and at tb# 
fame time 

-* X A — i— ^ X B be negative, then there will be two 

V') {m) 

poffible roots j otherwife none. For the firft part of the above expreffion is in 
this cafe negative, and the other part pofitive; but tfce firft part muft be greater 
thafh the fecond, if the roots be real ; bccaufe if it vanifti, ail the roots are im- 
poflible; l)jcnce the conclufion is clear. 

i^ct n and /?/, be even numbers, and — A, and — B pofitivc quantities ; it is 
evident that the equation can have no real roots ; for in this cafe no quantity fub-- 
fliiutcd for* can make the rcfult = o. But if — B be affirmative, and — A 
negative, and ai the lame time 

(w -^ «' n (ii\ fi-^ffi 

• — - — X A T X B be affirmative then there will be. 

four 



I 
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« 

Mr real roms.oitierwifenone. For, from' what h«sl)eenraid it!>ove, there will 
be two pain of equal roots when the ab<iKe expreflion =; o, wherefore by making 
it aflutnative there will be four real roots. That the (irft part of the expreflion 
muft be greater than the fecond will be evidont from obterving, that if A s: o» 
then all the roots will be vnpolfible. 

i If both n and m be odd numbers, and , 

I f X A X B *^ afErmaiiYe, then there will be ihttt 

(«)•"* . w* 

poflible roots; otherwife only one. Becaiife n is an odd nu^fiber there muft b« 
one real root: and if the above expreflion = o» there will be other two roots 
equaK But if A and B be taken fuch as to make it affirmative, there will be other 
(wo ireal roots. For « -—m is an even number, therefore the Hrfl part of the ex- 
preffion is pofitive ; and if A = o, there will be only one real rodt, and the 
at>ove expreflion would in that cafe be negative. Therefore, &c. 

If n be odd| andm even, and A and B, have the fame fign, then the equation 
will have only one real root; this requires no proof. But if they have different 
fignsy and at the fame time 

V^ ' X a' — ^— ^ X B have a contrary fign to B, then the 

(«) (m) 

equation will have three real roots; otherwife but one. If the equation have- 
ifaisform, viz. 

« , yM — m 

j/*+ A** — Bsx o, then ^ ~ X A will be po(Hive» and it mull 

^ ^greater than i-^ X B , for reafons given above ; therefore the wliole 

B pofitive; 

mm MA 

But if it be of this form, viz» x— Ax -|-B=ro, then the firft part of the 
general expreflion is neg^tivCy and the fccond part pofitive, wherefore the refuU 
muflt,l)e negative. 

Jf.B. AH tk9 figures rrferred to in this Article are to be found irr plate VIJI. CAJ 
^ndnoiinflaieVIII^ 



END or VOL. I. 



QUndinning^ Printer^ 25, Hatton Garden. 



» 






I wip H!«^wr^»p 






mi 



